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ABSTRACT. In the Geometric Function Theory (GFT) much attention is paid to var-
ious linear integral operators mapping the class S of the univalent functions and its
subclasses into themselves. In [10],[11] Hohlov obtained sufficient conditions that
guarantee such mappings for the operator defined by means of Hadamard product
with the Gauss hypergeometric function. In our earlier papers as [18], [17], [14], [15],
etc., we extended his method to the operators of the Generalized Fractional Calcu-
lus (GFC, [13]). These operators have product functions of the forms yt1Fm and
m+1¥m and integral representations by means of the Meijer G- and Fox H-functions.

It happens that the used techniques can be extended to propose sufficient condi-
tions that guarantee mapping of the univalent, respectively of the convex functions,
into univalent functions in the case of the more general Dziok-Srivastava operator
from [8], defined as a Hadamard product with an arbitrary generalized hypergeomet-
ric function ,Fy;. We suggest similar conditions also for its extension involving the
Wright ,¥,-function and called the Srivastava-Wright operator, [29].

Since the Dziok-Srivastava operaror includes the above-mentioned GFC operators
and many their special cases (operators of the classical FC), from the results proposed
here one can derive univalence criteria for many named operators in the GFT, as the
operators of Hohlov, Carlson and Shaffer, Saigo, Libera, Bernardi, Erdélyi-Kober, etc.,
by giving particular values to the orders p < g + 1 of the generalized hypergeometric
functions and to their parameters.

1. PRELIMINARIES

As usually in GFT, A denotes the class of functions of the form

(1.1) f(2) :z—l—Zakzk
k=2
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which are analytic in the unit disk U = {z : |z| < 1}, and let S be the subclass of A
of the univalent functions in U. Further, a function f(z) belonging to S is said to be
convez, if it satisfies the inequality
2f"(2)
8%{1+ f,(z)}>0 (2 €U)
and this subclass of S is denoted by K.
The papers studying univalent functions and the subclasses of the starlike, convex etc.

functions involve various linear integral or integro-differential operators, among them
the well-known operators of Biernacki, Libera, Bernardi, Komatu, Rusheweyh, Saigo,
Hohlov, Srivastava and Owa, etc. Among the important problems treated there is the
construction of linear integral operators preserving the class S and some of its subclasses,
that is, finding conditions under which the above mentioned operators do this. Examples
of such results can be found in [1], [5], [19], [10], [11], [23], etc. In [13], [18], [17], [14],
[15], etc. we have shown that all these named operators are special cases of the operators
of the generalized fractional calculus [13] and found univalence criteria for them in terms
of the values at z = 1 of the generalized hypergeometric functions ,,41Fp, and 1Y,

Recently, we have extended our study to the more complicated and general cases of
the Dziok-Srivastava and Srivastava-Wright operators, defined by means of arbitrary ,Fg-
function, p < ¢ + 1, or by the Wright function ,¥,, studied in many recent papers as
[8], [9], [20], [29], [28], [2], etc. The sufficient conditions we obtain for mapping of the
univalent, respectively of the convex functions, into univalent functions supply corollaries
for all the mentioned particular operators used in GFT.

The Hadamard product (convolution) of two analytic functions f, g in U is defined
by

(1.2) f(z) = Z arz®, g Z brz® — frg(z Z apbiz®.
k=0

k=0

We briefly remind also the definitions of some special functions used in this paper.

Definition 1.1. The Wright generalized hypergeometric functions ,¥4(z), called also
Fox-Wright functions are defined as:

(al,Al),...,(a z"
(181731)7"'7(18117 ﬂl +kBl (ﬁq +kBq) k'
When all Ay = -~ = A, = 1,B; = - = By = 1, these are reduced to the more

popular generalized hypergeometric ,Fy-function, namely:

(a1,1),..., (ap, 1)
¥ { (B, 1), - (Bor 1)

(1.3) »¥q { } Z . oy + kA,) F(Otp +kA,) 2*

-1 . .
Z:|:UJ PFq(alv"'7a17)ﬂ17"'aﬁq;z)7

(o]

(1.4) JFo(an, . i By By z):zW i
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The series ,Fy is generally considered for parameters o;,5; € C, 8; # 0,-1,-2,...
(t=1,...,p;7 = 1,...,q) and it is absolutely convergent for all |z| < oo if p < ¢q. If
p=q+1,it is absolutely convergent in the unit disk U = {z : |z] < 1}, and diverges for
allz#£0if p > g+ 1. If |2| = 1 in 441 Fy, we require the condition (see [7], §4.1)

gq+1

(1.5) %{Zﬁj —Zai} > 0.

As we suppose the parameters «;, B; are real positive, the sign R is further omitted.

. P
The ,¥,-functions are special cases of the Foz H-functions Hpg" {z Egj’gjg}l ]
kyLk)1
see details in [30], [25], [13]), which for all Ay =--- = A, =1,B; =--- = B, = 1 reduce
P q

to the Mejer G-functions defined by means of the Mellin-Barnes type contour integral
(see definition and details in [7], [25], [13])

(1.6)
[TT(Ak+s) [IT(A—0a;—5)
e [y R~ s~ R AP
pi 7| (g B | TEmi) 2 : ’
LA ra-p-s [ T+

k=m+1 j=n+1
It is analytic function of z with a branch point at the origin. Specially, in the case of
the kernel-function of the operators of the generalized fractional calculus [13], discussed
in Section 3, Gy is analytic in the unit disc |z| < 1 and vanishes identically in |z| > 1.

2. THE DZIOK-SRIVASTAVA AND SRIVASTAVA-WRIGHT OPERATORS
AND UNIVALENCE CONDITIONS

By means of the generalized hypergeometric function ,F,(z) in its general form (1.4),
Dziok and Srivastava [8] introduced a linear operator known today in GFT as the Dziok-
Srivastava operator. In that paper and in next ones as [20], [29], [28], [2], many authors
studied this operator and its further extension by means of the Wright g.h.f. (1.3), in
view of the mapping properties, coefficient estimates, distortion theorems, extreme points
etc.

Definition 2.1. The Dziok-Srivastava operator ([8]) ts defined on the class A by
means of the Hadamard convolution (1.2) tnvolving an arbitrary ,Fy-function:
(21)  Fpaf(2) =h(2)x f(2),  Wz):=hpe(2) = 2pFe(an, .., Bu, .., Bgi 7).

Thus, the D-S operator (2.1) that can be denoted also by Fpq(01,...,0p; B1,...,0q),
maps a function of the form (1.1) into a function of the same form:

(2.2) Fpaf(z) =2+ Z (k) ay 2*
with a multiplies’ sequence k=2

(al)kfl I (ap)kfl
(B1)k—1---(Bglu—1 (B — 1)

Definition 2.2. The Srivastava’s extension of (2.1) from [29], called in [16] as
Srwastava- Wright operator, involves the more general Wright function (1.3):

(2.3) (k) =
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(24) Wpaf(2) =h(E)$ S2) . with H(s) imwpale) =w 2 5%y | |
with

P

w:i= [H T'(B;)/ H [(as)],
that 1s, for f € A (see e.g. (8)-(4) in [2]),
(2.5) Wp,qf(z) =z+ Z ¥ (k) ar zk’

[lar + Ay (k —1))...T(ap + Ap(k — 1))
(Br + Balk — 1)) .. T(By + Byl — 1)) (k — 1)1

Many authors proposed recently various results for the Dziok-Srivastava and Srivas-

ith (k) =
wi (k) W

tava-Wright operators (2.1), (2.4), as convolutional and distortion theorems, extreme
points, coefficient estimates, etc. Here we state some univalency results for the Dziok-
Srivastava (D-S) operator in its simpler form (2.1), but they go in similar way with heavier
denotations for the Srivastava-Wright (S-W) operator (2.4). From the above definitions,
it is easy to derive the following result mentioned in most of the papers.

Lemma 2.1. The Dziok-Srivastava operator (2.1) and the Srivastava- Wright oper-
ator (2.4) map the function class A into itself.

Idea of Proof. As defined by the Hadamard products in (2.1) and (2.4), both operators
transform a function of the form (1.1) into an image-function having series representation
of the same form. It remains to prove that this series has the same radius of convergence
(RI = R=1), using the Cauchy-Hadamard formula and the Stirling asymptotic formula
for the involved I'-functions and Pochhammer symbols, in a way similar to [12], [18]. O

The aim of the next theorems is to propose some sufficient conditions on the parameters
of the Dziok-Srivastava ensuring that a univalent function, respectively a convex function,
will be transformed into a univalent function.

Theorem 2.1. Suppose that for the parameters of the generalized hypergeometric
function hp 4(2) = 2pF4(2) in the product (2.1) the following conditions are satisfied:

and if p=gq+1, let additionally

q9 p
(2.7) Z,B]-—Zai>0.
=1 =1

If the inequality

(2.8)
_lgl a;(a;+1) . f[l o o L
W o] ot HH Iﬁl 5 | (ot H #5] (G HQ

holds true, then for each univalent function f in the class A, the Dziok-Srivastava
mmage Fpqof ts also univalent, that is, Fpq: S — S.
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Idea of Proof. For the operator F, 4 to preserve the class S of univalent functions, we
require for the image-function

Foaf(z —z—l—Zbkz

where b, = ¥(k)ar and ¥(k) is as in (2.3), that the following condition (see Avhadiev
and Alksent’ev [3]) is satisfied:

(2.9) o1 = Zk|bk| = Z k¥ (k)|ax| < 1.

[e )
Using the known estimate for the coefficients of an univalent function f(z) = z+ Y ax2* €

A, given by de Branges’ theorem [6]: |ax| < k, we can estimate the parameter o, as:

2y ® k2 o k2
k=2 k=2
with the denotatlon (compa:fe with (2.3))
P q

(2.10) oK) = (k)1 = [[ [k 1)/ [T (B)w-1)-

i=1 j=1
Then, the estimate (2.9), giving a sufficient condition for the univalency of the Dziok-
Srivastava image Fp 4 f, takes the form:

k-1 2 1
UIS;[(]- + 1 + (1)k1:| O(k)

Je—2 (k-2

8

k):=A+2B+C<1,

where the constants A, B and C are represented by the values at z = 1 of the , Fi-functions
n (2.8). The proof uses essentially the techniques of the generalized hypergeometric
functions and the details can be seen in Kiryakova [16]. O

Similarly, we obtain the following

Theorem 2.2. Assume the same conditions (2.6) (and (2.7) if p = ¢+ 1) for the
parameters of the generalized hypergeometric function ,F, in the Hadamard product
(2.1). If the inequality

(2.11) [Hm/ﬂﬁa] [ 2113’] H ”th tgt H <7

18 satisfied, then the Dziok-Srivastava operator Fp, maps a conver function f(z)
mnto a unwalent function, that is, Fpq: K — S.

Idea of Proof. The proof is much akin to that of Theorem 2, again requiring (according to
a criterium from [3]) the condition (2.9). But in this case, instead of the estimate |ax| < %,
we use the estimate |ag| < 1 for the coefficients of convex functions f( ) defined by (1.1)

(see, for example [24]). Thus, we require that oy = Z k¥ (k)|ax| < E k¥ (k) =D <1,
and by similar manipulations and arguments as in the earlier proof, we obtain for D + 1
the expression from (2.11). O

Similarly to Theorems 2.1 and 2.2, we can derive criteria for the Srivastava- Wright
operator (2.4) so to have W, 5 : .S — S and W, 4 : K — S. We use the same techniques,
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including the values of the Wright generalized hypergeometric functions ,¥4(1), and
to ensure their existence we require the additional conditions on the parameters, as:
EA<EB+1 andalsoEb—Zal—i-p >§,1fZA_ZB—|—1

=1 7j=1 7=1 1=1 i=1 j=1
3. THE GENERALIZED FRACTIONAL CALCULUS OPERATORS AS SPECIAL CASES

The following operators of the Generalized Fractional Calculus (GFC) have been
introduced in Kiryakova [13], where a full their theory is proposed, together with various
applications to the special functions and integral transforms, hyper-Bessel operators,
ODEs and Volterra integral equations, geometric function theory, etc. All the classical
FC operators ([27]), and most of their generalizations by other authors fall in the GFC as
very special cases, by taking “multiplicities” m = 1,2,... and some specific parameters.
Specially, for m = 1 these are the Erdély:-Kober fractional integration operators and
the Riemann-Liouwille integrals, and the respective fractional derivatives, see [27].

Definition 3.1. (see in Kiryakova [13], [12], [17], [15], etc.) Let m > 1 be an integer;
5 > 0,v: € Rt =1,....m; B > 0. We constder § = (61,...,0m) as a multi-
order of fractional integration; v = (y1,-..,7Ym) as multi-weight, and B as additional
parameter. The integral operators defined by means of the kernel Gﬁj?n—function
(1.6) as follows:

1 m
(3.1) If() = 1906 f(2) / e A PO P A SR
/1 —
If(zy=f(z) f 6b1=02=---=0d, =0,
are said to be multiple (m-tuple) Erdélyi-Kober fractional integration operators.
More generally, all the operators of the form

(3.2) Tf(z) = 2% 1380 f(z) with 6 >0,

are briefly called as generalized (m-tuple) fractional integrals. The corresponding
(%) (8:)

and as

generalized fractional deriwatives are denoted by Dg and defined by means of
explicit differintegral exzpressions (Kiryakova [13, Ch 1]), stmalarly to the idea for

the classical Riemann-Liouville derivative (see e.g. in [27]).

The operators of GFC have also more general variants when in the integral operator
(3.1) the kernel G-function s replaced by a Foz’s Hﬁ’%—function, and the parameter
B > 0 is generalized to a multi-index. See results in GFT for these H-function operators
of GFC for example in Kiryakova [12], [17], etc.

However less havier for denotations, yet enough general and most interesting for the
purposes of GFT, is the simpler case of the generalized fractional integral (3.1) when

p=1
1 m
(3.3) Iij,ﬁl)’(gj)f(z) = /szgn |:0" (; + 5731)1 ] f(zo)do, if Zéj > 0.

()7 =1
Note, that the conditions
3.4 0;>0,v>-1, 1=1,...,m
- ) ’y puy ) ) ) )
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ensure that the “normalized” operator

F),(6:) 7006 +85+2) [0 F),(52)
3.5) IV f(z) = —_— f such that I, 2} =1z
@) L1 = | 1743 (=), 00123
does preserve the function class A. The details can be seen in [12], [17], [15]. In terms
of the Hadamard product (1.2), we have in A the following representation

FOE) £y — . _ L, (v +2)7
(3.6) L0 f(2) = h(2) % f(2), with h(2) =2 mi1Fm { (o, +75]_ Lo ‘z}

o o+ 2)p—
and the multipliers squence is: ¥ (k) = H ( (% +2)es

— I > 0.
oy (6 + 85+ 2)e

Evidently, the GFC operator (3.5) is a special case of the Dziok-Srivastava operator
(2.1), with its parameters taken as:
p=m+1, ¢ =m (that is, we are in the case p = ¢ + 1),

3.7 . ;
( ) am-‘rl:ly ai:7i+272217"'7m; 13]:7J+6]+27]:177m

Then, Theorems 2.1, 2.2 from Section 2 yield as corollaries criteria for the generalized
operators of fractional integration (3.1), (3.4)so [ : S +— S and [ : K — S. These are
already proved in Kiryakova, Saigo and Srivastava [18] as Theorems 3 and 4 there.

4. MORE SPECIAL CASES OF THE DZIOK-SRIVASTAVA AND OF THE GFC OPERATORS

The results for the operators of Sections 2 and 3 can be specialized for a great number
of linear integral operators used in Geometric Function Theory, starting from the classi-
cal operators of Biernack:, Libera, Bernard:, Komatu, Rusheweyh, Saigo, Hohlov,
Srwastava and Owa, and going to the more general operators studied recently by dif-
ferent authors. It is enough to choose suitable particular parameters m, g, dx, 8 for the
operators of GFC. We list below examples, and their presentation in the denotation (3.3).

For m = 1, we have the examples (see longer list and more details in [13], [18]):

/f

Biernack: operator: ([5]) Bf(z) = I;ll’lf( )= log(1

Libera operator: Lf(z) = 2If”ilf( ) =2z2F1(1,2;3;2) % f(2 /f

Generalized Libera operator: ([22]) B.f(z) = (c+1)I]) T f(2)= c:—cl /acflf(o)da

0
= 2T, F (1, c+1;c+2;2)x f(2); For integer c € N, it is called Bernardi operator ([4]);

Carlson-Shaffer operator: L(a,c)f(z) = 11:((3 f,f’c*af(z) =z2.F1(1,a;¢ 2) * f(2)
1
= / 1-0) % 0% 2f(z0)do.
(c—a)
0

Examples of GFC operators for m = 2 are the so-called hypergeometric integral op-
erators of Hohlov and Satgo. We pay here some more attention on them.
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In [10],[11] Hohlov introduced the hypergeometric operator F(a,b,c) (we call it as
Hohlov operator) defined in the class A by means of the Hadamard product with the
Gauss hypergeometric function 5 Fi(a,b;c; 2):

(4.1) F(a,b,0)f(2) = {z 2 Fi(a,b;2)} * f(2).
We can write (4.1) in terms of the GFC operators (3.3)-(3.5) with m = 2, as:
[(c)  (a—2b-2),(1—ac—b) _ _ fla=25-2),(1-a,c-b)
P(a)l(b) fis '
Another class of hypergeometric fractional integration operators has been introduced

by Saigo [26](see [14]) for solving the Euler-Darboux equation, and studied from view
of univalent functions’ theory in series of papers by Srivastava, Saigo and Owa, as for

(4.2) F(a,b,¢c) =

example [31]. This linear integral operator named as Saigo operator can be represented
also as a generalized fractional integral in the sense of (3.3) with m = 2 (details in [14]):

(4.3)

—a—ﬁ z —
570 ="s [e-omam [ 0T - poa=a iy PO ),
0

To preserve the class A, the Saigo operator is normalized as

7B . _ 2 - B2+ a+n) LB B
0,z 1—|(2 . :6 + 17) 0,z
Operators (3.3) with "multiplicity" m > 2 have been not so popular. Such one is the

Saigo operator (see in [13], [14]) with the Appel F3-function in the kernel, that is, an
operator (3.3) with m = 3:

(4.4)

~

z

_¢&y-1 ,
I(a)alaﬁ7ﬁl;r}l)f(z) = z—a/(zl_‘(il))g—a F3 <a7al)ﬁ)ﬁl;’y;1_ gyl_ 2) f(f)df
0
1
’ — o — 24 _ A~ pl
(4.5) — g +7/Gg:g |:o' aafo—z”—,%ja’,:’—ga’a— ,B’ﬁ ]f(za)da
0

— zfoefa'Jr'y IE?:(;O( B—a'y—2a'—p"),(B,y—a'—B,x )f(Z)

A typical example of (3.3) with arbitrary m > 2 is given by the integral operator
I = Zﬁ](’)’l: ,’Ym) (1:1: 1)

which is the linear right inverse to the so-called hyper-Bessel
dzjj‘e'rentml operator, introduced by Dimouvsk: (see in [13, Ch.3]), of the form

d d d d
(46) B =2z% dz 2% dz iz — 2% = Z_’B H (Z +/37k) ) /3 > O) a;, i € R.

In this relation, let us mention the Salagean dzﬁ‘erentzal operator (see e.g. [21]), defined
in A for functions f(z) of the form (1.1) and for m = 1,2, 3, ... by the recurrence relation

(4.7)  Sof(z)=f(2);S1f(2)=2f (2),...,5mf(2) =51 (Sm_1f(z —Z+kaakz

This operator can be seen as an interesting case of hyper-Bessel dlfferentlal operator with
f =1and all v = —1,0, = 1, k = 1,...,m. Its linear right inverse operator is the
integral operator of Alezander ([1], see e.g. [21]): Am, m =1,2,3..,,
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(4.8) Aof(z):f(z),Alf(z):/@da, s A f(2) = A1(Am_1f(2)) =2+ kimakzk’
0 k=2

which can be written in the form of generalized fractional integral (3.3), namely:
(4.9)
Amf(2) =T 070DV put W(k)=1/k™ =[T(k)/T(1+E)]™ in (2.3).

The above list of examples of operators of classical and generalized fractional calculus,
that fall also as special cases of the Dziok-Srivastava operator, shows that the univalence
criteria from Section 2 can be specified for each of them. We give examples only for the
most interesting hypergeometric operators, when p = 2, ¢ = 1. Namely, in [10], [11]
Hohlov studied the problem for which values of the parameters a,b, ¢ the operator (4.1)
maps the class S of univalent functions into itself? His results, that can be obtained also,
on the base of representation (4.2), from Theorems 2.1 and 2.2, state as follows:

Theorem 4.1. ([10],[11]) Let F(a,b,c) be the operator (4.1) in A. Suppose that the
parameters a,b,c € Ry satisfy the inequalities

(4.10) a>0, b>0, c>a+b+2
I'(e)T(e—a—b-2)
T(c—a)l(c—b)
Then for each univalent function f in A, the image F(a,b,c)f is also univalent, i.e.

F(a,b,c): S+— S.

Theorem 4.2. ([10],[11]) Let F(a,b,c) be operator (4.1) in A. Suppose that the

parameters a,b,c € R satisfy

(4.12) a>0, b>0, c>a+b+1,

'eMec—a—-b-1)
I(c—a)l'(c—b)

Then, F(a,b,c) maps any convez function into a univalent function, F(a,b,c) : K —

S.

(4.11) [(@)2(b)2 + 3ab(c—a—b—2) + (c—a—b—2),] < 2.

(4.13) [ab+c—a—-b—-1]<2.

From Theorems 2.1 and 2.2 we can derive also some univalence criteria for the normal-
ized Saigo operator fg" ’Zﬁ "7 that involve values of the hypergeometric function 3 F; at the
point z = 1. Similarly to the case of Hohlov, the conditions can be substantially simpli-
fied to involve the Gauss ; Fi-function at z = 1, by taking in (4.3)-(4.4) some particular
parameters a, 8,n. For example, if § = 0, our conditions for T07 . Sy S reduce to:

(a+n+1)(e®+3an+2n*+a+n)

4.14 -2 <0 3 2;
(4.14) <nsf axd (a—1)(a—2)(a—3) <%
and if f = —a, the same conditions get the form

1 2
(4.15) n<0, a>3, a+n>0, a(a+1) <2

(o — 1)(a — 2)(ax — 3)

Although the conditions in the general cases of the Dziok-Srivastava operator (2.1)
and generalized fractional integrals (3.3)-(3.5) may look somewhat abstract and too com-
plicated, by the above special cases when taking specific values to the parameters for a
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particular operator, these criteria for univalence reduce to some easily checked numerical
inequalities (as say, these in (4.14) and (4.15). One more example in this direction is to
use the particular Hohlov’s criteria (Theorems 4 and 5) for the operator of Biernacki and
its generalization. Namely, the operator of Biernacks,

Bf(2) = 171 4(0) = gl ) + 2) = [ 1% ar = r(1,1,2)500)

does not map the class of univalent functions into itself, as observed by a counterexample
given by Krzyz and Lewandowski [19]. The explanation is that in this case the set of
parameters (a, b, c) = (1, 1,2) does not satisfy the Hohlov’s inequalities in Theorem 4 (the
series 5 F(1,1;2;1) is divergent). However, for the generalized Biernacki operator

) z On oo f(a-l)
(4.16) F(1,1,n 4+ 1)f(z) = nl2'" doy ...do,
[[-]

01

it follows that any univalent function is transferred into a univalent function for any
n > 8. As a matter of fact, the operator F(1, 1, c) maps the class S into S for any real
c>co = (114 /33) /2, but the assumptions for a natural parameter n slightly increases
the required value of the parameter.

ACKNOWLEDGMENT

Partially supported under Project D ID 02/25/2009 by National Science Fund - Min-
istry of Education, Youth and Science, Bulgaria. Research done in frames of bilateral
project “Mathematical Modelling by Means of ...”, BAN — SANU.

REFERENCES

[1] J.W. ALEXANDER: Functions which map the interior of the unit circle upon simple regions, Ann.
of Math. 17 (1915), 12-22.

[2] M.K. Aour, J. DzI1OK: Distortion and convolutional theorems for operators of generalized frac-
tional calculus involving Wright function, J. of Applied Analysis 14(2) (2008), 183-192.

[3] F.G. AvHADIEV, L.A. AKSENT’EV: Basic results in sufficient conditions for univalency of analytic
functions, Uspehi Matematicheskih Nauk 30(4) (1975), 3-60.

[4] S.D. BERNARDI: Convez and starltke univalent functions, Trans. A.M.S. 135 (1969), 429-446.

[6] M. BIERNACKI: Sur l’intégrale des functions univlentes, Bull. Acad. Polon. Sci. Sér. Sci. Math.
Astronom. Phys. 8 (1960), 29-34.

[6] L. DE BRANGES: A proof of the Bieberpach conjecture, Acta Math. 154 (1985), 137-152.

[7] A. ERDELYI ET AL. (ED-S): Higher Transcendental Functions, Vol. 1, McGraw Hill, N. York,
1953.

[8] J. Dziok, H.M. SRIVASTAVA: Classes of analytic functions associated with the generalized hyper-
geometric function, Appl. Math. Comput. 103(1) (1999), 1-13.

[9] J. Dziok, H.M. SRIVASTAVA: Certain subclasses of analytic functions associated with the gener-
alized hypergeometric function, Integral Transforms Spec. Funct., 14 (2003), 7-18.

[10] Yu. HOHLOV: Convolutional operators preserving univalent functions, Ukrain. Mat. J. 37 (1985),
220-226.

[11] Y. HoHLOV: Conwvolutional operators preserving univalent functions, Pliska. Studia Math. Bulg.
10 (1989), 87-92.

[12] V. KIRYAKOVA: Generalized H(m,0/m,m)-function fractional integration operators in some
classes of analytic functions, Mat. Vesnik (Bulletin Mathematique, Beograd) 40(3-4) (1988), 259-
266.

[13] V. KIRYAKOVA: Generalized Fractional Calculus and Applications, Longman & J. Wiley, Harlow -
N. York, 1994.



(14]

(18]

[16]
(17]

18]

[19]

(20]

(21]
(22]
(23]

(24]
(28]

26]
(27]
(28]
(29]
(30]

(31]

UNIFIED APPROACH TO UNIVALENCY ... 43

V. KIRYAKOVA: On two Saigo’s fractional integral operators in the class of univalent functions,
Fract. Calc. Appl. Anal. 9(2) (2006), 159-176.

V. KIRYAKOVA: The operators of generalized fractional calculus and their action in classes of
unwalent functions, “Geometric Function Theory and Applications’ 2010” (Proc. Intern. Symp.,
Sofia, 27-31.08.2010), 29-40.

V. KIRYAKOVA: Criteria for univalence of the Dziok-Srivastava and the Srivastava- Wright operators
in the class A, Appl. Math. Comput. 218 (2011), 883-892.

V. KIRYAKOVA, M. SAIGO: Criteria for generalized fractional integrals to preserve univalency of
analytic functions, C.R. Acad. Bulg. Sci., 58(10) (2005), 1127-1134.

V.S. KirvyAkovA, M. Saico, H.M. SRIVASTAVA: Some criteria for univalence of analytic func-
tions involving generalized fractional calcaulus operators, Fract. Calc. Appl. Anal. 1(1) (1998), 79-
104.

J. KrRZzYZ, Z. LEWANDOWSKI: On the integral of univalent functions, Bull. Acad. Polon. Sci. Sér.
Sci. Math. Astronom. Phys. 11 (1963), 447-448.

SH. NAJAFZADEH, S.R. KULKARNI, D. KALAJ: Application of convolution and Dziok-Srivastava
linear operators on analytic and p-valent functions, Filomat (Fac. Sc. Math.,Univ. Nis) 20 (2006),
115-U124.

S. OwA:Some applications of fractional calculus operators for analytic functions, “Geometric Func-
tion Theory and Applications’ 2010” (Proc. Intern. Symp., Sofia, 27-31.08.2010), 43-46.

S. Owa, H.M. SRIVASTAVA: Some applications of the generalized Libera operator, Proc. Japan
Acad., Ser. A Math. Sci., 62 (1986), 125-128.

V. PESCAR, D. BREAZ: The Univalence of Integral Operators, "Marin Drinov" Acad. Publ. House,
Sofia, 2008.

C. POMMERENKE: Univalent Functions, Vandenhoeck and Ruprecht, Gétingen, 1975.

A. PruDNIKOV, Y. BRYCHKOV, O. MARICHEV: Integrals and Series, Vol. 8: Some More Special
Functions, Gordon & Breach, N. York, 1992.

M. SAIGO: A remark on integral operators involving the Gauss hypergeometric functions, Math.
Rep. College General Ed. Kyushu Univ., 11 (1978), 135-143.

S. SamMkO, A. KiLBAS, O. MARICHEV: Fractional Integrals and Derivatives: Theory and Appli-
cations, Gordon and Breach, 1993.

J. SOKOL: On some applications of the Dziok-USrivastava operator, Appl. Math. Comput., 201(1-
2) (2008), 774-780.

H.M. SRIVASTAVA: Some Foz-Wright generalized hypergeometric functions and associated families
of convolution operators, Applicable Analysis and Discrete Math., 1 (2007), 560-71.

H.M. Srivastava, K.C. GuprTa, S.P. GOYAL: The H-Functions of One and Two Variables with
Applications, South Asian Publishers, New Delhi, 1982.

H.M. SRIvASTAVA, M. SAIGO, S. OWA : A class of distortion theorems involving certain operators
of fractional calculus, J. Math. Anal. Appl., 131(2) (1988), 412-420.

INSTITUTE OF MATHEMATICS AND INFORMATICS
BULGARIAN ACADEMY OF SCIENCES

Acap. G. BONTCHEV, BLOCK 8, SOFIA — 1113, BULGARIA
E-maal address: virginia@diogenes.bg



