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ABSTRACT. In this paper we study the mapping properties with respect to some
generalized integral operators which was studied recently.

1. INTRODUCTION

Let H(U) be the set of functions which are regular in the unit disc U,
A={feHU):j(0) = f(0)-1=0}

and S ={f € A: f is univalent in U}.
In [12] the subfamily T of S consisting of functions f of the form

(1.1) f(z):z—Zajzj, a; >0,7=2,3,..., z€U
j=2

was introduced.
Thus we have the subfamily S — T consisting of functions f of the form

(1.2) f(z):z—l—Zajzj, a; >0,7=2,3,..., z€U
j=2

A function f(z) € A is said to be spiral-like if there exists a real number A, |A| < 7/2,
such that
a2l (=)
f(X)
The class of all spiral-like functions was introduced by L. Spacek ([10]) and we denote
it by S%. Later, Robertson ([9]) considered the class C) of analytic functions in U for
which z f'(2) € S%.

Ree (zeU).
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Let P)(p) be the class of functions p(z) analytic in U with p(0) = 1 and

27
(1.3) / ‘Re e”‘piz) —pcosh do < kmcosh, z =re*?,
! p
where £ > 2, 0 < p < 1, Aisreal with [A\| < 5. 1In case that k =2, A =0, p=0,
the class P(p) reduces to the class P of functions p(z) analytic in U with p(0) = 1 and
whose real part is positive.
we recall the well-known classes

R)p) = {f(z) BORFEIE (RS SONETE 1} ,
A _ 2) 2 an (zf'(2)) A
Vk(P)—{f()~f()€«4 a2 ePk(p>,os;)<1}.

These classes are introduced and studied in [8].
The propose of this paper is to develop the mapping properties with respect to a new
generalized integral operator.

2. PRELIMINARY RESULTS

Prof. Breaz ([3]) has introduced the following integral operators on univalent function
spaces:

(2.1) J(z) = /3/z[f{(7f")]71 e [AEm)] Tt E,
(2.2) H(z) = ﬁ/zfﬁ_l[ LN - ()] E,
(2.3) F(z):](flt(t))% (@)7 d,

(2.4) 6(z) = ﬂ/(flt“))v (ch(t))%dt é,
(2.5) Fyp(z) =4 B / 1 (ft“)) (fg(t))’l"dt
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z DT
(2.6) Grale) = Iplr =D +1] [ H(0)- g (0 ,
0
where v;,, v, f€C, Vi=1,p, pe N- {0}, n e N-{0,1}.
Let D™ be the S&ldgean differential operator (see [11]) D™ : A — A, n € N, defined as:
(2.7) D°f(z) = f(z), D'f(2) = Df(2) = 2f'(2), D"f(z) = D(D™ ' f(2))
and D¥, D*: A — A, k € NU{0}, of form:

(2.8) D°f(z) = f(2), ..., D*f(z) = D(D* *f(z) _z—l—Znanz

Definition 2.1. [2] Let ,AER, >0, A>0 and f(z) =z + Za]-zj. We denote by
=2
Df the linear operator defined by

(2.9) DP:A— A, DPfz)=z+ Z 1+ (j — 1)A)Pa;27 .
j=n+1

Remark 2.1. In ([1]) we have introduced the following operator concerning the
functions of form (1.1):
o0
(2.10) Df:A—A, DSf(z)=z- > [1+4(-1)NPaz’.
j=n+1
The neighborhoods concerning the class of functions defined using the operator
(2.10) s studied in [5).

Remark 2.2. Let consider the following operator concerning the functions f €
S, S={f€A:f is univalent in U} :

[1-A(k—1))F" 1+

. . k)-a.-2F
1_)\2 ))]/3 k+c C(n7 )akzy

(211) D3, £(2) = (hxtpyx () = 223
k>2
where C(n, k) = ("(Y)l% ; (+). is the Pochammer symbol; k> 2, ¢ > 0.

The following integral operator is studied in [4], where f;, 1 = 1...n, n € N, is
considered to be of form (1.2):

Definition 2.2. We define the general integral operator Iy n . Ap — A by

(2.12) Ienau(fr- fa) = F,

DFF(2) :/z(m?(t))m (D’A‘];”(t))#n dt,

where fi € A, 1€ N—{0}, A=(A1,..., ) €ENZ, u=(u1,...,un) EN*, neN and
kEeNg.



54 I. DORCA AND D. BREAZ

Theorem 2.1. Leta, 711, 72, BE€C, Rea =a >0and DY fi(z) €A, A, Ao, K2
0,0€R, j=1,p, peN, Dﬁ\lfhfj(z") of form (2.11). If

Dn’K (zZ" " Dn,’i (" !
( )?\11’;3\2](.7‘( n))l S l nd ( >;7'1,,I3\2f.7‘( n)) S l VZ € U, ] _ 17p7
(Dya fi(z™) |~ n (DX fizm) |~ n?

z 1 2

211651 (127 = 1| = Jof) + |67 ] - (1272 — 1] — |o])]

=1 <1

o 2n =1 @n -1 (118 &)

and
P

1
n+2a n + 2a \ ~t2e
o (271 —1)-(2y.— 1) - || 5 ( ) ,

n

then for V§, 5}, (5]2» €C, j=1...p, Re(B) > a, Re(Bé) > a, the function
(2.13)

Il(z):{ /Ztﬂ‘S ! ﬁ

6
(D5, fa (t”) )t
tU’

1
.
(Dilfngj(t"))ml] g dt} ﬁ

0

is univalent for alln € N — {0}.

If we consider the operator Df f(2) of form (2.10) we obtain the following Corolary,
whose proof is similar with the prove of Theorem 2.1.

Corollary 2.1. Let a, 71, 72, X € C, Rea =a > 0 and DY f;(z) € A, f >0, A >
0,0€cR, fo(z”) of form (2.10). If

OEEY | L [R5y 1
(DRf5m)y |~ O fyy | S TEET IR

1
n

f [1651- (1272 = 1] = |ol) + 167] - (1272 — 1| = [o])]
J=1 . <1
o (2m = 1)+ (22 = 1) ([1 8} 8)

and
P

n 4+ 2a n 4+ 2a i
o (-1 (-1 ([ 60 < 252 (M) T

then for allé, 67, 67 € C, j=1...p, Re(x) > a, Re(xd) > a, the function

(e K <D§fj<t”>>2”2—lrf dt}x

tU’

(2.14) I?(2) = {/tX“H

1s unwalent for Yn € N — {0}.
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Lemma 2.1. [7] Let v = u; + tuz, v = vy + w2 and ¥(u,v) be a complez valued
function satisfying the conditions:

(1) ¥(u,v) is continuous in a domain D € C?,

(1) (1,0) € D and Re ¥(1,0) >0,

(ii3) Re ¥(ius,v1) <0, whenever (iuz,v:) € D and vy < —1(1+u3).

If h(z) = 1+ 3 ¢;2° is an analytic function in U such that (h(z),2zh/(z)) € D and
i>1

Re ¥(h(z),zh'(2)) > 0 for z € U, then Reh(z) >0in U.

Lemma 2.2. [6] Let f(z) € V}(p), 0 < p < 1 and X 1s real with |A| < Z. Then
f(2) € R}(B), where B is one of the root of

(2.15) 26% + (1 —2p)B% 4 (3sec® A —4)B — (1 + 2p)tan? X = 0.

Following we present the mapping properties of the general integral operator of form
(2.13), giving also several examples which prove its relevance.

3. MAIN RESULTS

Using Theorem 2.1 and making additional calculus, we obtain:

Theorem 3.1. Let Df\zfxzfj(z") € R}, D;\li’;\zfj(zn) of form (2.11), n € N, A1, Ay, k>
0,0€R, j=1,p, peN, for0< p< 1. Also let X be real, |)\|<%. If

p
0<[p—1]> & +p5<1,

i=1

then I'(z) € VX (n), I'(2) of form (2.13), with

(3.1) n=1[p—1]) & +p5,

7j=1
167 5: J;E(C, a6{1,2}, ]:ﬁa Re(ﬁ6)>0

Remark 3.1. If we consider the operator fo(z) € R)(p) of form (2.10) we obtain
simalar result as in Theorem 3.1.

Remark 3.2. If we apply the operator (2.7) to the integral operator F(z) of form
(2.3), we obtain the result from [6].

Next we give few examples of particular cases which can be found in literature.

Let f=0in fo(z) of form (2.9) or (2.10). So we have that DY f(z) = f(z), VA > 0.
We will use this form of the integral operator, where the function f is of form (1.2) with
respect to the operator (2.14). For further simplification, we consider that y; =y, =1,
and § = 1 (except of Example 3.4).

For the first four examples we consider 5]1 =0,7=1,p,pe N-{0}, n=1.

Example 3.1. Ifc =1, x = 1 and we use the notation 5]2- =7, 7=1,p, p € N—{0},
P
we obtain the operator F(z) of form (2.8). F(z) € VX (n) f0< (p—1)

J

9 +1<1
1

2
withn=(p—1) > v+ 1.
j=1
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Example 3.2. If 0 = 1 we obtain the operator G(z) of form (2.4) for 63 =;, 5 =

Lp, peN-{0}. G(2) e }(n) if 0 < (p —1)E%+1<1w2thn—( —1) Y g1
j=1

Example 3.3. If 0 = 1 and we use the notation 5]2- =1/v;, 7=1,p, pe N—{0}, we
2
obtain the operator Fy g(z) of form (2.15). Fyg(z) € V) (n) if0 < (p—1) > $+,3 <1
j=1"
P
withn=(p—1) 3> 7 +
=1
Example 3.4. If 0 = 0 we obtain the operator G ,(z) of form (2.6) for x = [p(y —
1) +1], 5:l and 52:7—1 Gyp(2) € VX (n) of

P
0<(1- )Z')’]+1<1wzth77—( -1 > v +1.
j=1

For the next two examples we consider 5J2» =0j=1,p, pe N-{0},and 0 = 0.

Example 3.5. o) If x =1,6 =1, we obtain a particular case of the function J(z) of

form (2.9), in which B =1, Vn € N—{0}. J(2) € V}(n) +f0 < (1 — )Z'y]—l—l <1
7j=1

P
withn = (p — )Z
b) Ifé_f (5-_:7],]—1;) p € N— {0}. we obtain the operator J(z) of form
(2.9), mwhzchﬁ_l,VnGN {0}. J()EVk()f

p
0<(1=p) 27 +1<1withn=(p —1)Z%+1
Jj=1 Jj=1

Example 3.6. If n =1, § = i, we obtain the operator H(z) of form (2.12) for

& =v,7=1p,p € N={0}. F(2) € V}(n) 1f 0 < (1—p)27]+/3< 1 with
=1

M*u

n=(p-1) v +B.

1
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