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ABSTRACT. In this paper we are concerned with an extension operator ®5 5,4, @ > 0,
p > 1, that provides a way of extending a locally biholomorphic mapping f € H(B")
to a locally biholomorphic mapping F € H(Qn,p), where Qnp = {z = (2/,2n41) €
C™*1 :||2'[|2+|2n+1|P < 1}. By using the method of Loewner chains, we prove that if
f € 8°(B™), then &y p.a(f) € S°(Qn.p), for p > max{2na,1} and a € [0,1/(n + 1)].
In particular, if f € $*(B™), then ®$,,p,«(f) € S*(Qn,p) and if f is spirallike of type
B € (—m/2,7/2) on B™, then $n, p,o(f) is also spirallike of type B on Qp p. Finally,
we consider the preservation of e-starlikeness under the operator &, p,«.

1. INTRODUCTION AND PRELIMINARIES

Let C™ denote the space of n complex variables z = (z1,...,2,) with the Euclidean
inner product (z,w) = 3.7, z;W; and the Buclidean norm ||z[| = (z,2)*/?. The open
ball {z € C": ||z|| < r} is denoted by B! and the unit ball B} is denoted by B". In the
case of one complex variable, B! is denoted by U.

Let L(C™,C™) denote the space of linear continuous operators from C" into C™ with
the standard operator norm, and let I,, be the identity of L(C",C"). If Q is a domain in
C™, we denote by H(Q) the set of holomorphic mappings from  into C". If 0 € Q, such
a mapping f is said to be normalized if f(0) =0 and Df(0) = I,,.

From now on, we assume that  is a domain in C™ that contains the origin. We say
that f € H(Q) is locally biholomorphic on € if the complex Jacobian matrix D f(z) is
nonsingular at each z € Q. Let J¢(2) = det Df(z). Let £5,(2) be the set of normalized
locally biholomorphic mappings on  and let S(2) be the set of normalized biholomorphic
mappings on . A map f € S(Q) is said to be convex if its image is a convex domain in
C", and starlike if the image is a starlike domain with respect to the origin. We denote the
classes of normalized convex and starlike mappings on € respectively by K (Q2) and S*(Q2).
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In one variable we write £S;(B) = LS, S(B') = S, K(B') = K and S*(B!) = S*. A
mapping f € S(Q) is spirallike of type 8 € (—7/2,7/2) if the spiral exp(—e~*A1)f(z)
(T > 0) is contained in f(Q) for any z € Q. We denote by S5() the class of normalized
spirallike mappings of type 8 on 2.

We next present the notion of e-starlikeness due to Gong and Liu (see [3]). This notion
interpolates between starlikeness and convexity as € ranges from 0 to 1.

Definition 1.1. Let f : Q@ — C” be a biholomorphic mapping such that f(0) = 0. We
say that f is e-starlike, 0 < ¢ < 1, if f(Q) s starlike with respect to each point in
ef(2), t.e.

(1=X)f(2) + xef(w) € f(R), A€]0,1], z,w € Q.

When € = 0 we obtain the family of starlike mappings on €2, and when £ = 1 we obtain
the family of convex mappings on 2. The analytical characterization of e-starlikeness was
given in [4].

Forn > 1, set 2’ = (21,...,2,) € C" and z = (2', 2p41) € C*™1. Let p > 1 and

Qnp = {2 = (2 2001) € T |21 o+ |20 4P < 1},
The complex ellipsoid 2, , is a balanced convex domain in C™*! (see e.g. [10]) and
B" x {0} CQ,p, CB"xU.

We next refer to the notions of subordination and Loewner chains.

Let f,g € H(Q,,). We say that f is subordinate to g (and write f < g) if there

is a Schwarz mapping v (i.e. v € H(Q,,) and ||jv(z)|| < ||z|l, 2 € Qnp) such that
f(2) = 9(v(2)), 2 € Qnp.
Definition 1.2. A mapping f : Qnp x[0,00) = C" is called a Loewner chain if f(-,t)
is btholomorphic on Q,p, f(0,t) =0, Df(0,t) = €'I, fort >0, and f(z,s) < f(z,t)
whenever 0 < s <t < oo and z € Qy p.

The requirement f(z,s) < f(z,t) is equivalent to the condition that there is a

unique btholomorphic Schwarz mapping v = v(z, s,t) called the transition mapping
associated to f(z,t) such that

f(z,8) = f(v(z,s,t),t), 2 € Qpyp, t>5>0.
Various results concerning Loewner chains can be found in [6].
Remark 1.1. Certain subclasses of S(Q0, p) can be characterized in terms of Loewner
chains. In particular, f is starlike if and only if f(z,t) = €' f(2) is a Loewner chain.

Also, f is spirallike of type B if and only if f(z,t) = e(1 %)t f(e'92) is a Loewner
chain, where a =tanf (see e.g. [9]).

The notion of parametric representation is related to that of a Loewner chain (see e.g.
[9])-
Definition 1.3. A normalized mapping f € H(Qy, ) has parametric representation

if there ezists a Loewner chain f(z,t) such that {e *f(-,t)}+>0 is a normal family on
Qnp and f(z) = f(2,0), 2 € Qpp.

Let S°(Q, p) be the set of mappings which have parametric representation on €, ,.
A key role in our discussion is played by the following Schwarz-type lemma for the
Jacobian determinant of a holomorphic mapping from B™ into B™ (see [13]):
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Lemma 1.1. Let ¢y € H(B™) be such that ¢(B™) C B™. Then

ntl

1-l9(=2)I°] *

(1.1) [Jy(2)] < { , 2 € B™.

v L~ [z

Definition 1.4. Let a > 0. The extension operator ®, , o LS (B") = LSn11(Qnp)
15 defined by

B pal(f)(2) = (F(2'), 20a[Tr(2)] 7)), 2 = (2 2n41) € Dp.

& 1
P =
z'=0 .

We choose the branch of the power function such that [J¢(2')]

If @ = 1/(n + 1), the operator &, ;1/(nt1) Was studied in [9]. In the case p = 2,
Qpa = B"*1 and the operator ®,, 2o Wwas recently studied in [1]. If p = 2 and a =
1/(n+1), the operator ®,,,2,1/(n+1) Teduces to the Pfaltzgraff-Suffridge extension operator
(see [11]). If n» = 1, p = 2 and @ = 1/2, then &, ,/; reduces to the well-known
Roper-Suffridge extension operator. For n > 2, the Roper-Suffridge extension operator
¥, : LS — LS, (B") is defined by (see [12])

Yn(f)(z) = (f(21), 2/ ['(21)), z = (21,%) € B™.
We choose the branch of the power function such that «/f’(z1)|21:0 =1

Roper and Suffridge proved that if f is convex on U then ¥, (f) is also convex on B™.
Graham and Kohr proved that if f is starlike on U then so is ¥,,(f) on B™. Graham,
Kohr and Kohr [7] proved that if f has parametric representation on the unit disc, then
¥, (f) has the same property on B™. A general class of extension operators was studied
in [2], [5]. For other extension operators, see [6] and the references therein.

In this paper we prove that if f € S°(B"), then &, ,.(f) € S°(Q,), for p >
max{2na,1} and a € [0,1/(n+1)]. In particular, we obtain various consequences related
to the preservation of starlikeness and spirallikeness of type 8 under &, , .. Finally, we
consider the preservation of e-starlikeness under the operator 5 p «.

2. PARAMETRIC REPRESENTATION AND THE OPERATOR $, p o

We begin this section with the following main result. If & = 1/(n + 1), see [9] and if
p =2, see [1] (see also [8] for a = 1/(n + 1) and p = 2).
Theorem 2.1. Assume f € S°(B"), p > max{2na,1} and a € [0,1/(n + 1)]. Then
(}n,p,a(f) 6 SO(Qn,p)
Proof. Since f € S°(B™) there exists a Loewner chain f(z’,t) such that {e *f(z',t)}+>0
is a normal family on B™ and f(z') = f(2',0) for 2’ € B™. Let F = &, po(f). Then it is
easy to see that F' € S(Q ). Let v = v(2', s,t) be the transition mapping associated to
f(z',t). Then
(2.1) f(2',8) = f(v(2',5,1),t), 2 € B", 0 < s <t < oo.
Let fi(2') = f(2/,t) for 2/ € B™ and t > 0, and let v, ;(2') = v(2/,s,t), 2 € B",t > s > 0.
Also let F : Q,, % [0,00) — C™*! be given by

2a

(2.2) F(z2,8) = (F(2',8), znp1e 557, () F)
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for z = (2',2n41) € Qnp and ¢ > 0. We choose the branch of the power function such
that [Jy, ()] % |, _, =€ 7 .

Let us prove that F(z,t) is a Loewner chain. Indeed, since f(-,t) is biholomorphic on
B™, f(0,t) =0 and Df(0,t) = eI, it is not difficult to see that F(,t) is biholomorphic
on Qpp, F(0,t) =0 and DF(0,t) = € Ip 1.

Let Vit : Qnp — C*T be given by V; 4(z) = V(z, s,t) where

2a

V(z,8,t) = (0(2,5,8), 2041 005, (2)F)

for z = (2',2n41) € Qnp and t > s > 0. We choose the branch of the power function
such that [Jus_t(zl)]%a peg = ¢~ Then V; ¢ is biholomorphic on Q, p, V;+(0) = 0,
DV;1(0) = €5 ¢l 1 and V; 4(Qnp) C Qnp. Indeed, fix z € Q,,, and let w = V, ¢(2z). We
have to prove that ||w'||?+|wp41|P < 1. By Lemma 1.1 and the fact that p > max{2na, 1},

a € [0,1/(n + 1)], we obtain

W' + [wn g1 [P = [os(z)|I* + DOm0 |z L, (2]
l)a
1— Jlos (=)
< Mo I + znsa P | = 5o

|znt1|?
< st (2117 + ﬁw(l — llvs,e(z")11%)

< st (2P +1 = Jlvse(2)I1* = 1,

for z = (2',2p41) € Qpp and t > s > 0. Hence w = (W', wnt1) € Qpp and thus
Vs,t(Qn,p) C Qnp, as claimed.

Further, taking into account (2.1), we easily deduce that F(z,s) = F(V(z,s,t),t) for
2 €Q,pandt>s>0. Indeed,

2na

F(V(z,5,8),t) = (f(0(2', 5,8),1), 2np1eC 00 52) 0520 g, (2)]

2a
3

R

[T, (05,6 (z')] %)

2na

= (2, 9), 20’ NI, (2N F) = F(z,9),
for all z € 0, , and ¢t > s > 0. Here we have used (2.1) and the fact that
st(z’) = th(vs,t(zl))‘]vs,t(zl)7 Z, € Bn: t 2 S 2 0

Therefore we have proved that F(z,t) is a Loewner chain.

It remains to prove that {e *F(z,t)};>0 is a normal family. Since {e *f(2',t)}i>0 is
a normal family on B™, there exists a sequence {¢;}recy such that 0 < ¢t — oo and
e f(2',t;) — g(2') locally uniformly on B™ as k — oo, where g is a holomorphic
mapping on B™. Since g(0) = 0 and Dg(0) = I,,, we deduce in view of Hurwitz’s theorem
for holomorphic mappings that g € S(B™). Further, applying Vitali’s theorem in several
complex variables, we deduce that ®, , (e ™ f(z,t1)) = e " F(2,tx) = ®np.a(g) locally
uniformly on 2, , as £ — co. This completes the proof. O

Taking into account Theorem 2.1 and Remark 1.1, we may prove that the operator
®, p.« Preserves the notions of starlikeness and spirallikeness of type 8. We omit the
proofs of the next corollaries (see [1] in the case p = 2). Corollary 2.1 was obtained in [9]
in the case a« = 1/(n + 1) (see also [8] for a = 1/(n + 1) and p = 2).
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Corollary 2.1. Assume f € S*(B"), p > max{2na,1}, o € [0,1/(n + 1)]. Then
F= cI)n,p,a(f) € S*(Qn,p)'

Corollary 2.2. Assume f € S5(B"), where B € (—7/2,7/2). Then F = &,,.(f) €
S5(Qnp) for p > max{2na,1} and a € [0,1/(n + 1)].

3. €-STARLIKENESS AND THE OPERATOR &, ;o

We next discuss the case of e-starlike mappings associated with the operator ®, p «,

for a € [%ﬂ, %} To this end, for a € (0, 1], let

Qanpa = {2 = (2, 2n41) € CF1 1 zn P <a®"(1 - |2'|P) "D,

Then B™ x {0} C Qanpa CQnyp. Fora=1and a= %H’ we obtain Qinp, 22y = Qnp

We have obtained the following result regarding e-starlikeness, which when e = 1 gives
a partial answer to the question of whether &, , o preserves convexity. If p = 2, see [1].

Theorem 3.1. Let ¢ € [0,1] and f : B™ — C" be a normalized e-starlike mapping.
Also let FF = &, , o(f), where a € [ﬁ_l, %] and let a;,as > 0 be such thata;+as < 1.
Then

(1 - )\)F(Z) + AEF(w) € F(Qal-i-az,n,P,a)v z € Qa1,n,p,a7 w e Qaz,n,p,aa A € [07 1]'

Proof. Since f is biholomorphic on B", it follows that F' = $,, 5 o(f) is also biholomor-
phic on Q. Fix A € [0,1] and let 2z € Qa4 npa, W € Qaynpa. We want to find a point
u = (¥, Unt1) € Qay+az,n,p,a Such that

(1= XN)F(2) + XeF(w) = F(u),
ie. f(u)=(1-=XNf(z")+ Xef(w') and

Un1[Jp(W)]7 = (1= N2nia[J5(2)] 7 + Aewnya [Jp (w')] 7 .

IfA=0,let wu=2 If A =1, then using the fact that f is e-starlike and the equality
eF(w) = F(u), we easily deduce that v = (¢, Unt1) € Qaynpe € Qaytas,npa- Hence,
it suffices to assume that A € (0,1). Since f is e-starlike, we obtain that

u'= fH(1 = N f(2) + Aef(w)).

Then v’ = u/(2',w') can be viewed as a mapping from B"™ x B™ into B™. Let

2a 2a
Jr(Z) ] 7 Jr(w')] *
el = (1 =Xz, R AEWy, .
Bl P70 Il WA
We prove that v = (v, Unt1) € Qay4a0,n,p,e- 1t is Obvious that
ou’ _ n1—1 / ou' _ nN—1 /
5y = - AP Df() and o 5 = Ae[Df(w)] " Df (w').
Hence
p—2na 20 p=2na 20
Unsr = (1-2X) Zn-i-l[‘]u;,] » 4 (Ae) 7 wn-‘rl[‘]uiu,] .
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Next, let 1/p = 2na/p. Since p > 2na, it follows that § > 1. Also let 1/§ =1 — 1/5.
Using Lemma 1.1 in the previous equation, we obtain

|un+l|
, 1 (!, w25 ) 1 (e, w2
< (1 =21 4 i L et Nt BV A | IS Ae)! 4 i | R St ThadiVA | )
< QN el S| T 00 a5
|2 1| DR (e | | s (e
(nt1l)a 5| |zpa1| (D= P i [ |wnpr| D= P
= (1 — [|']|? 1 \Vé|lEntll © Ag)/d | Endll © )
O et (O e e I e e

We have two cases:
First case (compare with Corollary 2.1). If ¢ = 0 (i.e. f is starlike), then we obtain
that

(n+1)a ; |2rt1] 2ne (n+1)a
[unsa] < (1= )P (1 - )4 e <’ (1- lw/]1?)
(T=1l217) >
Here we have used the fact that z = (2/,2p41) € Qa; npa- Hence |upi1fP < a?™*(1 —
lw/2) e ie. u = (v, unt1) € Qaynpa. On the other hand, since Qg npa C

Qa1 4as,n,p,a, We deduce that u = (v, Un41) € Qa;4as,n,p,a, as desired.
Second case. For ¢ € (0, 1], using Holder’s inequality we obtain

|Unt1]

(n+1l)a

< (1 )5 (1—A+Ae>1/q{

2| 0% ] 5
+

Wit | DR e 1P
1—|l='[]?

1— [lw'[?

(n+1l)a

<@ 1?77 (a1 + az) P
Therefore, we have proved that |u,,1|? < (a1 + a2)?"*(1 — |[u/|?)(* Ve ie. u =
(v, Uunt1) € Qay+az,n,p,a- This completes the proof. O

Taking € = 1 in Theorem 3.1, we obtain the following convexity result for the operator
@, pa Ifp=2 seel]

Corollary 3.1. If f € K(B™) and F = $,p4(f), where a € [n%rl,%}, then (1 —
ANF(2) + AF(w) € F(Qaytasnpa)y 2 € Qarnpa, W € Qaynpa, A € [0,1], where

ai,az >0, a1 +a; <1

Taking o = %—i—l and a; = 1 — a, in Corollary 3.1 and using the fact that Ql,n’p,% =
Q. p, we obtain the following corollary. In the case € = 1, see [9] and when p = 2, see [1].

Corollary 3.2. If f is a normalized e-starlike mapping on B™, € € [0,1], a € (0,1)
and F = cI>w,,ﬁ(f), p>2n/(n+1), then

(1=X)F(2) + XeF(w) € F(Qnp), 2 €Qupp 1, WEQ 44 A e[0,1].
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