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ABSTRACT. In this paper we present some properties of the class of semi-typically
real functions denoted by 7 and defined as follows

T={FcA:F(z) >0 z¢c(0,1)}

We denote by A the set of all functions that are analytic in the unit disc

A :={z € C: |z|] < 1} and normalized by f(0) = f/(0) — 1 = 0. The class 7 is
related to the well-known class of typically real functions T i.e. the subclass of A,
consisting of functions f which satisfy the condition JmzJmf(z) > 0, z € A. We
investigate relations between the class 7 and the class T and also between the class
T and the class of odd typically real functions T(?). Moreover, for the class 7 we
determine sets of local univalence and of typical reality, radii of local univalence and
of typical reality, sets of variability of initial coefficients and estimation of coefficients.
We compare these results with well-known results obtained in the class T.

1. INTRODUCTION

Suppose that A is the family of all functions that are analytic in the unit disc
A={zeC:|z| <1}

and normalized by f(0) = f'(0)—1 = 0. Let T denote the well-known class of all typically

real functions, i.e. the subclass of A4 consisting of functions f which satisfy the condition

Jmz Jm f(2) >0, z € A. From this definition we conclude that
T={feA: f(z) eR—=z€(-1,1)}.

Let us define the class of semi-typically real functions in the following way
T={FeA . F(z)>0= z€(0,1)}.

In this paper we compare well-known results obtained in the class T with our results
obtained in the class 7.
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2. MAIN PROPERTIES

At the beginning we present main properties of the class of semi-typically real functions.
In Theorem 2.1 we have the relationship between the class 7 and the class of typically
real odd functions T(?) (where T(®) = {f € T : f(z) = —f(—2),z € A}). Theorem 2.2
gives us the relationship between the classes 7 and T. The proofs of these theorems one
can find in [3].

Theorem 2.1.
FeT < F(2%) = fX(2) for some f € T®.
Theorem 2.2.
FcT < F(z) =(1+42)% f%(2)/z for some f € T.

3. PROBLEMS OF UNIVALENCE

In this section we discuss problems of univalence in the class 7.
Definition 3.1. A domain G C A 1s called the domain of local univalence for the
class A C A, 1f:
(i) for all functions f € A and for all z € G we have f'(z) # 0,
(ii) for all z € A\ G there exists a function f € A such that f'(z) = 0.

The domain of local univalence for the class A is unique and we denote it by Gy (4).
We know the domains of local univalence for the classes T and T(2), namely

(3.1) Gru (T)={z€ A:|z* +1] > 2|2},
(3.2) Gry (T(2)> ={z€ A:|32* +22° + 3| > 8|z|°} \ {:I:z"r cr>/2— 1}.

The first one is the well-known Golusin’s lens (see [1]) and the second one was described
by Koczan and Zaprawa in [5]. From (3.2) and Theorem 2.1 we get the domain of local
univalence for the class 7.

Theorem 3.1.
2
GLU(T):{zEA:|3z2+2z+3|>8|z|}\{z€R:z§—(\/§—1> }

We have Gy (T) C Gy (T) C Gy (T®). Figure 1 (a) presents the domains of local
univalence for the classes 7 (solid line), T (dashed line) and T(*) (dotted line).

Definition 3.2. A domain G C A 1s called the domain of univalence for the class
ACA, if
(i) all functions belonging to A are univalent in G,
(ii) for every domain H such that G C H C A and G # H there exists a function
in A that is not univalent in H.

We know that the domain of univalence for the class T is the Golusin’s lens. Further-
more, there are infinitely many domains of univalence for the class T(?) and one of them
is the Golusin'’s lens (see [4]). From these facts and from Theorem 2.1 we can determine
one of the domains of univalence for the class 7 (see also Figure 1 (b)).



ON PROPERTIES OF THE CLASS OF ... 83

Theorem 3.2. A set {z € A:|z+ 1|® > 4|z|} is the domain of univalence for the
class T.

Now let A be a class of functions with real coefficients.

Definition 3.3. A set G C A 1s called the set of typical reality for the class A C A,
if:

(i) Jmz Jm f(2) > 0 for all f € A and all z € G,

(ii) for all z € A\ G there exists a function f € A such that Jmz Jm f(z) < 0.

The interior of this set is called the domain of typical reality for the class A, whenever
this interior is a domain. The set of typical reality for the class A we denote by Grr(4).
Figure 1 (c) shows the sets Grg(7) (solid line) and Grgr(T) (dashed line).

Theorem 3.3.
Gra(T)={z€A:|z+ 17 > 4]z|} U(-1,1).

The proofs of Theorems 3.1-3.3 one can find in [3].
Moreover, we obtain the radii of local univalence, of univalence and of typical reality
in the class 7, namely

rpu(T) =ru(T) = rrr(T) = (\/5 - 1)2-

These radii for the class T are the following: 7y (T) = ry(T) = v/2 — 1 and rrx(T) = 1.
We say that a number ry(A) (rry(A)) is called the radius of univalence (the radius of
local univalence) in the class A, if it is the maximum of numbers » € (0, 1], such that
every function f € A is univalent (locally univalent) in the disc |z| < r. We say that a
number r7r(A) is called the radius of typical reality in the class A, if it is the radius of
the largest disc |z| < 7 included in the domain of typical reality.

FIGURE 1. (a) The boundary of the domain of local univalence for T
(solid line), for T (dashed line) and for T(* (dotted line). (b) The
boundary of the domain of univalence for 7 (solid line) and for T (dashed
line). (c) The boundary of the set of typical reality for 7 (solid line) and
for T (dashed line).

104 104 ke —

(a) (b) (c) el



84 K. TRABKA-WIECLAW

4. COEFFICIENTS

In this section we analyse coefficient problems for semi-typically real functions. Let
A; ;(A) ={(a:(f),a;(f)): f € A} for A C A. We determine the set A, 3(7) of variability
of the second and the third coefficients.

From Theorem 2.2 we obtain
(14+2)2f2(z)  (1+2)? (2 +0a22® +azz® + .. .)2

F(z) = z z

and, consequently,
F(z) =z +2%(2 4+ 2ay) + 2°(a2 + 4ay + 2a3 + 1) +
Writing F € 7 in the form F(z) = z + Az2? + A3z® + ... € T we have:
Ay =24 2a5 and Az :a§+4az+2a3+1.

Deriving a, from the first expression and we putting it into the second one, we have
Az = A%2/4 4+ Ay — 2 + 2a3. Taking into account the well-known set of variability of
coefficients in the class T, namely

Az3(T) ={(z,y) 12 —1<y < 3},

we obtain the following inequalities:
—2< Ay <6,

3 12 1,2

A2 A< A A 1
and the set of variability of the second and the third coefficients in the class 7.
Theorem 4.1.

Az (T) = {(x Y): Zm —z-2<y< i:c +x+4}

This set is not convex, because the class 7 is not convex. Higure 2 presents the sets
As 3(T) (solid line) and Aj 3(T) (dashed line).

Now we determine the upper estimation of n-th coefficient of the function F(z) =
z4 Axz? + A3z® + ... € T. For f(z) = Y oo, arz® we have f2(z) = 3.7, byz™, where

b, = Z:ll axn_g. Hence from Theorem 2.2 we obtain
F(Z Z b Z bn+gz” + 2 Z bn+22n+l + Z bn+22n+2 =
n=1 n=1 n=1
x
=boz + (b3 + 2b2)22 + ) (Bng1 + 2bn + bp_1) 2"
n=3

For n > 3 we have

n—1 n—2
Ap =bpy1 +2b, + by l—zakan+l k+zzakan k+zakan 1—k-
k=1 k=1 k=1

From the well-known inequality for typically real functions a, < n we obtain

- s (2n +1)n
< k 1—k 2k(n — kn—1-k -
_I; (n + )+; (n —I—Z n 3
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FIGURE 2. The boundary of the sets of variability of coefficients Az 3(7)
(solid line) and A3 3(T) (dashed line).

Theorem 4.2. If F € T and F(z) = z 4+ Ax2z2 + A3z3+ ..., then A, < (2n? +1)n/3 .
The equality sign in the above inequality is achieved for the function Fy(z) = Z((lljzz)f.
Indeed,

1+2\° z
FO(Z):< ) ( 2:(1—|—22+2z2—f—2z‘°’—|—...)2 (z+22°+32°+..) =

1-2 1-2)
(o] (o) 2 oo
(2n? + 1)n
Sonamea( Yo ) =3 B,
n—1 n—1 n—=1
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