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Abstract. In this paper, we consider a new class of log-harmonic mappings of the

form f = zh(z)g(z) de�ned on the open disc D = fzj jzj < 1g which are univalent

and satisfying the condition
��h(z)
g(z)

�M
�� < M for every z 2 D.

1. Introduction

Let H(D) be the linear space of analytic functions de�ned on the open unit disc D. A

log-harmonic mapping is a solution of the non-linear elliptic partial di�erential equation

(1.1)
fz

f
= w(z):

fz

f

where w(z) is the second dilatation function of f and w(z) 2 H(D) such that jw(z)j < 1

for all z 2 D. It has been shown that if f is a non-vanishing log-harmonic mapping, then

f can be expressed as

(1.2) f = h(z):g(z)

where h(z) and g(z) are analytic functions in D. On the other hand, if f vanishes at

z = 0 but is not identically zero, then f admits the representation,

(1.3) f = z jzj2� h(z)g(z)
where Re� > � 1

2 and h(z) and g(z) are analytic functions in D, g(0) = h(0) = 1. Univa-

lent log-harmonic mapping have been studied extensively (for details see [1],[2],[3],[4],[5],[6]).

The class of all log-harmonic mappings is denoted by SLH .

Let f = z jzj2� h(z)g(z) be a univalent harmonic mapping. We say that f is a starlike

log-harmonic mapping if

(1.4)
@

@�
arg f(r:ei�) = Re[

zfz � zfz
f

] > 0
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for all z 2 D. Denote by STLH the set of all starlike log-harmonic mappings.

Finally, let 
 be the family of functions �(z) regular in D and satisfying �(0) = 0,

j�(z)j < 1 for all z 2 D. Next, let F (z) = z + �2z
2 + �3z

3 + � � � and G(z) = z +

�2z
2 + �3z

3 + � � � be analytic functions in D, if there exist a function �(z) 2 
 such that

F (z) = G(�(z)) for every z 2 D, then we say that F (z) is subordinate to G(z), and we

write F (z) � G(z) [7].

In this paper we will investigate the class of log-harmonic mappings de�ned by

SLH(M) =
n
f 2 SLH j

����h(z)g(z)
�M

���� < M;M � 1 is a �xed number; h(0) = g(0) = 1
o
:

2. Main Results

Theorem 2.1. Let f = zh(z)g(z) be an element of SLH(M), then

(2.1)
h(z)

g(z)
� 1 + z

1� (1� 1
M
)z

(2.2)
1� r

1 + (1� 1
M
)r
�
����h(z)g(z)

���� � 1 + r

1� (1� 1
M
)r

Proof. ����h(z)g(z)
�M

���� < M )
���� 1M

h(z)

g(z)
� 1

���� < 1;

then the function  (z) = (
1

M

h(z)

g(z)
� 1) has modulus at 1 in the unit disc D, so that

(2.3) �(z) =
 (z)�  (0)
1�  (0) (z) =

( 1
M

h(z)
g(z) � 1)� ( 1

M
� 1)

1� ( 1
M
� 1)( 1

M

h(z)
g(z) � 1)

:

Then �(0) = 0 and j�(z)j < 1, therefore by Schwarz's Lemma

(2.4) j�(z)j � jzj :
From (2.3) and (2.4) we obtain,

h(z)

g(z)
=

1 + �(z)

1� (1� 1
M
)�(z)

and using the subordination principle we get (2.1). On the other hand ! =
1 + z

1� (1� 1
M
)z

maps jzj = r onto the circle with the center

C(r) = (
1 + (1� 1

M
)r2

1� (1� 1
M
)r2

; 0)

and the radius

�(r) =
2(1� 1

M
)r

1� (1� 1
M
)r2

and again using the subordination principle, then we have

(2.5)

����h(z)g(z)
� 1 + (1� 1

M
)r2

1� (1� 1
M
)r2

���� � 2(1� 1
M
)r

1� (1� 1
M
)r2

:
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The last inequality gives (2.2). �

Theorem 2.2. The radius of starlikeness of the class SLH(M) is r =
1

1+
p
2� 1

M

:

Proof. Using (2.5) we have,

(2.6) z
h0(z)

h(z)
� z g

0(z)

g(z)
=

(2� 1
M
)z�0(z)

1� 1
M
�(z)� (1� 1

M
)(�(z))2

:

Therefore

(2.7)

����z h
0(z)

h(z)
� z g

0(z)

g(z)

���� � (2� 1
M
)r

1� r2
1� j�(z)j2

1� 1
M
j�(z)j � (1� 1

M
) j�(z)j2 ;

where we used the estimate

j�0(z)j � (1� j�(z)j2)
1� r2 :

This estimate can be found in [1]. It can be easily shown that,

(2.8)
1� j�(z)j2

1� 1
M
j�(z)j � (1� 1

M
) j�(z)j2 �

1� r2
1� 1

M
r2 � (1� 1

M
)r2

;

and relations (2.7) and (2.8) give

(2.9)

����z h
0(z)

h(z)
� z g

0(z)

g(z)

���� � (2� 1
M
)r

1� 1
M
r � (1� 1

M
)r2

:

On the other hand we have

�(z) = z
h(z)

g(z)
; f = zh(z)g(z))

Re
zfz � zfz

f
= Rez

�0(z)

�(z)
= Re[1 + z

h0(z)

h(z)
� z g

0(z)

g(z)
];

and we deduce that f will be univalent and starlike if

(2.10)

����z�
0(z)

�(z)
� 1

���� <
����z h

0(z)

h(z)
� z g

0(z)

g(z)

���� < 1

Using (2.9) we deduce that (2.10) will be satis�ed if

(2� 1
M
)r

1� 1
M
r � (1� 1

M
)r2

< 1;

and this implies that

r = jzj < 1

1 +
q
2� 1

M

:

�

Theorem 2.3. Let f = zh(z)g(z) be an element of SLH(M), then

(2.11)

nX
k=1

jak � bkj2 � (2� 1

M
)2 +

n�1X
k=1

����bk + (1� 1

M
)ak

����
2

:
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Proof. The proof of this theorem is based on the Clunie method [8]. We start with the

equality,

(2.12)
h(z)

g(z)
=

1 + �(z)

1� (1� 1
M
)�(z)

, h(z)� g(z) = [(1� 1

M
)h(z) + g(z)]�(z) :

Then let h(z) = 1+
P
1

n=1 anz
n, g(z) = 1+

P
1

n=1 bnz
n, �(z) =

P
1

n=1 cnz
n and note that

j�(z)j < 1, for all z 2 D. Therefore equation (2.12) now takes the form,

(2.13)
nX
k=1

(ak�bk)zk+
1X

k=n+1

(ak�bk)zk = [(a+1)+

n�1X
k=1

(bk+aak)z
k+

1X
k=n

(bk+aak)z
k](

1X
k=1

ckz
k) ;

where a = 1� 1
M

or

(2.14)
nX
k=1

(ak�bk)zn+
1X

k=n+1

(ak�bk)zk�(
1X
k=n

(bk+aak)z
k)(

1X
n=1

cnz
n) = [(1+a)+

n�1X
k=1

(bk+aak)z
k]�(z) :

Equality (2.14) can be written in the following form:

(2.15)

nX
k=1

(ak � bk)zk +
1X

k=n+1

dkz
k = [(1 + a) +

n�1X
k=1

(bk + aak)z
k]�(z) :

Since (2.15) has the form F (z) = �(z):G(z) , where j�(z)j < 1, it follows that

(2.16)
1

2�

Z 2�

0

��F (rei�)��2 d� � 1

2�

Z 2�

0

��G(rei�)��2 d� ;
for each r, (0 < r < 1). Expressing (2.16) in terms of the coe�cients in (2.15) we obtain

the inequality

(2.17)

nX
k=1

jak � bkj2 r2k +
1X

k=n+1

ja0kj2 r2k � j1 + aj2 +
n�1X
k=1

jaak + bkj2 r2k

By letting r ! 1 in (2.17) we conclude that

nX
k=1

jak � bkj2 � (2� 1

M
)2 +

n�1X
k=1

����(1� 1

M
)ak + bk

����
2

;

proving the theorem. �
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