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ABSTRACT. By considering a certain univalent function in the open unit disk U which
maps U onto the strip domain w with & < Rew < 8, some properties for a new class
of certain analytic functions are discussed.

1. INTRODUCTION

Let A denote the class of functions f(z) of the form
(e @)

fz)=2z+ Z anz"
n=2

which are analytic in the open unit disk U = {z € C : |z| < 1}. The subclass of A
consisting of all univalent functions f(z) in U is denoted by S.
A function f(z) € A is said to be starlike of order o in U if it satisfies

Zf’(2)>
Re > a zeU
(5 =ev)

for some real number o with 0 < a < 1. This class is denoted by §*(a) and §*(0) = S*.
The class S*(a) was introduced by Robertson [2]. It is well-known that S*(a) C §* C S.

Furthermore, let M(f) be the class of functions f(z) € A which satisfy
zf '(Z)>
Re < p zel
S =t

for some real number f with § > 1. The class M(f) was investigated by Uralegaddi,
Ganigi and Sarangi [4].
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Let p(2) and g(z) be analytic in U. Then the function p(z) is said to be subordinate
to g(z) in U, written by

(1.1) p(z) <g(z) (2€),

if there exists a function w(z) which is analytic in U with w(0) = 0 and |w(2)| <1 (z €
U), and such that p(z) = g(w(z)) (z € U). From the definition of the subordinations,
it is easy to show that the subordination (1.1) implies that

(1.2) p(0) = ¢(0) and p(U) C ¢(U).
In particular, if g(z) is univalent in U, then the subordination (1.1) is equivalent to the

condition (1.2).

Remark 1.1. Let p(z) and g(z) be analytic in U. Then the subordination (1.1)
implies that

(1.3) P'(0)] < 14'(0)],
and |p'(0)] = |¢'(0)] of and only if p(z) = q(zz) for some real number ¢ with |z| =1
(cf. [1])-

Motivated by the classes S*(a) and M(f), we define new class for certain analytic
functions. Let S(a, 8) denote the class of functions f(z) € A which satisfy the inequality

2f'(z)

f(z)
for some real number a (o < 1) and some real number 8 (8 > 1). Note that « is not
necessary to be positive in the class S(a, g).

(1.4) a<Re< )</3 (z € U)

Remark 1.2. Let f(z) € S(a,B). If a > 0, then f(z) is starlike in U, which implies
that f(z) s univalent in U.

In order to discuss our new class S(a, ), we need to consider a certain univalent
function in U which maps U onto the strip domain w with o < Rew < 8.

Theorem 1.1. Let o and S be real numbers with o < 1 and § > 1. Then the function
Sa,p(2) defined by

w(l—c)
—a. 1—e'pa

(L5) Saplz) =14 2= itog [ 126 T2 2 (z € V)
7r 1—e P Fa 2

15 analytic and univalent in U with S, (0) = 1. In addition, S, g(z) maps U onto
the strip domain w with a < Rew < 8.

Remark 1.3.

m(1—a)

B—a. 1—e""F= 2 b
Sa,ﬁ(z) =1+ o 'Llog W =1+ Zann,
n=1

l—e "Fa 2

where

(1.6) B, = sin (n=1,2,---).
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Specially, we note that the coefficient B,, defined by (1.6) is the real number. Since

s onm(l—a)
. . Sin W
lim B, = lim <2(l1-a)——7m—=2(1-a),
B +o00 B—+o00 %
a simple check gives us that
- . 1+ (1-2a)z
Sup() =14 201 —a)er = TEUE2AE o),

n=1

which implies that Sq g(z) (8 — +00) maps U onto the right half-plane w with Rew >
a.
On the other hand, it is easy to see that

1m13n:1m1{%ﬂ_“%m(”ﬂl_m4qm>}

a——o0 a——oo nmw B —a

I
.é.'—:

(=) e 2100

nmw b —«a

sin 77”',3(1_’3)
_ - n—1 —O _ n—1
= lim {2(/3—1)(—1) M(lﬁ)} =2(6-1)(-1)""".
B—o
Therefore, we find that
_1-(1-28)z

Saplz) =1+ Y 2B~ (-11a" = (a = —o0),

which implies that S, 5(2z) (o — —oo) maps U onto the left half-plane w with Rew < §.
We give some example for f(z) € S{a, f) as follows.

Example 1.1. Let us consider the function f(z) given by

cw(l—a)
—a. (71 1l—e 7=t
(1.7) f(Z)zzexp{'B % / 1g<()> dt}
™ t Pt Sy
0 l—e " F ot

=z+ 2('67: 2) sin WI(Bl__:l) 224 (z € 1)

with a < 1 and B > 1. Then we have

m(l—c)

2f'(2) _ B-a. [1-er=z )
O v T o (1 — eiwfslf)z> = Sas(2) (z € U).

According to Theorem 1.1, it 1s clear that the function f(z) giwen by (1.7) satisfies
the inequality (1.4), which tmplies that f(z) € S(a, ).

Applying the function S, g(z) defined by (1.5), we give a necessary and sufficient
condition for f(z) € A to beling to the class S(a, B).
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Lemma 1.1. Let f(z) € A. Then f(z) € S(a, B) if and only if

s m(l—a)
z2f'(2) g—a. 1—e""Fa 2
(1.8) <1+ tlog | ———a—— (z€l),
f(2) 7T 1— e "5,

where a <1 and § > 1.

By using the subordination (1.8), we discuss some properties for f(z) € S(a, §).

2. SOME RESULTS

Rogosinski [3] proved the coefficient estimates for subordinate functions.
[e.e]
Lemma 2.1. Let g(2) = > B,z" be analytic and univalent in U, and suppose that
n=1

(oo}
g(z) maps U onto a conver domain. Ifp(z) = >, A,z" is analytic in U and satisfies
n=1
the following subordination
p(z) <q(z) (z€U),
then
|A.| < |Bi] (n=1,2,---).

Applying Lemma 2.1, we deduce some coefficient estimates for f(z) € S(a, 8) bellow.
x
Theorem 2.1. If the function f(z) =z + >, anz™ € S(a, f), then
n=2
2(B—a) . w(l—-o
nk—24 (7r ) sin (701)

lanl <[] - b (n=2,3,---).
k=2

We next give sharp bounds on the second and third coefficients for f(z) € S(a, £). To
obtain some sharp coefficient estimates, we need the following lemma due to Rogosinski

[3].
[e @) [ee)

Lemma 2.2. Letp(z) = >, Apz"™ andq(z) = > Bpz™ be analytic in U. Ifp(z) < q(z)
n=1 n=1

(z € U), then

Z|Ak|2§Z|Bk|2 (m:1)2))
k=1 k=1
By Remark 1.1 and Lemma 2.2, we obtain
[ee]
Theorem 2.2. If the function f(z) =z + Y. a,z" € S(a, f), then
n=2

las| < 2(p—a) sin m(1-a)

T B —a

and

B—a . m(l—a) (Cosw(l—a)+2(ﬂ—a)sin7r(1—a)>.

<
jas < T s f—a b—«a T f—a
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Moreover, the equality holds in either tnequality if and only if

? Sa,p(et) — 1
f(z) =zexp /’ﬁ(et)dt
0

for some real number § (0 < 8 < 27), where S, p(z) is defined by (1.5).
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