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DETERMINATION OF JUMPS OF A FUNCTION OF Vp CLASS BY
ITS INTEGRATED FOURIER-JACOBI SERIES

SAMRA PIRIC

ABSTRACT. The problem of determination of jump discontinuities in piecewise smooth
functions from their spectral data is relevant in signal processing. We obtain new
identity which determines the jumps of a periodic function of Vp,1 < p < 2, class
with a finite number of discontinuities, by means of the tails of its integrated Fourier-

1
Jacobi series. Next, we establish (C,a), a > 1 — —, summability of the sequence

(n2an(w; f) | Pn(w;z)dz), where an(w;f) | Pn(w;z)dz is the n-th term of the in-

tegrated Fourier-Jacobi series of a function f.

1. INTRODUCTION AND PRELIMINARIES

The problem of locating the discontinuities of a function by means of its truncated
Fourier series, arises naturally from an attempt to overcome the Gibbs phenomenon, the
poor approximative properties of the Fourier partial sums of a discontinuous function
(i.e. the finite sum approximation of the discontinuous function overshoots the function
itself, at a discontinuity by about 18 percent).

If a function f is integrable on [—m, w], then it has a Fourier series with respect to the
trigonometric system {1, cos nz, sinnz}52 ;, and we denote the n-th partial sum of the
Fourier series of f by S,(z, f), i.e.,

ao(f)
2

+ Z(ak(f)cos kz + bg(f)sin kz),

k=1

f(t)sin kt dt are the k—th Fourier

l\%ﬁ

3|

where ap(f) = % }r F(t)cosktdt and be(f) =

coefficients of the function f.
The identity determining the jumps of a function of bounded variation by means of
its differentiated Fourier partial sums has been known for a long time. Let f(z) be a
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function of bounded variation with period 27, and S, (z, f) be the partial sum of order
n of its Fourier series. By the classical theorem of Fejer [16] the identity:

. Sz, 1
(L1) tim 520 L5 0) - f@-0)),

n—00 n
holds at any point . To characterize continuous periodic functions of BV in terms of
their Fourier coefficients, Wiener [15] has introduced a concept of higher variation.
A function f is said to be of bounded p-variation, p > 1, on the segment [a, b] and to
belong to the class V,[a, b] if

1

Ve o) = sup { 3o17(e) ~ fla )P} < oo,
a,b 7

where I, = {a = 2o < 1 < ... < 2, = b} is an arbitrary partition of the segment [a, b].
Vabp(f) is the p-variation of f on [a, b].

B.I. Golubov [8] has shown that identity (1.1) is valid for classes V,.

Theorem (A). Let f(z) € Vp, (1 £ p < ) and r € Ng. Then for any point z one
has the equation
(2r+1) r
. n Z, —1
(1.2) lim (2, ) = (=1) W(f(:v—f—O)—f(a:—O)).

n—00 n2r+l (2r +1)

Problems of everywhere convergence of Fourier series for every change of variable have
led D. Waterman [14] to another type of generalization.

. -, 1 .
Let A = {\,} be a nondecreasing sequence of positive numbers such that Z o diverges

and {I,} be a sequence of non overlapping segments I, = [an, b,] C [a,b]. A function £

b ) —
is said to be of A-bounded variation on I = [a,b] (f € ABV) if Z M\M < oo

for every choice of {I,}. The supremum of these sums is called the A—Vari;tion of f on
I. In the case A = {n}, one speaks of harmonic bounded variation (HBV).

The class HBV contains all Wiener classes. Avdispahic has shown in [3] that HBV is
the limiting case for validity of the identity (1.1):

Theorem (B). The equation (1.1) holds for any function f € HBV at any point .

The third interesting generalization of the Jordan variation was given by Z. A. Chan-
turiya [5]. The modulus of variation of a bounded 27 periodic function f is the function
vy with domain the positive integers, given by

n
ve(n) = SUPZ | £(bx) — flax)l,
IIn k=1
where II, = {[ak,bx]; £ = 1,...,n} is an arbitrary partition of [0, 27] into n non overlap-
ping segments.
By a theorem of Avdispahic [1], there exist the following inclusion relations between
Wiener’s, Waterman’s and Chanturiya'’s classes:
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Theorem (C).
{n®}BV CV__ C V[n®] C {nf}BY,
for0<a< f<l1.

Clearly, Fejer’s identity (1.1) is a statement about Cesaro summability of the sequence
{kbg coskz — kagsinkz}, ar = ag(f) and by = bi(f) being the k-th cosine and sine
coefficient, respectively. Looking at Fejer’s theorem in this way, several mathematicians
have extended it to more general summability methods. We note two results [2] which
represent the extension to (C, a) summability, o > 0:

Theorem (D). If f € V,, p > 1 the sequence {kby coskx — kaysinkz} is (C,a) sum-
1 1
mable to ;(f(a: +0)— f(z—0)) foranya >1— » and every z.

Corollary(E). If f € V[nP] ({nP}BV) for some 0 < B < 1, then the sequence

. 1
{kby cos kz — kag sinkz} 1s summable to ;(f(x +0) — f(z — 0)) by any Cesaro
method of order o > f.

Theorem (D) and Corollary (E), are in some sense the most natural generalization of
Fejer’s theorem. Indicating the relationship between the order of Cesaro summability of
the sequence {kby(f)cos kz — kax(f)sin kz} and the "order of variation" of a function f,
they complete the earlier picture whose elements were:

1) (C, @) summability for @ > 0 and the class BV

2) (C, a) summability for o > 1 and whole class of regulated functions (i.e. functions
possessing the one-sided limits at each point);

3) (C, 1) summability for the class HBV.

Similar identities hold if we consider the integrated rather than the differentiated
Fourier series [9]. By Rn(z, f) we denote the n-th order tails of the Fourier series of the

function f, i.e.,
o0

Ry(z, f) = Z(ak(f)coska: + bi(f)sinkz),

k=n
for n € N.
For any function f, integrable on [—,

7T
fory = /f

where f(® = f, and the constants of integration are successively determined by the
condition

, 7 € N, is defined as follows

™

/ FE()dt = 0.

-7

Theorem (F). Let r € Ny and suppose the function f € Vp,, 1 < p < 2, has a finite
number of discontinuities. Then:
1. the identity

( 1)r+1
lim n27‘+1R( 2r— 1)(f, )

Jim. Gy Dy U ) — fa-)
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is valid for each fized z € [—7,7|;
2. there is no way to determine the jump at the point z € [—7, | of an arbitrary
function f € Vp, p 2 1, by means of the sequence (R%_Qr_ﬂ(f; J),n €N

Such results find their application in recovering edges in piecewise smooth functions
with finitely many jump discontinuities [6].
We say that a function w is a generalized Jacobi weight and write w € G J, if

w(t) = h(t)(1 — )2 (1 + )Pt — o1 ||t — 220%™,
-l<z < .. <zy <1, a,351,...5M>—1.

By o(w) = (P (w;z))ae, we denote the system of algebraic polynomials
P, (w;z) = y(w)z"+ lower degree terms with positive leading coefficients 7, (w), which
are orthonormal on [—1, 1] with respect to the weight w € GJ , i.e

/l P (w; ) P (w; t)w(t)dt = Spm.

1

Such polynomials are called the generalized Jacobi polynomials. If fw € L[-1,1], and
w € GJ, then the n th partial sum of the Fourier series of f with respect to the system
o(w) is given by

w(w; f; ) Zakwfpkwx /f n(w; z; t)w(t)dt,

where ax(w; f) = / F (@) Pe(w; t)w(t)dt is the k th Fourier coeflicient of the function f,
-1

and
n—1
Kn(w;z;t) = > P(w;z)Pe(w;t),
k=0
is the Dirichlet kernel of the system o(w).
For a given weight w € GJ it is assumed that zo = —1 and z,,; = 1. In addition,

Alvie) = [z, + 65241 — €],

for a fixed € € (0, 2=22), v =1,2,..., M.
For functions of A—bounded variation G. Kvernadze [10] has proved the following

theorem:

Theorem (G). Let r € Ng, w € GJ, and suppose ABV 1is the class of functions of
A-bounded variation determined by the sequence A = ()32 ,. Then the identity

w: Fro 2741 _1\r _1:2 77‘7%
(1.3) dim (5nl 7’12{’“)) = 1)(éi+1); (f(z+0) = f(z-0))

is valid for every f € ABV and each fized z € (—1,1), ¢ # z1,...,z0, tf ABV C HBV.
If, in addition, the weight w € GJ satisfies the following conditions:

1 1
(1.4) a> -z, B8 > —5 81 >0,...,01 >0, w(h;t)t 'Int € L0, 1],
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then condition ABV C HBV 1is necessary for the validity of identity (1.8) for every
f € ABV and each fized z € (—1,1), = # 1,...,zm as well.
In [11], [12] is shown that the jump of a function f belonging to the Wiener class
. 1 -
Vp, p > 1, can be determined through (C,a), a > 1 — —, summability of the sequence

of terms of it’s differentiated Fourier-Jacobi series. Consesequently, the corresponding
(C, @) summability result holds for the Waterman classes {nf}BV and the Chanturiya
classes V[nP]ifa > B,0< B < 1.

2. MAIN RESULTS

Theorem 2.1. Let r € Ny and suppose the function f € V,, 1 < p < 2, has a finite
number of discontinuities and fw € L[-1,1],w € GJ. Then the identity

lim nRC Y (w; f;z) = —%(1 — 223 (f(z+) - f(z-))

n— 00

s valid for each fized z € [—1,1], where R%_l) (w; f;z) s the n-th order tails of the
integrated Fourier-Jacobt series of the function f.

11
Proof. By S,(l 2 2)( f;z) we denote the n-th partial sum of the Fourier-Tchebycheff
series of function f [4]. We use the uniform equiconvergence of Fourier-Tchebycheff series

and Fourier series with respect to the system of generalized Jacobi polynomials for an
arbitrary function f € HBV and a fixed ¢ € (0, 2+-*), v =0,1,2,.., M

(2.1) 1Sn(w; f;2) — S& 2 (f;2)llorawey = o(1),

proved by Kvernadze [10, p.185].
From the equiconvergence formula (2.1) and from the identities:

Sn(w; fiz) = f(z) — Ra(w; f;2),
2D (f2) = f(2) - RS & P (f;2),

D=
NI

we obtain
11
(22) |1Ra(w; £12) — B 52 (f;2)llcrawen = o(1)-
From an obvious identity [13]
(—3,—3)
Sn 22 (fyx) = Sn(g79)7

where ¢ = cos 8, g(8) = f(cosf) one has

[N

Rsfé’f )(f;m) = Rn(g,9).

Integrating the last identity with respect to z we obtain

(23)  [RY T D(f2)]0) = ~(1 - 2?)ER( D (g;6) + / R V(g 6)cos8ds .
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Multiplying by n the identity (2.3), we get

(2.4)
lim n[Rﬁfé’fé)(f;x)](_l) = —(1—2z%)7 lim nR{ Y (g;0) + lim n/R%_l)(g;G)cosedB.
Since

In / R(g; 6)cos0db]| < / n| RS (g; 6)|d6

it is enough to estimate the term n|R£fl)(g; 6)].
-6
IfGO) = =

can be represented as follows [9]:

, 8 € (0,27), is the 27 periodic sawtooth function, then the function g

1M 1
(2'5) gc( - Z 9 - gm)7

where 0, and [g]m, m = 0,1,...M — 1, are the locations of discontinuities and the
associated jumps of the function g, and g. is the 2m— periodic continuous function,
which is piecewise smooth on [—m, 7] .

Obviously,

(2.6) g ECNV,.

>q

Continuity of g. follows from (2.5). Besides, since G € V' C V, and V,, is a linear vector
space, g € V, as well.

It is known that if g. € V}, 1 < p < 2, then the function g is continous if and only if
its Fourier coefficients satisfy the following condition [7]:

(2.7 > (@l +0elsP) =0 (1)
k=n

Thus, according to (2.6), (2.7) and Cauchy-Schwartz inequality we have:

> c b c
n| RV (g66)| <m ) o2c) _;: Puig)
k=n

< \ﬁn <i(ak(gc) +bk gc ) <Z kz)

k=n

(2.8) :no(n*%) O(n*%> =o0(1),

uniformly with respect to 6 € [—7, 7].
As, by means of a change of variables the problem can always be reduced to the case
8 = 0, according to [9, p.33] we have

(2.9) nREYV(G (6,),0) = o(1) .
By use of (2.8) and (2.9) it follows
(2.10) lim n|R Y (g;6)| =0.

Using (2.3) and (2.10) we get
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(2.11) lim n[RS ® F(f2)]0) = —(1—22)} lim nRLD(g:6).
n—roo

n—r

Further, using Theorem (F) for » = 0 we have

BTN -1
(2.12) lim n[RS *7 9 (f;2)]7D = ~(1 - 2?)F —(g(6+) - g(6-)).
n— o0 ™

Hence, taking into account that f(z+) = g(6F), 8 € [0, 7] in the identity (2.12), we
get:

1

(2.13) lim n[RY B (f )Y = (1 - o)

| =

=

(f(z+) — f(z—)).
(2.2). O

Theorem 2.2. Let f be a function of bounded p-variation, t.e. f €V, 1 <p <2,
which has a finite number of discontinuities such that fw € L[-1,1],w € GJ.

1
Then the sequence {ngan(w;f)/Pn(w;x)dm} s (C,a), a > 1 — — summable to
p

(=2 (f(o +0) - £z — 0)) for every o € [-1,1), where {an(w; f) [ Pa(w; 2)de)

1s the n-th term of the integrated Fourier-Jacob: series of f.

DN

Finally, result follows from the equiconvergence formul

11
Proof. By a( 2 2)(f)Py(z 2 2)(32) we denote the n -th term of the Fourier-Tchebycheff
series of f [4]. From the equiconvergence formula (2.1) and identities

Sn(w; f;2) = Sp-1(w; f;2) + an(w; f)Pa(w; z),
sTE(f0) = sSSP (f0) + TR ()ATE D),
by the triangle inequality we get:
(214)  llan(w; f)Pa(wiz) = an = (DR TP @)orawis = o1).
According to the identity (2.11) we have:

lim (n+ D[RS 2 (f2)]Y = —(1 - 22)* lim (n + DRSY (4;6).

n—oo n—oo

Subtracting the last identity from the identity (2.11), we get

n—oo n—oo

(2.15) lim na( 2 2)(]C)/P,S_%’_%)(x)da:: —(1-2%)% lim (ansinnz — b, cosnz) +

tim (RS (£2)]C9 + (1-22)FRED (g:6) )
n—00

The second sumand on the right side of the equation (2.16) tends to zero according to
(2.11). Now, multiplaing by n the identity

(2.16) lim na,( 2 é)(]‘)/P,(L_%’_%)(a:)da: =—(1- mg)% lim (a,sinnz — b, cosnz) ,

n—oo n—oo
we have:
(2.17)

11 11
lim nQa; ' 2)(f)/ ,(1 2 2)(:v)dm:(1—a:2)% lim (nb, cosnz — na, sinnz).

n—oo n—oo

(S
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S. PIRIC

Finaly, the result follows from the Theorem (D) and the equiconvergence formula
14). O
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