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ODD-DIMENSIONAL RIEMANNIAN SPACES WITH ALMOST
CONTACT AND ALMOST PARACONTACT STRUCTURES

MARTA TEOFILOVA AND GEORGI ZLATANOV

ABSTRACT. Riemannian spaces admitting almost contact and almost paracontact
structures are studied from the point of view of compositions in spaces with a sym-
metric affine connection. Linear connections with torsion preserving by covariant
differentiation the almost (para-)contact structure or the metric tensor are consid-
ered.

1. INTRODUCTION

Riemannian spaces with almost contact and almost paracontact structures have been
studied by various authors, e.g. [1, 3, 4, 5, 8, 9, 10]. The almost contact structure
i1s an odd-dimensional extension of the complex structure, and the almost paracontact
structure can be considered as an extension of the almost product structure.

By the help of n independent vector fields in [13, 11, 12, 2] an apparatus for studying
of spaces endowed with a symmetric affine connection is constructed.

In this work we apply this apparatus to study odd-dimensional Riemannian spaces
Vont1 admitting almost contact and almost paracontact structures. We prove that if
these structures are parallel to the Levi-Civita connection of the Riemannian metric the
space Van.1 is a topological product of three differentiable manifolds X, x X, x X;. We
also determine the projecting affinors of the structures and by their help obtain some
characteristics of the considered space.

In the last section, we study linear connections with respect to which the structures
of the space are parallel. We define a connection with torsion which preserves the metric
tensor by covariant differentiation and compute the components of its curvature tensor.

2. PRELIMINARIES

Let Von 41 be a Riemannian space with metric tensor gqg ('zTL) and Levi-Civita connection
V with Cristoffel symbols e Then, it is known that Vg, = 0.
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We introduce the following notations
a,B,7,6,v,0,7=1,2,...,2n + 1,
(2.1) a,b,c,d,e=1,2,...,2n,
j7k7l7p7q7s = 172""7n; 37]_67Z_7ﬁ767§: n+ 17n+27"'72n'
Let v# (@ = 1,2,...,,2n + 1) be independent vector fields satisfying the following con-
x
ditions:
anb — a,B — B —
9apV®v” =1, gapl v 0, gapv® v 7 =0,

(2.2)
go‘,g;v""u/S = cos w, Ja ﬂv ’U’B =Ccosw.
k s ks

@13

/—’H?rl

The net defined by the vector fields vﬁ will be denoted by } The reciprocal covec-

tors vﬂ of the vectors v# are defined by
24

™

a?

(2.3) Pla=80 o
0' o
where 65 is the identity affinor.
If we choose the net {v

} to be the coordinate net, we have
o

5 6 (0. 1 5 1Y,
v (m 00,...,0),12; (o, 922,0,...,0),...,2nu+1 (o,o,...,o, m)

’1%1/3 (1/911,0,0, ,0) ,’35 (0, 1/922,0, ,0) , Qn’lj_l ( .,0, 1/92n+1 2n+1) .

According to (2.2) and (2.4), in the parameters of the coordinate net {’U} the matrix

[41

(2.4)

of the metric tensor has the form
gsk 0 0
(2.5) lgasll = O gsk 0
0 0 Gont1 2n+1

From (2.4) and (2.5) it follows that 9ap, 13_10‘ = 2n17_1,5. Also, the following equalities

are valid [13]:
(2.6) Vo o’ =To v’ Vo 05 =T vp,
[¢3 [¢1 v

where V, vﬁ—a vﬁ—i-l"g,,v and V vﬁ_a vﬁ—l" vy

After contracting with vﬁ both sides of the first equality in (2.6) and taking into
account (2.3), we obtain

(2.7) Ty =08, v° 05 +T%, v” Vp.
o3 o o
According to (2.4), in the parameters of the coordinate net {v} equalities (2.7) take
o
the form
-
T, = \/L;JCIFT for T # a,
(2.8) N
To =TG50 — %% (no summing over a).
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Now, let us consider the following affinor [11, 12, 2]:

2n+1
2.9 af =Py, — v Py
(2.9) a7 % ony1

-

From (2.3) and (2.9) we obtain a? af = 6. Hence, the affinor ab defines a composition
Xon x X1 of the basic manifolds X5, and X;.

The positions (tangent planes) of the basic manifolds X5, and X; are denoted by
P(X2p) and P(X4), respectively [7].

According to [11, 12], the affinors

1 a 2 2n+41
a§=%(5§+a§)=gﬂ Vg, aﬂz%(Sg—a’z):Qnﬂlﬂ (T

are the projecting affinors of the composition X,, x X;. If v# is an arbitrary vector, we
1 2 1 2
have vf = é’i Ve + 3’2 v* = VP 4+ VP where VP = cng v* € P(X5,) and VP = CQL’Z ve €
P(X1). Obviously, v® € P(X2,), and ) UH‘“‘ € P(Xy).
a n

Let X, X Xy (a+b = n) be an arbitrary composition in the Riemannian space V,,, and
P(X,) and P(X}) be the positions of the differentiable manifolds X, and X;, respectively.
According to [7], the composition X, x X} is of the type (c, c), i.e. (Cartesian, Cartesian),
if the positions P(X,) and P(X;) are translated parallelly along any line in the space V;,.

3. ALMOST CONTACT AND ALMOST PARACONTACT STRUCTURES ON V2n+1

Let us consider the following affinors

(3.1) bﬁzzk(vﬁﬁa——yﬁ5a),
A k k
where A = 1,7 (¢ is the imaginary unit, i.e. 2 = —1). According to (2.3) and (3.1) we
havebg v o‘:OaLndbg QRJlﬁz .
A 2n+1 A

Let A = 1. From (2.3) and (3.1) we obtain
B 10 _ 50 _ o 2n+l1
1170‘ 11)/S % opr
i.e. the affinor 117’2 defines an almost paracontact structure on Vo, 1.

In the parameters of the coordinate net, it is easy to prove that
2n+1 2n+1
(3-2) Gov 1172 117; =Gag— UV o U g,

i.e. the almost paracontact structure 117’2 is compatible with the Riemannian metric gqg,
and hence Va,¢1 is an almost paracontact Riemannian manifold [1, 8].

In the case A = 7 the affinor (3.1) defines an almost contact structure in V2,41 which
is not compatible with the Riemannian metric g,g, i.e. (3.2) does not hold for ?g

Theorem 3.1. The affinor ;7’2 1s parallel to the Levi-Ciuita connection V, 1.e. V, Qﬁ =

0, uff the coefficients of the derivative equations (2.6) satisfy

a 2n+1
=T, =0, T o= T ,=0.
2n+1 a

o

(3.3)

S
EIL
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Proof. Let

(3.4) vV, b2 =0.

v k k v 3 k
(3.5) Ty vP vy — Ty vP Za — Ty vP vy + Ty vP zyza =0.
k v v ok kv vk

After contracting (3.5) with »*, v* and ) 11 1"‘, we obtain the following equalities which
S 5 n

are equivalent to (3.5):

E 2n41 k 2n41
2T, vP+ T , vﬁ:O7 2T, v+ T vﬁ:O,
sk s 2n+1 5 k 5 2n+1

(3.6) .
T svP— T ,vP=0.
2n+1 k 2n+1 g

From the independency of the vectors v# it follows that equalities (3.6) are equivalent to
v

conditions (3.3) which proves the statement. O

Let us note that manifolds satisfying (3.4) are contact and paracontact analogues to
Kahler manifolds.

Corollary 3.1. If V, 2’2 = 0, in the parameters of the net {v}, the Christoffel
symbols I'y 5 satisfy

(37) PE’S =0, 1—‘55 =0, Fg’ZnJrl =0, F§Z+1 =0.

Proof. According to (2.8), equalities (3.3) take the form (3.7). O
Corollary 3.2. If V, 1;2 = 0, the composition X, X X1 defined by the affinor (2.9),
s of the type (c,¢).

Proof. Having in mind (3.4), equalities (3.7) hold.
Then, according to [7], from I'd,,, ,; = ['22+1 = 0 it follows that the composition Xz, X X3
is of the type (¢, ). O

From (2.5) it follows that the composition X5, x X; is orthogonal. The coordinate
net 'u} gives rise to coordinates which are adapted to the composition X5, x X;. In

[o3
accordance to [6], the line element of the space V2,41 is of the form

c a . b 2n+1 2n+1
(3.8) ds? = gop(u)dudu + gont1 2n1(C v )d( u )2,

where gqp is the metric tensor of the manifold Xs,.
Theorem 3.2. If condition (3.4) holds, the Riemannian space X, is a space of the

composition X, x X, with line element defined in the parameters of the net {v} by
o

(3.9) ds? = g (4)dtidis + gs(L)dtide
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Proof. The tensors E\)Z, Ve QZ and gup are the full projections of the tensors g’g, Vo 1;'2

and g.g, respectively, over the positions P(Xz,).
From (3.1) it follows that b2 b5 = £48¢. Hence, the affinor b¢ defines a composition
A% A A

X, x X, in the manifold X,,. Because of the condition V. Qg = 0, the composition

X, X X, is of the type (c,c) [7]. From (2.5) it follows that the composition X, x X, is
orthogonal. Then, according to [6], the line element of X,, X X, is of the form (3.9). O

Let P(X,) and P(X,) are the positions of the differentiable manifolds X,, and X,
respectively. The projecting affinors of the composition X, x X, are:

k 2 k
p Va, B =P Vg

1
=Av

For an arbitrary vector w® € P(X;,) we have wP = 1172 w* + i{i w* = VlVﬁ + VzVﬁ, where

VlVﬁ = 117*2 w* € P(X,), and V2V5 = ié’; w* € P(X,). Obviously, zﬁ € P(X,), and

v? € P(X,).

* The following statements are immediate consequences of our results:

Proposition 3.1. If condition (8.4) holds, the Riemannian space Va,,1 1S a topo-

logical product of three basic differentiable manifolds X,, X, and Xi, i.e. Vopi1 15
a space of the composition X, X X, X X1. R

Proposition 3.2. If (3.4) holds, in the parameters of the coordinate net {v} the

o
line element of the space Vapy1 s of the form

NN j\ . k.5 2n4+1, | 2n+1
(3.10) ds? :gks('L]L)dudu—l—g,-cg(ijl)dudu+g2n+1 o1 w )d(Cu )2 .

Now we will prove the following theorem.

Theorem 3.3. Condition (8.4) is equivalent to the following:
1 1 2 2
(3.11) b7 Vo b8 =0, b Vg b8 =0, % Vo af =0,

12 5 o o _
where b7, b and al are the projecting affinors of the composition X, x X, x X;.

1 ko2 k 2
Proof. Because of b = XA v? v,, b7 = A v7 v, and al = v
k k 2n+1

2n+41

7 v ,, we obtain

1 1 k
b Vo B = %17 3, Va (vﬁ 50) ,
s
2 2 % _
(3.12) b Vo b2 = £ 07 3, Vg (yﬂ ff;c,) ,
k K
2 2 2 1 2 1
af,Vaa’g:v"nﬂLuva(vﬁnJg>.
2n+1 2n+1
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According to (2.6) and (3.12), we get

1 1 5 2n+1 %
bzvabg:i({avﬁ‘*‘ l{a Uﬁ) Uy,

5 2n+1
2 2 s 2n+1 A
(3.13) b Va b=+ (Ta W4+ T 4 v ﬁ) Uy,
k s k 2n+1
2 2 a 2 1
agvaaﬁ: T o VP nzj_,,.
2n+1 a

From (3.13) it follows that conditions (3.11) hold iff conditions (3.3) hold, too. And,
according to Theorem 3.1, (3.3) are equivalent to condition (3.4). Then, (3.4) and (3.11)
are also equivalent which completes the proof. |

In accordance to (3.7), for the components of the curvature tensor R.s) = 0al'p, —
8pT%, + T%sTS, — Fgél—‘fw we obtain

]:R 2n+1_R 2n+1:0.

ksa oab — flaba

(3'14) RakSJ = Rksaj =R )= R

aks

4. TRANSFORMATIONS OF LINEAR CONNECTIONS

4.1. Linear connections with torsion. Let us consider the linear connection
(4.1) T =T%s + Sks,

where Sgﬁ is the deformation tensor. The covariant derivative and the curvature tensor
with respect to !T" are denoted by 'V and 'R.

Theorem 4.1. The affinors (3.1) are parallel to V and 'V iff in parameters of the
net {v} the tensor Sy g satisfies
o
(4.2) Sifc = Saoni1 = ogzk = S§2n+1 = SiZH =0.
Proof. Let conditions (3.4) hold and let
(4.3) 1V, z;g =0.
According to (4.1), we have 'V, 22 =V, 22 + Sf,, 2; - S, Q,’?, from where it follows
that equalities (3.4) and (4.3) hold iff
(44) Paﬁa = Scéu 2; - Scl;a le; =0.

We choose {v} for the coordinate net. In its parameters of the net, the matrix of the
x

affinor 9’2 has the form

AE 00

=/ 0 —xt

(4.5) :
0 ... 0
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From (4.4) and (4.5) we compute the following non-zero components of P:

P> = -2x87, Pl = —2XS, Plhpin = -AShn i1,

P2jn+1,2n+1 = _ASgn+1,2n+1$ P§j2n+1 = _AS§2n+l’ P2jn+1§ = _2>‘Sgn+1§7
(w6 Pg:,c =257, ﬂ Pj:k = 2)\Szk,ﬂ Pg}n = Asgz_ﬁ "

P2]n+1,2n+1 = )‘Sgn+l,2n+l’ szn+1 = ASanJrl’ PQJnJrls = ZAS%an’

Pl \gan+l pantl — \gan+l Pszl_:z+1 — _ASZHL

PF = -asg, Pinils = ASanits,  Paniis = —ASiniis
Then, according to (4.6), equalities (4.4) hold iff (4.2) hold, too. O

From (4.1) and (4.2) we get the non-zero components of I" expressed by the compo-
nents of I' and S:

iy _J 7 ind _ o imJg _ aJ
o = Do + Ssy [ = Sier Dont1s = Santis
1nJ g J 1 _ o 17 _
(47) FEI_c - FEI_c + SEI_C’ Fk§ - Sk§7 F2n+1§ - 52n+1§7
1m2n+1 _ o2n+1 172n+1 _ o2n+1 1m2n+1 _ o2n+1
1—‘5277,4-1 - 552n+17 F§2n+1 - S§2n+17 F2n+1,2n+1 - S2n+1,2n+1'

Having in mind (4.7), we compute the following components of the curvature tensor
1Raﬁay:
1R 2n+1 O

J
ask aab T

1 i_ 1
Rask_ R

k)

J_ 7 7 T j_ _aJ J 1
Ryl =2 (O0Sh, + S ) . MRyl =2 (650, + %, 9h.),

2nt1 2+l | o2ntl  o2ntl
"Rope :2(a[aSb]Tclx+ "‘S[;|12+n+1|‘Sb}Z{Jr )7

'Ry = Ry +2 (3[5%11 + Tlp S + St Ty + S[JS\pl'SZ}l) ;

i_p . J j j gb j P j P
i = Reg? +2 (0sShy + Ty STy + ST T + 55,552;)

1
Rar Skl 51517k (5151 ki

4.2. A metric connection. Let V5,1 be a space with V,, QQ = 0, and let us consider

the connection
(4.8) *The =Ths + Sig,

where
2n+1 n

ov T S5 v v 5
(9 = a0y S)
= =

The covariant derivative and the curvature tensor with respect to the connection 2I" are
denoted by 2V and 2R.

Theorem 4.2. The metric tensor of the space Vop i1 is parallel to the connection
T, i.e.

(4.10) *Vogaps = 0.
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Proof. From (4.8) and (4.10) we get

(4.11) zvagaﬁ =Vogap — SZQ v — gg,s Gva-
Let us consider the tensor
(4.12) Toap = S5adup-
According to (4.9) and (4.12), we have
2n+1 n
4.13 Toas = 130 o v v = v v g

In the parameters of the coordinate net {v} we obtain
o

2n+1 n 1

T = {/ —F—F———— 9o k+n 98k — 9B k+n Gak
cap Z Uk:1\/gﬂ\/m(a +n 98 B k+n a)’

T7=1

from where it follows that
(4.14) To(ap) = 0.
Then, (4.11), (4.12) and (4.14) imply (4.10). O

By (2.4) and (4.9) we obtain the components of the deformation tensor S of 2V and
then by (3.7) and (4.8) we get the non-zero Christoffel symbols of >V in the parameters
of the coordinate net as follows:

2]_'\] — v 9kk g .
b nts VBi3v/Gnts nas 2ES AT

1! k = _M In+s ntj,
ntk n+ts V955 9n+i n+j
2Fn+J — v/ 3ss Jik
(4.15) sk V3iiy/Ints nts %!
. 2Fn+j _ _ \/9n+ts nts

s kT V85 Aty nrs 97R)
v92n+1 2n+41

27 _ .
F2n+l nt+s — V9553 9nts nts Gn+s ntj,

£ A SV FIE S WETEE W
2+l kT /955 Gnts nts 2IF°

By (4.15) we compute the components of the curvature tensor 2R, for example

2 J_ i 2 i_ 7 2 p2n+1 _
Rskp - Rskp ’ Rg]_cﬁ - Rg]_q ’ Rabc - 07

b1l

2 J _ 9n+s nts V9rp V9kk n 1—1j Ints ntl
Rok s Vanti nts ( Ve a”\/ﬁ + /G 2= kL /9 /Gntt ntt

(4.16) ,
G Ty e
232:11 ks = YO2niiznii ( Lg%, — Ok g”,,) .
Van+i nts \ VG557 ks Vs
As an example we consider a 5-dimensional Riemannian space Vs. The matrix (2.5)
has the form

(4.17) llgapll =] 0 gz O |,
0 0 gs5
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where 5, k,s =1,2, 7,k, 5 = 3,4.

(4.

(4.

In the parameters of the net {v} the line element if given by

18) ds? = gop (%) dude + gs(L)dtidd + gss (4)dn.
From the last one of the equalities (4.16) we get

v/ 955 1 g12
19 2R, = ( g, — 8 ) .
) 512 V933 \ /911 1z ! V911

Since g T, = %32911, (4.19) implies

(4.

20) 2p 3 _ \/9s5 ( 1 g12 )

= 02911 — O
o12 V933 \2¢/911 o 1\/911
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