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MIKUSINSKI’S OPERATIONAL CALCULUS APPROACH TO THE
DISTRIBUTIONAL STIELTJES TRANSFORM

DENNIS NEMZER

ABSTRACT. We consider a space M which was introduced by Yosida to provide a sim-
plified version for Mikusiniski operational calculus. The classical Stieltjes transform
is extended to a subspace of M and then studied. Some Abelian type theorems are
presented.

1. INTRODUCTION

The ring of continuous complex-valued functions on the real line which vanish on
(—00,0), denoted by C (R), with addition and convolution has no zero divisors by Titch-
march’s theorem. The quotient field of C; (R) is called the field of Mikusinski operators
[6].

Yosida [10] constructed a space M in order to provide a simplified version for Mikusiiiski’s
operational calculus without using Titchmarch’s convolution theorem. Even though the
space M does not give the full space of Mikusiniski operators, it contains many of the
important operators needed for applications.

In this note, we use the space M(r) C M to extend the classical Stieltjes transform. It
turns out that M(r) is isomorphic to the space of distributions J'(r). Roughly speaking,
a distribution T', which is supported on [0, c0), is in J'(7) provided there exist £ € N and
a locally integrable function f satisfying a growth condition at infinity such that T is the
kt® distributional derivative of f.

The space J'(r), and variations of J'(r), have been investigated by several authors
[2, 4, 5, 7, 8, 9] in regards to extending the Stieltjes transform.

While the construction of J'(r) requires a space of testing functions, the concept of
a dual space, and functional analysis, the construction of M(r) is algebraic, elementary,
and only requires elementary calculus.
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2. PRELIMINARIES

Let C(R) denote the space of all continuous functions on R which vanish on the
interval (—o0, 0).
For f,g € C(R), the convolution is given by

(2.1) (f * g)(t /ft—a:

Let H denote the Heaviside function. That is, H(¢) = 1 for ¢ > 0 and zero otherwise.
For each n € N, we denote by H™ the function H *- - -x H where H is repeated n times.
The space M is defined as follows.

f
Two elements of M are equal, denoted % = 4% ,if and only if H™ x f = H" x g.
Addition, multiplication, and scalar multiplication are defined in the natural way, and

M with these operations is a commutative algebra with identity § = H2

J .9 _HTxf+H"xg
f .9 fxg
(2.3) Tn Fgm T grom
f_af
(2.4) U = Fn aeC.

The generalized derivative is defined as follows.
Let W = 5z € M. Then, DW = /.

Remark 2.1. For the construction of M, the space of locally integrable functions
which vanish on (—o0,0) could have been used instead of C(R) . Also notice by
identifying f € Li, (RT) with % € M, L} (R") can be considered a subspace of
M.

3. STIELTJES TRANSFORM
For k=0,1,2,...

(3.1) Mi(r) = {I_j.ck € M : f(t)t7"7** is bounded as ¢t — oo for some a > 0}

o)

(3.2) M(r) = | Ma(r)

Let W € M(r). That is, W = % € My(r), for some & € N. For r > —1, define the
Stieltjes transform of index r by
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(3.3) AW = (r + 1)x /Ooo( ) 4 s e\(—oo,0],

t + z)7‘+k+l

where (r + 1), = % (r+1)(r+2)---(r+k) and I is the gamma function.

Remark 3.1.

(1) The definition for the Stieltjes tmnsform 1s well-defined. This follows by
observing the following. First n>k) if and only if g = H" %« f.
Also, for m € N,

Hm
AT (;) — A ( Hmj,f) , 2 € C\(~00,0].

(2) Notice that the Stieltjes transform A is consistent with the classical Stieltjes
transform S7. That s, if f € L}, (R") such that f satisfies the growth con-

dition wn (8.1) with k =0, then S, f = AJ (H*f>, where S, f = fo Wdt.

’H’“_H"(

The Stieltjes transform can be obtained by iteration of the Laplace transform.

1 *° —
Theorem 3.1. Let W = % € M(T) The’n, A;W = WA 67ZttTW(t) dt,
Re(z) > 0, where
- —~ [e.e]
(3.4) W(t) =t*f(t) :tk/ e ¥ f(o)do
0

Proof.

: — W) dt = ———— (z+0)t 4r+k £ (0)do dt

Because of the growth condition on f, the interchanging of the order of integration is
justified.
Hence,

(3.6)

Y L O SN S ( % (ato)t ik )
1"(7"—}—1)/0 /0 e ™" f(o)do dt F(,,H)/O (o) /O e % gt | do
Tir+k+1) [ f(o)
= d
/o ( 7

T(r+1) o + z)r et
=AW, Rez > 0.
Therefore, by (3.5) and (3.6),
1 o =
NW = —— “FW(t) dt, R 0.
W= oy [ € WO Re() >

O

Remark 3.2. The Laplace transform operator (8.4) has similar properties as the
classical Laplace transform (see [1]).
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The proofs of the following properties follow directly by using the previous theorem
and the properties of the Laplace transform.

Properties. Let W = % € M(r). Then for r > —1 and z € C\(—o0, 0],
(1) AL7.W = AL, W, ¢> 0 and 7.W = Zf, ch( )= flt—c).

2) A’“DmW (r + AT, = 1,2,
(8) L MW = (~1)™(r + 1) AT = (— )mmpmw m=12,.
(4) AHl(tW) AW — zALTW, where tW = £h — AL k> 2.

Theorem 3.2. Let W € M(r). Then, there exist positive numbers a and f such
that

(i) AW =o0(27%) as 2 = 0, |argz| < ¥ < F.
(i) AW =o(z7F) as z = o0, |argz| <4 < .
Proof. Let W = % € M(r), where for some positive constants M, o, and 7,
[f(8)] < Mt"HE=, for ¢ > .
(1) ALW = F(r+1) (t TR F(£))(2), Rez > 0.

Now,
R EE)
trfk():f(t)%Oast%oo.
Therefore, by a classical Abelian theorem for the Laplace transform [3],
zr+k+1(tr+k]’c‘(t))/\ T
-0 -0 < —.
T+ kT D) as z ,|argz|_¢<2
Thus,
lim 2 T*HIATW =o.
z—0
largz|<y$<Z

This completes the proof of (i). Now, for the proof of (ii). There exist A > 0 and B >0
such that

R F(t)] < AR

(see [7], p. 211).

Thus, the function "% f{¢) is locally integrable on [0, c0).

Now,
T 1 « - 2z 47
|AZW|SW/0 et Rezr k) £1)| dt
[ee]
S # 67t Rez At‘r+k 4 i dt
T'(r+1)Jg tl-a

B C D R 0
~ (Rez)rtk+l * ( Rez)™’ 8z >0,
for some positive constants C, D.

Thus,

1
lim 2PATW =0, where f = 5 min{a,r + k + 1}.

largz|<¢ <3
This completes the proof of the theorem. |
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4. LOCALIZATION

Definition 4.1. Let W = % € M. W 1s said to vanish on an open interval (a,b),
denoted W(t) = 0 on (a,b), provided there exists a polynomial p with degree at most
k — 1 such that p(t) = f(t) for a <t <b.

The support of W € M, denoted supp W, is the complement of the largest open set
on which W vanishes.

Remark 4.1.

(1) The definition of W wvanishing on an interval does not depend on the repre-
sentation of W.

(2) The notion of an element of M wvanishing on an interval is consistent with
the notion of a function vanishing on an interval. That s, f(t) = 0 for
a <t <bif and only if Ws(t) =0 on (a,b), where f € C(R) and W; = H;f.

(3) It follows that if W(t) = 0 on (a,b), where a < 0, then f(t) = 0 for all
a<t<b, whereW:%.

Example 4.1. Recall § = Z—j Notice that H?(t) = t on the open interval (0, 0).
Thus, 6(t) = 0 on (0,00). Also, H(t) = 0 on (—00,0). So, 6(t) = 0 on (—o0,0).

Therefore, supp 6 = {0}.

2 0<t<?2
Example 4.2. Let W = -5, where f(t) = t+2 t>2
0 t<O0.

Then W has compact support. Notice that W wanishes on (—o0,0) U (0,2) U (2, c0),
and hence, supp W = {0} U {2}.

Theorem 4.1. Let W € M. If DW(t) =0 on (a,b), then W is constant on (a,b).

Proof. Let W = % such that DW = ﬁ = 0 on (a,b). Therefore, there exists a
polynomial p(¢) = ag + ait + ... + axt® such that f(t) = p(t), for all @ < ¢ < b. That is,

f—klapH*™ = agH + a1 H?> + -+ - + (k — 1)lag_1 H* on (a,b).

Thus,
f kla, HE+1
ﬁ —T =0on (a,,b).
That is, W = % = klagH on (a,b). O

5. ABELIAN THEOREMS

As an application, we establish some Abelian type theorems.
Let W,V € M. Then, W(t) = V(t) on (a,b) provided (W — V)(¢) = 0 on (a,d).

Definition 5.1. Let W € M and {,A € C where Red > —1. W 1s said to be
equivalent at the origin (infinity) to £t» , denoted W(t) ~ &) ast — 07 (¢ — o),
provided there exist an interval (a,b) with a <0 and b >0 (a >0 and b = o) and
g € L}, (RY) such that W(t) = W,(t) on (a,b), where W, = £2¢ ¢ M, and %—f) — ¢
ast— 0" (t = o0).




40 D. NEMZER

Lemma 5.1. Letk € N, a >0, and r > —1. If f € L} (RT) such that f(t)t="~F+= is
bounded on [b,00) (for some b >0), then
5L° (H_Zf)(% dt is bounded in the half-plane Rez > 0.

The following is an initial value theorem.

Theorem 5.1. Let W € M(r) andv > —1. If W(t) ~ £ ast — 01, then forr > v,
) 2Z"VI(r + 1)ALW
I ST +1)
largz|<y<%
Proof. Since W (t) ~ &t as t — 0T, W(t) = Wy(t) on (—¢,¢) for some ¢ > 0, where
g € Li, (RT) and % — ¢ as t — 07. We may assume that g(t) = 0 on [g, 00).
Now, W = W, + V, where for some k € N, V € My(r) and supp V C [¢,00). Thus,
by a classical Abelian theorem for the Stieltjes transform and the previous lemma, we
obtain

=¢.

2Z77VI(r+1)ALg

lim =¢,
P Mr—v)l'(v+1
ergiiucy LTI ED)
and,
rvr ATV
Lizn ?(r (:);(y)fn =0
z—0 —
largz|<y<F
Therefore,
T—VF 1 A’I‘
fim AL+ DAW

|argzzlgclﬁ<§ F(T B V)P(V * 1)

O

Lemma 5.2. Leta >0 and k € N. Then, forn=20,1,2,...,k—1andr >v > —1,
(o) tn

lim z’“f”/ ————dt =0.

z— 00 t r4+k+1

Rez>0 @ ( + Z)

Proof. Follows by induction on k. |
Now, the final value theorem.

Theorem 5.2. Let W € M andv > —1. If W(t) ~ £t¥ ast — oo, then forr > v,
lim 2"VD(r + 1)ALW

argilSy<s Tir—v)I(v+1)

= ¢

Proof. Since W(t) ~ &t¥ as t — oo , there exist £ € N, ¢ > 0, a polynomial p, and
g € L}, (R") such that supp g C [c,0), deg p < k — 1, and f(t) = (H* % g)(¢) + p(t) on
(¢, 0) with % — £ ast — oo.

It follows that W € My(r) and that W = W, + V', where V = % € Mg(r) and
supp V C [0,¢|. By using a classical Abelian theorem and noting that ALW, is the same
as the classical Stieltjes transform of g, we obtain
27V D(r + 1AW, ¢

lim
Iarg;\_’éo;<% Tir—v)D(v+ 1)
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Now, letting T = f — H* x g, we obtain

_ [ T(t)
T—V AT _ rT—v
2PNV =(r+ k2 /0 (t + z)7Hh+1

[ TR o [T p()
_ r—y it 4
=(r+1xz /o 7(t+z)r+k+1 dt+(r+ 1)z /C (T 2)FF it dt.

By the previous lemma, for Re z > 0, it follows that the limit of the second term converges
to zero as z — 0. Now, for Re z > 0,

dt

r—v / T gl < |"“_”_1/C|T(t)|dt—>0 o
z —_ z as z 0.
o (E+z)rtkl )~ 0

The proof of the theorem is completed by observing that
2ZTTVNW = 2"V AW, + 2TV ALY
O

As a final remark, the map % — D*f is a well-defined linear bijection from M(r)
onto J'(r), where D denotes the distributional differential operator [11] and

J(r) = {Dkf :keN, fe L}OC(RJF),f(t)t*’“*kJFO‘ bdd as t — oo for some a > 0}.

Moreover, the Stieltjes transform for % € M(r) and the Stieltjes transform for D*f €
J'(r) are equivalent.
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