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TRANSFORMATIONS ON SPACES WITH SPECIAL COMPOSITIONS

MUSA AJETI, GEORGI KOSTADINOV AND MARTA TEOFILOVA

ABSTRACT. Transformations of symmetric affine connections into connections with
torsion on spaces endowed with Chebyshev and geodesic compositions are considered.
Some of the components of the curvature tensor for the non-symmetric connections
are computed with respect to the composition coordinates. Two special cases for
the symmetric affine connection are discussed: a Weyl connection and an equiaffine
connection.

1. INTRODUCTION

Multidimensional spaces of compositions equipped with a symmetric affine connection
have been studied in [1, 3, 4, 11]. Weyl spaces of compositions are considered in [5, 6, 10],
and equiaffine spaces are investigated in [9].

In this paper we consider spaces endowed with a symmetric affine connection and two
special types of compositions: Chebyshev and geodesic ones. We study transformations
of the symmetric connection into connections with torsion so that the composition sat-
isfles an analogous characteristic condition with respect to the second connection. We
compute some of the components of the curvature tensors of the introduced connections
in the adapted to the composition coordinates. We also consider two special cases for the
symmetric connection: a Weyl connection and an equiaffine connection.

2. PRELIMINARIES

Let Ay be a space with a symmetric affine connection denoted by I', 5. In Ay, we
consider a composition (i.e. a topological product) X, x X, of two basic manifolds X,
and X,, (n+m = N). The positions (tangent planes) of the composition are denoted by
P(X,) and P(X,,), see [3, 4].

In addition to the usual coordinates u® (a = 1,2,..,N), in Ay there are defined
coordinates (ui,u;) (1=1,2,..,ni=n+1,n+2,...,n+m) which are adapted to the
composition X, x X, (see [3]).
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The existence of a composition in Ay is equivalent to the definition of an affinor field
a’g, satisfying the condition ([3, 8]):

(2.1) al a

Q™
[l
Oq
RS

and the integrability condition
ag Via ag) —ag Vig ag =0,

where V is the covariant derivative with respect to I'; 5, and 68 is the identity affinor.

The affinor a5 is called affinor of the composition ([3]).
According to [7], the projecting affinors have the following form

ab = 1(88 +db), af = 188 — af).

For an arbitrary vector v* we have the decomposition v* = 3/‘;‘ vP + 711/‘“3‘ vP, where
a% v? € P(X,), and a§ vP € P(Xn,).

In the adapted to the composition coordinates, the matrices of the affinors ag, a’ and
@® have the form (see [4, 5]):

5 n i m
(22) <a§)=<g _‘}) @-(7 7). (a§)=<8;z>~

Further in this paper, we consider two special types of compositions.

A composition X,, x X, is said to be Chebyshev, i.e. of the type (ch,ch), if the
positions P(X,,) and P(X,,) are parallel transport along any line in the manifold X,
and X, (see [4]). The characteristic condition of a (ch, ch)-composition is given by:

(2.3) Via a =0.

In the adapted coordinates condition (2.3) is equivalent to the condition (see [4]):

(2.4) rs =r

k _
i 13_0

A composition X, X X,, is said to be geodesic, i.e. of the type (g, g), if the positions
P(X,) and P(X,,) are parallel transport along any line in the manifold X,, and X,,, see
[4]. The characteristic condition of a (g, g)-composition is given by:

(2.5) agVeas +agVsa, =0.

In the adapted coordinates condition (2.5) is equivalent to:

Eo_ Dk _
(2.6) % =T =0.

v

The curvature tensor Rz, of the space Ay , see [2], is defined as usually by:

(2.7) Ropo, = 0al'py — 0T 00 + FZPI‘;U —Tg, %0 -
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3. TRANSFORMATIONS OF CONNECTIONS

Let us consider the connections *I'” s defined by
(3.1) T =T%s + Sks,
where S, B is the deformation tensor.

We denote by 'V and 'R, g, the covariant derivative and the curvature tensor with
respect to ' .

3.1. Transformations of connections on spaces of Chebyshev compositions. Let
Ap be a space endowed with a composition X,, X X,,, of the type (ch,ch). Then, Ay will
be called a space of Chebyshev composition.

We shall prove the following theorem.

Theorem 3.1. Let the composition X, X X,, be Chebyshev copmposition, 1.e. condi-
tion (2.3) holds. Then, 1V[a ag} = 0 ¢f and only if in the adapted to the composition
coordinates the deformation tensor Sig satisfies the conditions:

k _ ok _ ok _ ok _
(3.2) Sﬁ = S;j =5 = 5[73] =0.
Proof. We have
(3.3) "Via af = Vs af + Pig,
where
(3.4) Pog = Sasag — Shoaa — Sapte + Sgaay -

According to (2.2) and (3.4), in the adapted coordinates, for the components of the
tensor F g we get:
Pk —2ogk pk_—_ogk pk_ _ogk pk_ogk
(3.5) i 7 ij ij ij ji i i
' k _ 4Gk k _ _ack k _ pk —
P5 =455, Pi= 45[;;}, P =PF;=0.
By (3.3) it follows that if V[aa}’;} = 0, then 1V[aag} = 0 if and only if Pz = 0.
Then, by (3.5) we obtain that the last condition is equivalent to (3.2) which proves the
theorem. O

In the case of V[qay = 1v[aag] =0, by (2.4), (3.1) and (3.2) we obtain the compo-
nents of the connection 1]_"25 as follows:

1Pk _ mk k ik _ 1k I3
Uiy =T +85, T =T5+55
1Pk _ mk E (lmk _1 nk imk _ 1k k (lpk _1 1k
(3.6) Iy =Th+ 85 (T§='T}), 'Th=TL+8E (‘I =T%),
ipk — gk irk — gk 1Pk _1Tk —
(%] 17 (%] (¥ 27 ()

Next, we consider the curvature properties of the connections 'I'” g- Using (2.7) and
(3.6) we compute the following adapted components of 1Ra/5 v

.
1 s 1 5 _
R.i’= "By °=0,

P
2505 Sis-

'Ry, ° =205 Sk +28k  SF

1 5 _95. gk
ik 1s * 25p Byp” =2 5;

7]s? ijk. 7]5
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We shall consider the following example.

Let Ay be a space with a Weyl connection I'y 5, fundamental tensor gap and an addi-
tional 1-form (covector) w, which satisfy the condition V,gag = 2wsgapg . According to
[2], we have:

Top = {ap} — (Wabp + wpdy — wWog”" gap) ,
where gq,9°? = 65, and {},5} are the Christoffel symbols of gap -

For the curvature tensor Raﬁg’f of FZB it is valid:

(3.7) R ;7 = —2NV[awm .

afo.

Let the space Ay contain a composition X,, x X,, of the type (ch, ch), i.e. I p satisfy
conditions (2.4). We consider the connections 'T'; defined by (3.1). Using (2.7) and
(3.1) we get:

(38) 1ch/3cr‘.7 = Raﬁcf + 2Nv[asg]cr .
Now, let the deformation tensor S; 4 in (3.1) be given by:
(3.9) Sep = Waag -
For the adapted coordinates we obtain:
Sk = w8k, SE = w:8F Sk = w8k Sk = ;8"
(3 10) 17 J 17 7y 17 L) 27 9
Sk — gk — gk — gk _
17 17 ) 17

Then, the connections (3.1) with S 4 given by (3.9) satisfy the necessary and sufficient
conditions (3.2) of Theorem 3.1. In the adapted coordinates, by (3.7), (3.8) and (3.10)
we have:

1R‘ o’:lR—.—,U:]'R—. U:O,

1j0. ijo. 1j0.

and it follows that lRaﬁ; =0.

3.2. Transformations of connections on spaces of geodesic compositions. Let
Ap be a space of a (g, g)-composition X, X X,,, and consider again the connections 11"Zﬁ
defined by (3.1).

Theorem 3.2. Let the composition X, X X,, be geodesic, i.e. condition (2.5} holds.
Then,

(3.11) al, 'Vpay +af 'Veal, =0

if and only if in the adapted to the composition coordinates the deformation tensor
Sy satisfies the conditions:

(3.12) 5% = 8% =0.

Proof. Using (2.1) and (3.1) we have:

(3.13) al 'Vgal + ag 'Vea% = afVgal + agVoag + Log,
where

(3.14) Lis = Sk — Shoagal, + Sy ,aba5 — S8,abaf.

BoZap opa oo



TRANSFORMATIONS ON SPACES ... 53

In the adapted coordinates, by (3.14) we evaluate the components of Lt as follows:

LE =48k, SL =45k
17 J?

(3.15)

Equalities (2.5) and (3.13) imply that if the composition X,, x X, is geodesic, then (3.11)
holds if and only if Ly s = 0. According to (3.15), the last condition holds if and only if
also (3.12) holds, which completes the proof of the theorem. |

If conditions (2.5) and (3.11) holds, using (2.6), (3.1) and (3.12) we obtain:
ipk _ 1k k. ipk _ 7k k  ipk _ 1k k
o =T5+585 Ti=T5+8, Ts=T5+55
17k — Tk k 1Pk _ pk k 17k — Tk k
(3.16) U =T+5 T5=T5+585 TL=T5+55

1Pk — 1pk
Iy = l";j =
Then, by (2.7) and (3.16) for the adapted components of 1Raﬁg’_’ we get:

1R—,—,—.s _ 1Rijk_§ _ 0

Now we consider the following example.
Let I'; 5 be an equiaffine connection with main density e. In accordance to [2], I'¥ g 1s
equiaffine if and only if one of the following two equivalent conditions hold:

(3.17) Ity =0,lne <= R, =0.

Using (3.8), (3.1) and (3.17) it follows that T, = grad if and only if S%, = grad.
Also, if %, = grad, then 'R 5" = 0.
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