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FEKETE-SZEGO INEQUALITIES FOR CLASSES OF BI-UNIVALENT
FUNCTIONS DEFINED BY SUBORDINATION

SAHSENE ALTINKAYA! AND SIBEL YALGIN

ABSTRACT. In the present investigation, we obtain the Fekete-Szegd inequalities for
the classes Sy (X, ¢) and B(), u, ¢) of bi-univalent functions defined by subordination.

1. INTRODUCTION AND DEFINITIONS

Let A denote the class of analytic functions in the unit disk
U={z€C:|z| <1},
that have the form:

(1.1) 7 (2) :z—l—Zanz".

Further, by S we shall denote the class of all functions in A which are univalent in U.
The Koebe one-quarter theorem [4] states that the image of U under every function f
from S contains a disk of radius %. Thus, every such univalent function has an inverse
F~! which satisfies:
FUfE) =2 (zeU),

and

@) =w (lwl <l ()2 7).
where
fHw)=w —aw® + (203 — a3) w® — (5a3 — Bazas + ag) wh +-- - .

A function f(z) € A is said to be bi-univalent in U if both f(z) and f!(z) are
univalent in U.

If the functions f and g are analytic in U, then f is said to be subordinate to g, written
as f(z) < g(z), if there exists a Schwarz function w such that f(z) = g(w (2)).
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Let 3 denote the class of bi-univalent functions defined in the unit disk U. For a brief
history and interesting examples in the class ¥ refer to [11].

Lewin in [7] studied the class of bi-univalent functions, obtaining the bound 1.51 for
modulus of the second coefficient |as|. Subsequently, Brannan and Clunie [3] conjectured
that |as| < v/2 for f € &. Netanyahu in [9] showed that maz |ay| = % if f(z) e x.

Brannan and Taha in [2] introduced certain subclasses of the bi-univalent function
class ¥ similar to the familiar subclasses S* () and K () of starlike and convex function
of order o (0 < o < 1), respectively, (see [9]). Thus, following Brannan and Taha [2],
a function f(z) € A is in the class S§ (o) of strongly bi-starlike functions of order a
(0 < a < 1) if each of the following conditions is satisfied:

zf (2) am
fex, arg<f(z)> <7 (0<a<l, zel)
and
wg' (w) am

where g is the extension of f~! to U. Similarly, a function f (z) € A is in the class Kz (@)
of strongly bi-convex functions of order a (0 < o < 1) if each of the following conditions
is satisfied:

fes |ag (z2fll(zz]21_é_z§f'(2))‘ < % (0<a<l, zel)
and 2 1 !
arg (w g (::g)l—é_wu)}g (w)) < % 0<a<l, wel),

where g is the extension of f~! to U. The classes S& (o) and Ky, (a) of bi-starlike functions
of order a and bi-convex functions of order «, corresponding to the classes S* (o) and
K (), were introduced analogously. For each of the classes S§ (a) and Ky (a), they
found non-sharp estimates on the initial coefficients. Recently, many authors investigated
bounds for various subclasses of bi-univalent functions [5], [11], [12]. The coefficient
estimate problem for each of the following Taylor-Maclaurin coefficients |a,| for n =
3,4, ... 1s presumably still an open problem.

In this paper we obtain the Fekete Szegd inequalities for the classes Sx (A, ¢) and
B(A, 4, ¢) . These inequalities will result in bounds of the third coefficient which are, in
some cases, better than the ones obtained in [1], [6] and [8].

In order to derive our main results, we require the following lemma.

Lemma 1.1. (Pommerenke [10]) If p(z) = 1+ p12 + p222 + p32z® + -+ is an analytic

function in U with positive real part, then

lpn| <2 (neN={1,2,...})

2
<2_|P2| )
- 2

ri

(1.2) ‘Pz— :
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2. FEKETE-SZEGO INEQUALITIES FOR THE CLASS Sx (X, @)

In the following, let ¢ be an analytic function with positive real part in U, with ¢ (0) = 1
and ¢' (0) > 0. Also, let ¢ (U) be starlike with respect to 1 and symmetric with respect
to the real axis. Thus, ¢ has the Taylor series expansion

Definition 2.1. A function f € & s said to be in Sy (A, ¢),0<a<1and 0 <A <1,

if the following subordinations hold
z2f'(2) + (2X% = X) 22 f" (2)
AA=2)z+ 2 N =X zfl(2)+ (222 =3X+1) f(2)

<¢(2)
and
wg' (w) + (222 — ) w3g” (w)
4(A=X)w+ (222 = N wg' (w) + (222 =32+ 1) g (w)
where g (w) = f~1(w).

< ¢(w),

Theorem 2.1. Let f gwen by (1.1) be in the class Ss (A, @) and u € R. Then

B
L1227 for |p—1|< 2(2>\12+1)'
1423+ 1547 - 2803 4+ 120 4 (1434 — 232)" (B B2)

1

2
az — pay| <
| Bilu1| for |u—1]>
[(1224—28X3 41522+ 22+1) B +(1+3A—2)2)* (B1 —B2))| =

142X + 1532 — 2803 4+ 1234 + (1 431 — 2)%)° (B2 Ba) |
1

1
2(2A7F1)
Proof. Let f € Sz (), ¢) and g be the analytic extension of = to U. Then, there exist two
functions v and v, analytic in U with » (0) = v (0) =0, |u(2)| < 1, Jv(w)| < 1, z,w € T,
such that

z2f'(z) + (222 = X) 221" (z)

L YO e iy 5 Capy B 0o B S ER W oo Bl AL GO AL
and
(2.3) wg' (w) + (222 — XA) w?g" (w) b)) (weD).

AA=2)w+ (2A2 =N wg' (w)+(2X2 =32+ 1) g(w)
Next, let define functions p and ¢ by

1+u(z
(2.4) p(z):l_uEZ;:]_+plz+p2z2+...
and
1+ v (w) 2
(2.5) q(w) [—o(w) L TOvTeY
Clearly, Rep(z) > 0 and Reg(w) > 0. From (2.4) and (2.5) one can derive
p(z)y—1 1 1 15\ ,
2.6 =—7 — == = i R
and
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Combining (2.1), (2.2), (2.3), (2.6) and (2.7),

zf’(z)+(2)\2—)\)22f”(z)
4(A—=22)z+(2A2-A)z f'(2)+(222—3X+1) f(2)

(2.8)
=1+ %B1P12 + (%ngf + %Bl (P2 - %p?)) 224
and
wg' (w)+ (222 =2\ )w?g" (w)
(2.9) I X2 w T (22— A)wg'(w)+ (232 —3r11)g(w)

=1+ 3Biqw + (3B2qi + 5 B1 (a2 — 347)) w? + -+
From (2.8) and (2.9), we deduce

1
(2.10) (1+3X—2X)ay, = 5Blpl,

1 1 1
(2.11) (12X* —28X° + 11X° + 2A — 1) af + (4X° + 2) a3 = Zngi +5B (p2 - 2p§> ,

and
1
(2.12) —(143x-2X)ay = 3B,

1 1 1
(2.13) (12x* —28X% + 19A> + 22 + 3) a3 — (4X* +2) a3 = ZB“"f + 5B (qg - 2qf> .

From (2.10) and (2.12) we obtain

Subtracting (2.11) from (2.13) and applying (2.14) we have
1
_ 2
(215) a3z = Ay + mBl (pg — QQ) .

By adding (2.11) to (2.13), we get
1 1
2(123* — 28X° + 153 + 24 + 1) af = - By (2 +42) — (B — Ba) (b} +4f) .
Combining this with (2.10) and (2.12) leads to

B3 (p2 + q2)

(2.16) a3 = i
4 {(12)«1 — 28X% + 15A% + 23 + 1) B2 + (1 + 3 — 2X2)% (B, — B2)}

From (2.15) and (2.16) it follows that

az — pai = B, Kh(;u) + 8(le> p2 + (h(ﬂ) - M) fh} )
where
h () = Bf (1-p) _
4 [(12A4 — 28A% + 1502 + 2\ + 1) B2 + (1 + 3\ — 2X2)% (B, — Bz)]
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Then, in view of (1.2) and (2.1), we conclude that
| ,ua2| 1+2)\2) for 0 < |h(u
4By |h(p)|  for |h(k)| > 3 W
Taking 4 =1 or u =0 we get
Corollary 2.1. If f € Sy (X, ¢) then
(2.17) las —a3| < 72%”2)
Corollary 2.2. If f € Sg (), ¢) then

for BlB B2 ¢

By
2(11272)

)|_m

(14+3X—222)2

(218) o] < 5} for
[(12x2— 28>\3+15>\2+2>\+1)B2+(1+3>\ 2X?)3(B1 - Bz)|

(14+32—222)2 ’ (14+32—2A2)2

(14+32—222)2 ! (14+32—2)2)2

Corollary 2.3. If

1-2
then inequalities (2.17) and (2.18) become

1 o
¢(z):( +Z> =1+ 2az +2a°%2% + ... (0<a<

|a3 a2| <

B;—B;
B}

[_ 122% 2823410202420 +3  12A%— 28)\3+15)\2+2)\+1) U

(_ 122%-2823+15X% 42041 12A4—23A3+11A2+2,\—1]

1,

€

1+2>\2
and
o
e for
0 (1+3x—2x2)* (1+3x-2x2)*
a €| U, moaraas—imaetangs | Y | T2000 148333321205
o] < 4o’ for
(2024 —4423 4250222+ 1)a+(1+31—212)2
(1+3x—22%)° (1+33—222)”
Q € | T303T 14475 17A2 12013 203 144A% 2BAZT2A-1
(1+3xr-222)* (1+3x—2x2)?

U\ —30r7raax5—3532F27 -1’ —2003+44>3—3372127—5

Corollary 2.4. If

_ _12>\4—23>\3+19>\2+2,\+3 _ 122282341122 402 1
( 0, U (1+3x—222)2 » 0

|

1 1-2
pe)= 2 a0z aa-w o (0sacy),
then inequalities (2.17) and (2.18) become
|as — o3| < 55
and
|a3| S 2(1—0()

1222 —28A34+15A2+2X+1"
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Remark 2.1. Corollary 2.3 and Corollary 2.4 provide an improvement of the esti-
mate of |az| obtained by Magesh and Yamins [8].

3. FEKETE-SZEGO INEQUALITIES FOR THE FUNCTION CLaSS B(A, u, @)

Definition 3.1. A function f € & s said to be in B(A\, p,¢9), A >0, 0< u <A<,
if the following subordinations hold

Apz3 7 (2) + A+ A —w) 22" (2) + 2f' (2)

€M () O ) 2f () + (LA 7 () <P
and
Apwg" (w) + (2Ap + X — p) w?g” (w) + wg' (w) < 6 (w)
Apw?g" (w) + (A — p)wg' (w) + (1 — X+ p) g (w) ’

where g (w) = f~1 (w) (see [1]).
Theorem 3.1. Let f gwen by (1.1) be in the class B(A, u,¢) and § € R. Then

swrosarew 1o 18— U< srmnmere
‘2+4,\—4y+12Ap—(1+A—u+2Ay)2(Bf‘;*%)
|a3 — 5a§| < B3|6—1] for
[(2+4x—4p+122u) B2 —(1+A—p+27p)? (B2 —B1+B>))|
16 =12 srrzmrew
‘2+4A—4u+12Ay—(1+A—u+2Au)2(Bfg%“s"’)

Proof. Let f € B(\, u, ¢) and g be the analytic extension of f~! to U. Then, there exist
two functions u and v, analytic in U with v (0) = v(0) = 0, |u(z)] < 1, |v(w)| < 1
(z,w € U) such that

Apz3 " (2) + A+ A — w) 22" (2) + 2f' (2)

S Py 16 R e EY 1) RN (e S E 16 R G
and
(32) Mg W)@ puwigt W) fug ) _ )y e D).

Apw?g” (w) + (X = p)wg' (W) + (1 = A+ p) g (w)
Combining (2.1), (3.1), (3.2), (2.6) and (2.7), we get

Auz® £ (2)H(Au+A—p)2® f(2)+2 £ (2)
222 F(2)+ =)z (2)F (1A +1) F(2)

(3.3)
=1+ 5Bip1z+ (§Bap? + 5B1 (2 — 5p7)) 22 + -+
and
Apw® g (w)+(2Ap+A—p)w?g" (w)+wg' (w)
(3.4) Apw?g" (w)+(A—p)wg' (w)+(1-A+p)g(w)

=1+ 3Biquw + (3B2g + 3B (@2 — 347)) w? + -+
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From (3.3) and (3.4), we deduce

1
(35) (1+}\—,U«+2>\/,L) Ay = §B1p1,

1 1 1
(3.6) 2(14+2X—2u+6 w)as — (L+ A —p+22u)al = Zszf + =B (p2 - 2p§> ,

2
and
1
(3.7) —(I+A—p+2xu)az = 531%,
(3.8)
1 1 1
2(1+2X2 —2u+6xu) (203 —as) — (L+A—pu+ 2au)’ a2 = ZBQQf + 531 (qz - 2qf) .
From (3.5) and (3.7) we obtain
(3'9) P1=—q1.
Subtracting (3.6) from (3.8) and applying (3.9) we have
1
3.10 =aj Bi (p2 — g2).-
( ) as a2+8(1+2)\—2#+6>\;u) 1 (P2 — q2)

By adding (3.6) to (3.8), we get

1 1
4(1+22—2p+ 6 u)a3—2(1+ A —pu+22p)’ a3 = 551 (p2 + QQ)_Z (B1 — B2) (pf +di) -
Combining this with (3.5) and (3.7) leads to

B? (p2 + ¢2)
4 [(2+4A—4p+12m)3f (4 A—p+22w)? (B2 - B +B2)}

(3.11) a3 =

From (3.10) and (3.11) it follows that

— 2 _ 1 - 1
as 5a2—BlKh(é)+8(1+m_2#+6w) P2+ | R (9) 8(1+2xr—2u+6n) ) 2]

where

B2 (1-9)

h(8) = - — .
4[(2—!—4}\—4#-1—12}\#)31—(1—|—>\—u—|—2>\,u) (Bl—Bl—i-Bz)]

Then, in view of (1.2) and (2.1), we conclude that

B 1
las| < { srb—aprima Jor 0<[R(9) < 8(1+2A—2p+t6Ap)
3| < 1

4B |k (3)] for |h(8)| 2 sarmcmron

Taking § =1 or 6 = 0 we get

Corollary 3.1. If f € B(\, u,¢) then

B1

(3.12) PETy sy ve

az —a3| <
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Corollary 3.2. If f € B(\, u,¢) then

B B2—B14B, 4(14+22—2u+6)p)
T i Jor B2 € (—o0,0]U (Ir—prarp)? P
(3.13)  |as| < B2 B3—B1+Bs
3 Y=y for =——¢€
|0+4r—4p+122p) B2 —(1+2—p+22u)? (B2 —B1+ By ) | B}
[ 2(1+2A72u+6)\/¢)> (2(1+2)\72u+6)\u) 4(1+2)\72u+6>\u)]
YA p2Ap)? (L+HA—p+22p)® * (1+r—pt22u)?
Corollary 3.3. If
14+ 2\“
¢(z):<1 ) =1+2az+20%2°+... (0<a<l),
-z
then inequalities (3.12) and (3.13) become
2
|a3 - a2| S s v
and
___«a 1 (1+A—p+23p)?
mrosarew Jor @€ (03] U [3(1+)\—;L+2)\p,)2—8(1+2)\—2,u,+6)\p,)’1)
40? fO”‘
las| < { aF2r—2p+6rn)a—(1+A—pt2rp)2(3a—1)
ac 1 (L+Ar—p+22p)?
37 3(1+A—p+22pu)2—4(1+22—2u+62u)
U (A+A—p+22p) (1+2—p+22p)?
3(1+HA—p+22p)? —4(1+22—2p+62p) * 3(1+A—p+2Au)? —8(1+2A~2u+6Au)

Corollary 3.4. If

¢(z):W:1+2(1—a)z+2(1—a)22+~~ (0<a<1),
then inequalities (3.12) and (8.13) become
9 l-—a
oz — a3] < 1421 — 24 + 6
and
las| < 2(1—a)

2(1+ 22— 25+ 62p) — (1+ A — p+22p)°

Remark 3.1. Corollary 8.3 and Corollary 3.4 prowide an improvement of the esti-
mate of |az| obtained previously by Keerthi and Raja [6].
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