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SOME PROPERTIES OF CERTAIN NON-ANALYTIC FUNCTIONS

SHIGEYOSHI OWA1, MELIKE AYDOGAN AND DURDANE OZTURK

Abstract. Let N be the class of functions f(z; z) which are non-analytic in the
open unit disk U. Many classes of analytic functions f(z) in U are studied by math-
ematicians in the world. But, we have only few papers for non-analytic functions
f(z; z) in U. The purpose of the present paper is to discuss some properties of non-
analytic functions f(z; z) in U with some examples.

1. Introduction

Let A be the class of functions f(z) of the form:

f(z) = z +

1X
n=2

anz
n ;

which are analytic in the open unit disk U = fz 2 C j jzj < 1g : If f(z) 2 A maps the unit

circle on to the starlike curve with respect to the origin, then f(z) is said to be starlike

with respect to the origin in U. Also, if f(z) 2 A maps the unit circle on to the convex

curve, then f(z) is said to be convex in U. A function f(z) 2 A is said to be starlike of

order � if it satis�es:

Re

�
zf 0(z)

f(z)

�
> � (z 2 U) ;

for some real � (0 5 � < 1). Also, a function f(z) 2 A is said to be convex of order � if

it satis�es

Re

�
1 +

zf 00(z)

f 0(z)

�
> � (z 2 U) ;

for some real � (0 5 � < 1). It is well known that f(z) is convex of order � in U if and

only if zf 0(z) is starlike of order � in U (see Robertson [3], Komatu [2], Goodman [1]).

We see that:

f(z) =
z

(1� z)2(1��)
(z 2 U)
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is starlike of order � in U and that:

f(z) =

8>>>>>>><
>>>>>>>:

1� (1� z)2��1

2�� 1

�
� 6=

1

2
; z 2 U

�

� log(1� z)

�
� =

1

2
; z 2 U

�

is convex of order � in U.

Let N denote the class of functions:

f(z; z) =

1X
n=1

fn(z; z) ;

de�ned in U, where z = x+ iy and z = x� iy. If f(z; z) 2 N maps U onto the starlike

domain, then we say that f(z; z) is non-analytic and starlike in U. Further, we say that

f(z; z) is non-analytic and convex in U if it maps U onto the convex domain. If we

consider a function f(z; z) given by:

f(z; z) =
z

(1� z)2
= z +

1X
n=2

nzn ;

then f(z; z) is non-analytic and starlike in U, and we see that a function:

f(z; z) =
z

1� z
= z +

1X
n=2

zn ;

is non-analytic and convex in U. But if we consider

(1.1) f(z; z) =
z

(1� z)2
= z + jzj2

1X
n=2

nzn�2 ;

then f(z; z) is non-analytic, but it is not starlike in U. Also, if we take

(1.2) f(z; z) =
z

1� z
= z + jzj2

1X
n=2

zn�2 ;

then f(z; z) is non-analytic, but it is not convex in U.

2. Jacobian of non-analytic functions

For z = x+ iy and f(z; z) = u+ iv, Jacobian J(x; y) of f(z; z) is de�ned by:

J(x; y) =
@(u; v)

@(x; y)
= jfzj

2 � jfzj
2

(z 2 U) :

If J(x; y) > 0, then f(z; z) is said to be a sense preserving mapping, and if J(x; y) < 0,

then we say that f(z; z) is sense reversing mapping.

We �rst consider the following property of f(z; z).
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Theorem 2.1. Let a function f(z; z) 2 N is de�ned by

f(z; z) = z + anz
kzn�k ;

with some integers n and k which satisfy 2 5 2k 5 n. If janj 5
1

n
or janj =

1

n� 2k
,

then f(z; z) is sense preserving mapping in U.

Proof. Let us consider the Jacobian J(x; y) of f(z; z) with an = janje
i� and z = rei�.

Then we have that:

J(x; y) = jfzj
2 � jfzj

2

=
��1 + (n� k)anz

kzn�k�1
��2 � ��kanzk�1zn�k��2

= 1 + n(n� k)janj
2r2(n�1) + 2(n� k)janjr

n�1cos((n� 2k � 1)� + �)

=
�
1� (n� 2k)janjr

n�1
� �

1� njanjr
n�1

�
> (1� (n� 2k)janj) (1� njanj) = 0

for janj 5
1

n
or janj =

1

n� 2k
. This shows that f(z; z) is sense preserving mapping in

U. �

Theorem 2.2. Let

f(z; z) = z + anz
n�kzk ;

with some integers n and k which satisfy 2 5 2k 5 n. If janj 5
1

n
or janj =

1

n� 2k
,

then f(z; z) is sense reversing mapping in U.

Proof. Letting an = janje
i� and z = rei�, we see that

J(x; y) = jfzj
2 � jfzj

2

=
��kanzn�kzk�1��2 � ��1 + (n� k)anz

n�k�1zk
��2

= �
�
1 + n(n� 2k)janj

2r2(n�1) + 2(n� k)janr
n�1cos((2k + 1� n)� + �)

�

< � (1� (n� 2k)janj) (1� njanj) 5 0

for janj 5
1

n
or janj =

1

n� 2k
. �

Next, we consider some coe�cient problem for sense preserving of f(z ; z).

Theorem 2.3. If a function f(z; z) given by

f(z; z) = z +

1X
n=k+1

anz
kzn�ksatisfies :

(2.1)

1X
n=k+1

njanj 5 1 ;

then f(z; z) is sense preserving mapping in U.
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Proof. We know that it is enough to show that

����fzfz
���� > 1 by means of the de�nition for

J(x; y). Indeed, we have that

����fzfz
���� =

��1 +
P
1

n=k+1(n� k)anz
kzn�k�1

����P1

n=k+1 kanz
kzn�k�1

��

>
1�

P
1

n=k+1(n� k)janjP
1

n=k+1 kjanj
:

Therefore, we see that jfzj > jfzj if f(z; z) satis�es (2.1). This completes the proof of the

theorem. �

3. Convexity of some non-analytic functions

In this section, we consider some problems for convexity of f(z; z).

Theorem 3.1. A function

f(z; z) = z + a2zz + a3z
2z ;

is non-analytic and convex in U, where a2 and a3 are real numbers.

Proof. Writing z = eri�, we have that:

f(z; z) = z + a2jzj
2 + a3jzj

2z

= rei� + a2r
2 + a3r

3e�i�

= u+ iv ;

where

u = a2r
2 + r(1 + a3r

2)cos�

and

v = r(1� a3r
2)sin� :

It follows that
(u� a2r

2)2

r2(1 + a3r2)2
+

v2

r2(1� a3r2)2
= 1 (0 < r < 1) :

Therefor, f(z; z) maps jzj 5 r < 1 onto the elliptic domain containing the origin which

is convex.

Further, letting r ! 1, we have that:

(u� a2)
2

(1 + a3)2
+

v2

(1� a3)2
= 1 :

�

We give an example for Theorem 3.1.
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Example 3.1. If we consider a function

f(z; z) = z +
1

2
zz +

1

3
z2z ;

then we have that:

(3.1)

�
u� 1

2r
2
�2

r2
�
1 + 1

3r
2
�2 +

v2

r2
�
1� 1

3r
2
�2 = 1 (0 < r < 1) :

Letting r ! 1, the elliptic equation (3.1) becomes:

�
u� 1

2

�2
�
4
3

�2 +
v2�
2
3

�2 = 1 :

This gives us that f(z; z) is non-analytic, sense preserving and convex in U.

Next, we derive:

Theorem 3.2. A function

f(z; z) = z + a2zz + a3zz
2 ;

is non-analytic and convex in U, where a2 and a3 are real numbers.

Proof. With the same method of the proof of Theorem 3.1, we obtain that:

(u� a2r
2)2

r2(1 + a3r2)2
+

v2

r2(1� a3r2)2
= 1 (0 < r < 1) ;

and

(u� a2)
2

(1 + a3)2
+

v2

(1� a3)2
= 1 :

This shows that f(z; z) is non-analytic and convex in U. �

Example 3.2. If f(z; z) is given by:

f(z; z) = z +
1

2
zz +

1

3
zz2 ;

then we have that:
�
u� 1

2r
2
�2

r2
�
1 + 1

3r
2
�2 +

v2

r2
�
1� 1

3r
2
�2 = 1 (0 < r < 1) ;

and �
u� 1

2

�2
�
4
3

�2 +
v2�
2
3

�2 = 1 :

This shows us that f(z; z) is non-analytic, sense reserving and convex in U.
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4. Appendix

We know that the function f(z; z) given by (1.2) is not starlike in U. But we see

that the function f(z; z) is starlike in jzj <
1

2
and convex in jzj < 0:44 with the help of

Mathematica as follows.

Figure 1. The image for jzj < 1
2 of f(z; z)

Figure 2. The image for jzj < 0:44 of f(z; z)

We also see that the function f(z; z) de�ned by (1.1) is not convex in U. But, we say

that f(z; z) is starlike in jzj <
1

3
and convex in jzj < 0:3 with the help of Mathematica

as follows.

Figure 3. The image for jzj < 1
3 of f(z; z)
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Figure 4. The image for jzj < 0:3 of f(z; z)

We check some radius of non-analytic functions f(z; z) to be starlike or convex. But

we have to say that we don't have any idea to �nd the sharp radius for these problems.

Thus, we need to do discuss these problems future.
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