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DIFFERENTIAL SANDWICH THEOREMS WITH A NEW
GENERALIZED DERIVATIVE OPERATOR

ANESSA OSHAH AND MASLINA DARUS!

ABSTRACT. In the present paper, we will derive certain subordlnatlons and superor-
dination results involving a new generalized derivative operator DY i )\ 4. for certain
normalized analytic functions in the open unit disk. We shall estabhsh sandwich type
theorems. These results extend many previously known results.

1. INTRODUCTION

Let H = H(U) denote the class of analytic functions in the open unit disk U =
{z€C:|z|<1}. Forn € Nand a € C. Let H[a,n] be the subclass of H consisting of
functions of the form

f(Z) :a+a77,zn+an+12n+1+ ........ ,aG(C.

And, let A be the subclass of H consisting of functions of the form

(1.1) f(2) :z—l—ZaKz"€

If f and ¢ are analytic functions in U, we say that f subordinate to g, and write
f(z) < g(2)(z € U). If there exists the Schwarz function w(z), analytic in U, with
w(0) = 0 and |w(z)| < 1, then f(z) = g(w(z))(z € U) . In particular if ¢ is univalent in
U then f(z) < g(z) is equivalent to f(0) = ¢(0) and f(U) C g(U).

Let p,h € H and (r,s,t;2) : C3 x U — C. If p and ¥(p(2), zp'(2), 22p"(2); z) are
univalent and if p satisfies the second order differential superordination

(1.2) h(z) < ¥(p(2), 20 (2), 2°p"(2); 2), (2 € U),

then p is called a solution of the differential supordination (1.2). (If f subordinate to g
then g superordinate to f. An analytic function ¢ is called a subordinant of the differ-
ential subordination, or more simply a subordinant if g < p for all p satisfying (1.2). A
univalent subordinant G that satisfies g < q for all subordinants g of (1.2) is said to be
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the best subordinant. The best subordinant is unique up to a rotation of U (see[9]). Re-
cently, Miller and Mocanu [10] obtained conditions on h, g and ¢ for which the following
implication holds:

h(z) < ¥(p(2), 2p'(2), 2°p"(2); 2), = q < p, (2 € U).

Ali et al. [2], have used the results of Bulboaca [3] to obtain sufficient conditions for
normalized analytic functions f € A to satisfy:

2f'(2)

f(2)
where ¢; and g, are given by univalent functions in U with ¢,(0) = 1, and ¢,(0) = 1.
Also, Tuneski [15] obtained a sufficient condition for starlikeness of f € A in terms of the
quantity

q(2) < =< qa(2),

f"(2)f(z)
(f'(2)?
Very recently, Shanmugam et al. [13] obtained sufficient conditions for the normalized
analytic function f € A to satisfy

() < 212

0

qQ(Z)v

and

qy(z) < < Qgsl2).

1( ) (f(Z))2 2( )

The Hadamard product of function f and g denoted by f(2) * g(2) is defined by

f(z)xg(z) =2+ Zanbﬁ,z“,
k=2
where
g(z) =z + Z be2".
K=2

Now, we define a new generalized derivative operator. However, first we give the following:

(1.3) N oasealz) =2+ ZA?’K(Al’ Ao, £)2",
r=2
where
m,K £(1+()‘1+)‘2)(H_1))+d "
1.4 AT (A, Ao, b)) =
(14) a" Az f) { ((1+X(k—1)+d ’

m,d € Ng ={0,1,2,..}, A2 > A1 >0,£>0,and £ +d > 0.

Definition 1.1. For f € A, the operator DY\ , ; is defined by

n,m .
D"\, d A— A

szﬁ\z,e,df('z) = M3, s, 0a(2) xR f(2) , (2 € V),
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where myn,d € Ng ={0,1,2,..},\a > Xy >0,£>0, ,and £+ d > 0, and R" f(z) denotes
the Ruscheweyh derivative operator [11] given by

R"f(z) =2+ ZC’(n,KJ)aRz”, (zeU),

where C(n,k) = (n+1)x—1/(1)x-1 .

If f given by (1.1), then we easily find from the equality (1.3) that

D™, eaf(2) fz+ZAZL’”(AM)\2,€)C’(n,/<;)a,€z",
K=2
where m,n,d € Ng = {0,1,2,..}, Aa > Ay > 0,{ >0, ¢+d > 0, and C(n,k) =
(n4+1)k—1/(1)x—1 and A" (A1, A2, £) defined in (1.4).

Note that, z,, denotes the Pochhammer symbol (or the shifted factorial) defined by

_J L k =0,z € C\{0}
(T)s = { z(z+1)(xz+2)...(z+r—-1), ke N={1,2,3,...}.

In particular

,\1 ol (2) = DS:S}I,O (2) = f(2), D ,\1 st (2) = 2f'(2).

It can be easily shown that
(1.5) [0+ Ak — 1)) +d] DG of (2) = [EL+ Kok — 1) = A1) +d] DR o (2)
+ O z(DY af(2))

/ m
(1.6) [D;L:,r;%z df(z)] =(n+ I)D;ljj\:; df( ) — ”D;Ll,;\z,e df(z).
Remark 1.1. For special cases we have the following :

e m =0, we get Ruscheweyh derivative operator [11],

en=X=d=0,A\ =¢=1, we get Silagean derivative operator [12],

e n=>X =d=0,¢=1,we get derivative operator given by Al-Oboudi [1],

e \y=d=0,{=1, we get derivative operator given by Darus and Al-Shagsi [6],

e Xy = 0,\; = ¢ =d =1, we get derivative operator given by Uralegaddi and
Somanatha [16],

e n=X\ =0, A =/=1, we get derivative operator given by Cho and Srivastava
),

e {=1,d=0, we get derivative operator given by Eljamal and Darus [8],

o (=1, we get derivative operator given by El-Yagubi and Darus [7],

e n=2X =0,0=1, we get derivative operator given by Catas [5],

e A\ =1,n= Xy =0, we get derivative operator given by Swamy [14].

The main object of the present paper is to find sufficient conditions for certain nor-
malized analytic functions f to satisfy
n,m+1
A1, h2,6,d (2)
ql(z) = n1m2 ( ) = q2(2)7

A1,A2,8, df
where ¢; and g, are given univalent functions in U with q;(0) = ¢,(0) = 1.
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For our study, we may need the following definitions and lemmas:

Definition 1.2. [10] Denote by Q the set of functions [ that are analytic and injective
on U\ E(f), where

E(f)={nedU: Zh_rgf(z) =00},
and are such that f'(n) # 0,n € OU\ E(f).

Lemma 1.1. [9] Let q be univalent function in U and let 0 and ¢ be analytic functions
in a domain D containing q(U), with ¢(w) # 0 when w € q(U) . Set

Q(2) = 2d (2)0[a(2)] , h(z) =0[a(z)] + Q(2).

Suppose that
(i) Q(z) is starlike univalent in U,

(ii) &e{zg(g)} > 0.

If p is analytic in U, with p(0) = q(0),p(U) C D, and

(1.7) 0[p(2)] + zp'(2)¢[p(2)] < 0[a(2)] + 24 (2)[a(2)],
then p < q and q is the best dominate of (1.7).

Lemma 1.2. [3] Let q be convex univalent in the unit disc U and ¥ and ¢ be analytic in
a domain D containing q(U). Suppose that

. 9 [q(z
(i) R{Ger ) >0
(i1) zq' (z)p(q(2)) is starlike univalent in U.

If p(2) € H[q(0),1] N Q , with p(U) C D, and ¥[p(z)] + 2p'(2)¢[p(2)] is univalent in U,

and

Iq(2)] + 2¢'(2)¢la(2)] < I[p(2)] + 2D’ (2)¢[p(2)]
then
q(z) < p(z), (2€U)

and q(z) is the best subordinant.

2. MAIN RESULTS

Theorem 2.1. Let m,n,d € Ng = {0,1,2,...}, Ao > A\ > 0,£ > 0,x € C and q be convex
univalent in U with q(0) = 1. Further, for a,6 € C , and 6 # 0 we assume that

2. R{S 41+ 28 0
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Let
(22) TT’”(}\l,)\Q,g, d,a,é;z)
S[20(1 4 Aok — 1)) +2d] | DNN 4 4 f (2)
I8 D:f;%z,df(z)
Dn+2 m

SO (n+1)(n+2) Dy, \raf(2)
14Xk — 1)) +d DY, 4 af(2)
st 1)? DR ()
01+ Xa(k— 1)) + dD;l:;%Ldf(z)
O+ Aa(k — 1) +d]( Diiatal () )
(2)
)

=|la—0dn+2)+

z

z

th DY el (2

_5(1_6( O(n+1) )(K(l—k)\g(m—l) +d 1>+X

14+ X(k—1))+d 0N\
If f € A satisfies

(2.3) YA, Ao, b, d,ya, 035 2) < 62q (2) + aq(z) + X,
n,m+1
then M =< q(2) and q is the best dominant.
Dy e, af(2)

Proof. Define the function p(z) by
n,m+1 (Z)

A1, A2,0.d
p(z) = a5, 2€U
DZ:ff\g,1z,clf(z)7

Then the function p(z) is analytic in U and p(0)=1. Therefore, by using (1.5),(1.6) we
have

(2.4) T (A, Ao, £, dy v, 63 2)
5l120(1 + )\ -1 2d pr ,m+1 p

= la—d(n+2)+ (2601 + do(r — 1) + 2d] )\1)\2£df<)

) DU, vaf (2)

SO (n+ 1)(n+2) Dy3my . f (2

(2)
L1+ Xo(k = 1)) +d D, 4 af(2)
(2)
(2)

a1 DR S
(14 Xa(k = 1)) +d DY, 0t (2
801+ Aok = 1) + d] (DZ’,’A‘:; 1) )
Y Dy eaf (2)

)

‘5<1‘f(lfilnggwd)<£<1H2(;A11) = 1)“‘

=6zp'(2) + ap(z) + x.
By using (2.4) in (2.3) we get
02p/(2) + ap(z) + x < 024/ (2) + aq(z) + X

By sitting
fw)=aw+yx and ¢(w) =24,
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it can be easily observed that 6, ¢ are analytic function in C\ {0}, and that ¢(w) # 0.
Also we see that

Q(2) = zd (2)9[a(z)] = 264 (2),
and
h(z) = Q(2) +0[q(z)] = 26¢'(z) + aq(z) + x.

Mo ) e )

We have q is convex, hence R {ZQE 2 } > 0, then @ is starlike univalent in U , and

)
%{ Qs

We can calculate

V@

~—

}:%{5+ + q/(/z()z)}>o.

Since Q is starlike, and R { 2 ( z))} > 0, z € U. and then, by using Lemma 1.1 we deduce

that the subordination (2.3) 1mphes p(2) < q(z), and the function g is the best dominant
of (2.3). O

Remark 2.1. Many authors have studied sandwich Theorem, one can refer to [6] and [5]
to fined similar results were obtained earlier.

For the choices q(z) = iig’z,—l < B < A<1land q2z) = (£

Theorem 2.1, we get the following results.

Z)7,0 <y < 1in

Corollary 2.1. Let m,n,d € Ng = {0,1,2,...}, 2 > A1 > 0,¢ > 0. Assume that (2.3)
holds. If f € A then,

0(A—B 14+ A
T (A1, Agy b dy o, 65 2) < ( )Z+a< + z>+ 7

(14 Bz)? 1+ Bz
where YT (A, Aa, £, d, o, 0; ) is as defined by (2.2), then
DSl () 14 4s
Dy, eaf(z) 1+ Bz

1+ Az

115 is the best dominant.

and

In particular

2 1
TN, Aoy £ dy @, 65 2) < +a< +Z)+X,

(1+2)2 1—2
implies
f\llngle af(2) 1+2
Al,Azldf(Z) 12’
and Hi is the best dominant.

Corollary 2.2. Let m,n,d € Ny ={0,1,2,..}, A2 > A1 >0,£ > 0,0 <~y < 1. Assume
that (2.3) holds. If f € A then,

20vz (14 =z 71 14+2\”
T (A, Ag, 4, d, a6 — | —
K ( 1, A2, ¢, 4, &,y 72)—<(1—Z)2<1—Z> + « 1—2) +X7
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implies

n,m+1
DAl,;;z,d (2) ~ <1—|—z>'Y
DY, eaf(z) \1—=2) "

and (Hj) is the best dominant.

Theorem 2.2. Let q be conver univalent in U with q(0) =1, for a,6 € C , and 6 # 0
let us assume that

(2.5) ére{‘gq/(z)} > 0.
IffeA,

;m}\ﬂed (2)
el lg(0),1]0 Q.
)\1,)\2,[ df( )
and Y™ (A1, Ao, 0, d, o, 0; 2) given by (2.2) is univalent in U and satisfies the following
superordination

(2.6) 02q (2) + aq(z) +x < T (A1, Ao, 6, dy a, 65 2),

then )
Dn ,m—+ Py
a(e) < prptal )
/\1,)\2 e, df(z)

and q is the best subordinant.

Proof. Taking

Ow)=aw+x and ¢(w)=
it is easily observed that 6, ¢ are analytic function in C\ {0}, and that ¢(w) # 0. Since
q is a convex (univalent) function it follows that

{20 -sfgio)o

Thus the assertion (2.6) of Theorem 2.2 follows by an application of Lemma 1.2.
O

Combining Theorem 2.1 and Theorem 2.2, we get the following sandwich theorem for
the linear operator DY)"\ , ;f(2).

Theorem 2.3. Let q; be convex univalent in U with q;(0) =1, (i = 1,2) . Suppose that
q,(z) satisfies (2.5) and qy(2) satisfies (2.1).

"
Let fe A, 2311711/\27% € H[q(0),1]NQ, and Y™ (A1, Ao, L, d, a, 65 z) is univalent in U,

where YT (A1, Ay, £, d, o, 0; 2) is defined in (2.2), and
0zqy(2) + aqy(2) + x < T (M, A2, 0, d, @, 83 2) < 0205(2) + agy(z) + X,
then )
Dyl (2)
@ (2) < Sy = @2(?),
' Dy na e df< )
and g, and gy respectively, the best subordinant and the best dominant .



124

Corollary 2.3. Let f € A, =abw22?

A. OSHAH AND M. DARUS

DY gaf (2)

e € H[q(0),1]NQ, and

5(A1 —Bl)Z (1+A12

) X < T (A, A2, 0 dy o, 65 2) <

(1+ B12)? 1+ Biz
0(Az2 — Bo)z N 14+ Asz
(1 —|—B22)2 1 —|—BQZ ’

then 341z gng 422 pogpectively, the best subordinant and the best dominant.

1+B;1z 1+Bsz

ACKNOWLEDGMENT

The work here is supported by FRGSTOPDOWN/2013/ST06/UKM/01/1.

(1]
(2]
(3]
(4]
(5]
[6]
[7]
(8]
(9]
(10]
(11]
(12]

(13]

[14]
(15]

[16]

REFERENCES

F.M. AL-OBOUDI: On univalent functions defined by derivative operator, International Journal of
Mathematics and Mathematical Sciences, 27 (2004), 1429-1436.

R. M. ALl, V. RAVICHANDRAN, K. G. SUBRAMANIAN: Differential sandwich theorems for
certain analytic functions, Far East J. Math. Sci., 15(1) (2004), 87-94.

T. BULBOACA: Classes of first order differential superordinations, Demonstratio Math., 35(2)
(2002), 287-292.

N.E. CHO, H.M. SRIVASTAVA: Argument estimates of certain analytic functions defined by a
class of multiplier transformations, Math. Comput. Modelling, 37(1-2) (2003), 39-49.

A. CATAS: On a certain differential sandwich theorem associated with a new generalized derivative
Operator, General Mathematics, 17(4) (2009), 83-95.

M. DARus, K. AL-SHAQSI: Differential sandwich theorems with generalize derivative operator,
International Journal of Computing and Mathematical Sciences, 22 (2008), 75-78.

E. EL-YAGUBY, M.DARUS: Subclasses of analytic functions defined by new generalized derivative
operator, Journal of Quality Measurement and Analysis (JQMA), 9(1) (2013), 47-56.

E. A. ELJAMAL, M.DARUS: Subordination results defined by a new differential operator, Acta
Universitatis Apulensis, 27 (2011), 121-126.

S. S. MILLER, P.T. MOCANU: Differential Subordinations Theory and Applications, Pure and
Applied Mathematics, No. 225, Marcel Dekker, New York, 2000.

S. S. MILLER, P. T. MOCANU: Subordinates of differential superordinations, Complex Var.
Elliptic Equ., 48(10) (2003), 815-826.

S. RUSCHEWEYH: A new criteria for univalent function, Proc. Amer. Math. Soc., 49 (1975), 109
— 115.

G.S. SALAGEAN: Subclasses of univalent functions, in Proceedings of the Complex Analysis 5th
Romanian Finnish Seminar Part 1, 1013 (1983), 362-372.

T. N. SHANMUGAM, V. RAVICHANDRAN, S. SIVASUBRAMANIAN: Differential sandwich theo-
rems for some subclasses of analytic functions, Aust. J. Math. Anal. Appl., 3 (1) (2006) Art. 8, 11
pp-

S.R. SWAMY: Inclusion properties of certain subclasses of analytic functions, International Math-
ematical Forum, 7(36) ( 2012) 1751-1760.

N. TUNESKI: On certain sufficient conditions for starlikeness, Int. J. Math. Math. Sci., 23(8)
(2000), 521-527.

B.A. URALEGADDI, C. SOMANATHA: Certain classes of univalent functions, In Current Topics
in Analytic Function Theory, River Edge, NJ:World Scientific, (1992), 371-374.

SCHOOL OF MATHEMATICAL SCIENCES
FACULTY OF SCIENCE AND TECHNOLOGY
UNIVERSITI KEBANGSAAN MALAYSIA
BANGI 43600 SELANGOR, MALAYSIA
E-mail address: anessa.oshah@yahoo.com



DIFFERENTIAL SANDWICH THEOREMS ...

SCHOOL OF MATHEMATICAL SCIENCES
FACULTY OF SCIENCE AND TECHNOLOGY
UNIVERSITI KEBANGSAAN MALAYSIA
BaANGI 43600 SELANGOR, MALAYSIA
E-mail address: maslina@ukm.edu.my

125



