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DIFFERENTIAL SANDWICH THEOREMS WITH A NEW

GENERALIZED DERIVATIVE OPERATOR

ANESSA OSHAH AND MASLINA DARUS1

Abstract. In the present paper, we will derive certain subordinations and superor-
dination results involving a new generalized derivative operator Dn,m

λ1,λ2,ℓ,d
for certain

normalized analytic functions in the open unit disk. We shall establish sandwich type
theorems. These results extend many previously known results.

1. Introduction

Let H = H(U) denote the class of analytic functions in the open unit disk U =
{z ∈ C : |z| < 1}. For n ∈ N and a ∈ C . Let H[a, n] be the subclass of H consisting of
functions of the form

f(z) = a+ anz
n + an+1z

n+1 + ........, a ∈ C .

And, let A be the subclass of H consisting of functions of the form

(1.1) f(z) = z +

∞∑
κ=2

aκz
κ.

If f and g are analytic functions in U, we say that f subordinate to g, and write
f(z) ≺ g(z)(z ∈ U). If there exists the Schwarz function w(z), analytic in U, with
w(0) = 0 and |w(z)| < 1, then f(z) = g(w(z))(z ∈ U) . In particular if g is univalent in
U then f(z) ≺ g(z) is equivalent to f(0) = g(0) and f(U) ⊂ g(U).

Let p,h ∈ H and ψ(r, s, t; z) : C3 × U → C. If p and ψ(p(z), zp′(z), z2p′′(z); z) are
univalent and if p satisfies the second order differential superordination

(1.2) h(z) ≺ ψ(p(z), zp′(z), z2p′′(z); z), (z ∈ U),

then p is called a solution of the differential supordination (1.2). (If f subordinate to g
then g superordinate to f . An analytic function q is called a subordinant of the differ-
ential subordination, or more simply a subordinant if q ≺ p for all p satisfying (1.2). A
univalent subordinant q̃ that satisfies q ≺ q̃ for all subordinants q of (1.2) is said to be
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the best subordinant. The best subordinant is unique up to a rotation of U (see[9]). Re-
cently, Miller and Mocanu [10] obtained conditions on h, q and ψ for which the following
implication holds:

h(z) ≺ ψ(p(z), zp′(z), z2p′′(z); z),⇒ q ≺ p, (z ∈ U).

Ali et al. [2], have used the results of Bulboaca [3] to obtain sufficient conditions for
normalized analytic functions f ∈ A to satisfy:

q1(z) ≺
zf ′(z)

f(z)
≺ q2(z) ,

where q1 and q2 are given by univalent functions in U with q1(0) = 1 , and q2(0) = 1.
Also, Tuneski [15] obtained a sufficient condition for starlikeness of f ∈ A in terms of the
quantity

f ′′(z)f(z)

(f ′(z))2
.

Very recently, Shanmugam et al. [13] obtained sufficient conditions for the normalized
analytic function f ∈ A to satisfy

q1(z) ≺
f(z)

zf ′(z)
≺ q2(z),

and

q1(z) ≺
z2f ′(z)

(f(z))2
≺ q2(z).

The Hadamard product of function f and g denoted by f(z) ∗ g(z) is defined by

f(z) ∗ g(z) = z +

∞∑
κ=2

aκbκz
κ,

where

g(z) = z +
∞∑
κ=2

bκz
κ.

Now, we define a new generalized derivative operator. However, first we give the following:

(1.3) Mm
λ1,λ2,ℓ,d(z) = z +

∞∑
κ=2

Λm,κ
d (λ1, λ2, ℓ)z

κ,

where

(1.4) Λm,κ
d (λ1, λ2, ℓ) =

[
ℓ(1 + (λ1 + λ2)(κ− 1)) + d

ℓ(1 + λ2(κ− 1)) + d

]m
,

m, d ∈ N0 = {0, 1, 2, ...}, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0 , and ℓ+ d > 0.

Definition 1.1. For f ∈ A, the operator Dn,m
λ1,λ2,ℓ,d

is defined by

Dn,m
λ1,λ2,ℓ,d

: A → A

Dn,m
λ1,λ2,ℓ,d

f(z) = Mm
λ1,λ2,ℓ,d(z) ∗ R

nf(z) , (z ∈ U),
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where m,n, d ∈ N0 = {0, 1, 2, ...}, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0, ,and ℓ+ d > 0, and Rnf(z) denotes
the Ruscheweyh derivative operator [11] given by

Rnf(z) = z +
∞∑
κ=2

C(n, κ)aκz
κ, (z ∈ U) ,

where C(n, κ) = (n+ 1)κ−1/(1)κ−1.

If f given by (1.1), then we easily find from the equality (1.3) that

Dn,m
λ1,λ2,ℓ,d

f(z) = z +

∞∑
κ=2

Λm,κ
d (λ1, λ2, ℓ)C(n, κ)aκz

κ,

where m,n, d ∈ N0 = {0, 1, 2, ...}, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0 , ℓ + d > 0, and C(n, κ) =
(n+ 1)κ−1/(1)κ−1 and Λm,κ

d (λ1, λ2, ℓ) defined in (1.4).

Note that, xκ denotes the Pochhammer symbol (or the shifted factorial) defined by

(x)κ =

{
1, κ = 0, x ∈ C\{0};
x(x+ 1)(x+ 2)....(x+ κ− 1), κ ∈ N = {1, 2, 3, ...}.

In particular

D0,0
λ1,λ2,ℓ,d

f(z) = D0,m
0,0,1,0f(z) = f(z),D1,0

λ1,λ2,ℓ,d
f(z) = zf ′(z).

It can be easily shown that

(1.5)
[
ℓ(1 + λ2(κ− 1)) + d

]
Dn,m+1

λ1,λ2,ℓ,d
f(z) =

[
ℓ(1 + λ2(κ− 1)− λ1) + d

]
Dn,m

λ1,λ2,ℓ,d
f(z)

+ ℓλ1z
(
Dn,m

λ1,λ2,ℓ,d
f(z)

)′
,

(1.6) z
[
Dn,m

λ1,λ2,ℓ,d
f(z)

]′
= (n+ 1)Dn+1,m

λ1,λ2,ℓ,d
f(z)− nDn,m

λ1,λ2,ℓ,d
f(z).

Remark 1.1. For special cases we have the following :

• m = 0 , we get Ruscheweyh derivative operator [11],
• n = λ2 = d = 0, λ1 = ℓ = 1 , we get Sǎlǎgean derivative operator [12],
• n = λ2 = d = 0, ℓ = 1,we get derivative operator given by Al-Oboudi [1],
• λ2 = d = 0, ℓ = 1, we get derivative operator given by Darus and Al-Shaqsi [6],
• λ2 = 0, λ1 = ℓ = d = 1, we get derivative operator given by Uralegaddi and
Somanatha [16],

• n = λ2 = 0, λ1 = ℓ = 1, we get derivative operator given by Cho and Srivastava
[4],

• ℓ = 1, d = 0, we get derivative operator given by Eljamal and Darus [8],
• ℓ = 1, we get derivative operator given by El-Yagubi and Darus [7],
• n = λ2 = 0, ℓ = 1, we get derivative operator given by Catas [5],
• λ1 = 1, n = λ2 = 0, we get derivative operator given by Swamy [14].

The main object of the present paper is to find sufficient conditions for certain nor-
malized analytic functions f to satisfy

q1(z) ≺
Dn,m+1

λ1,λ2,ℓ,d
f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)
≺ q2(z),

where q1 and q2 are given univalent functions in U with q1(0) = q2(0) = 1.
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For our study, we may need the following definitions and lemmas:

Definition 1.2. [10] Denote by Q the set of functions f that are analytic and injective
on U \E(f), where

E(f) =
{
η ∈ ∂U : lim

z→η
f(z) = ∞

}
,

and are such that f ′(η) ̸= 0, η ∈ ∂U \E(f).

Lemma 1.1. [9] Let q be univalent function in U and let θ and ϕ be analytic functions
in a domain D containing q(U), with ϕ(w) ̸= 0 when w ∈ q(U) . Set

Q(z) = zq′(z)ϕ
[
q(z)

]
, h(z) = θ

[
q(z)

]
+Q(z).

Suppose that
(i) Q(z) is starlike univalent in U,

(ii) ℜ
{

zh′(z)
Q(z)

}
> 0.

If p is analytic in U, with p(0) = q(0),p(U) ⊂ D , and

(1.7) θ
[
p(z)

]
+ zp′(z)ϕ

[
p(z)

]
≺ θ

[
q(z)

]
+ zq′(z)ϕ

[
q(z)

]
,

then p ≺ q and q is the best dominate of (1.7).

Lemma 1.2. [3] Let q be convex univalent in the unit disc U and ϑ and φ be analytic in
a domain D containing q(U). Suppose that

(i) ℜ
{ϑ′[q(z)])

φ[q(z)]

}
> 0,

(ii) zq′(z)φ(q(z)) is starlike univalent in U.
If p(z) ∈ H[q(0), 1] ∩Q , with p(U) ⊆ D , and ϑ[p(z)] + zp′(z)φ[p(z)] is univalent in U,
and

ϑ[q(z)] + zq′(z)φ[q(z)] ≺ ϑ[p(z)] + zp′(z)φ[p(z)]

then

q(z) ≺ p(z), (z ∈ U)

and q(z) is the best subordinant.

2. Main Results

Theorem 2.1. Let m,n, d ∈ N0 = {0, 1, 2, ...}, λ2 ≥ λ1 > 0, ℓ > 0, χ ∈ C and q be convex
univalent in U with q(0) = 1. Further, for α, δ ∈ C , and δ ̸= 0 we assume that

(2.1) ℜ
{
α

δ
+ 1 +

zq′′(z)

q′(z)

}
> 0.
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Let

Υm,n
κ (λ1, λ2, ℓ, d, α, δ; z)(2.2)

=

[
α− δ(n+ 2) +

δ
[
2ℓ(1 + λ2(κ− 1)) + 2d

]
ℓλ1

]Dn,m+1
λ1,λ2,ℓ,d

f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)

+
δℓλ1(n+ 1)(n+ 2)

ℓ(1 + λ2(κ− 1)) + d

Dn+2,m
λ1,λ2,ℓ,d

f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)

− δℓλ1(n+ 1)2

ℓ(1 + λ2(κ− 1)) + d

Dn+1,m
λ1,λ2,ℓ,d

f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)

−δ[ℓ(1 + λ2(κ− 1)) + d]

ℓλ1

(Dn,m+1
λ1,λ2,ℓ,d

f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)

)2

−δ
(
1− ℓλ1(n+ 1)

ℓ(1 + λ2(κ− 1)) + d

)(
ℓ(1 + λ2(κ− 1)) + d

ℓλ1
− 1

)
+ χ

If f ∈ A satisfies

(2.3) Υm,n
κ (λ1, λ2, ℓ, d, α, δ; z) ≺ δzq′(z) + αq(z) + χ,

then
Dn,m+1

λ1,λ2,ℓ,df(z)

Dn,m
λ1,λ2,ℓ,df(z)

≺ q(z) and q is the best dominant.

Proof. Define the function p(z) by

p(z) =
Dn,m+1

λ1,λ2,ℓ,d
f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)
, z ∈ U.

Then the function p(z) is analytic in U and p(0)=1. Therefore, by using (1.5),(1.6) we
have

Υm,n
κ (λ1, λ2, ℓ, d, α, δ; z)(2.4)

=

[
α− δ(n+ 2) +

δ
[
2ℓ(1 + λ2(κ− 1)) + 2d

]
ℓλ1

]Dn,m+1
λ1,λ2,ℓ,d

f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)

+
δℓλ1(n+ 1)(n+ 2)

ℓ(1 + λ2(κ− 1)) + d

Dn+2,m
λ1,λ2,ℓ,d

f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)

− δℓλ1(n+ 1)2

ℓ(1 + λ2(κ− 1)) + d

Dn+1,m
λ1,λ2,ℓ,d

f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)

−δ[ℓ(1 + λ2(κ− 1)) + d]

ℓλ1

(Dn,m+1
λ1,λ2,ℓ,d

f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)

)2

−δ
(
1− ℓλ1(n+ 1)

ℓ(1 + λ2(κ− 1)) + d

)(
ℓ(1 + λ2(κ− 1)) + d

ℓλ1
− 1

)
+ χ

= δzp′(z) + αp(z) + χ.

By using (2.4) in (2.3) we get

δzp′(z) + αp(z) + χ ≺ δzq′(z) + αq(z) + χ.

By sitting

θ(w) = αw + χ and ϕ(w) = δ,
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it can be easily observed that θ, ϕ are analytic function in C \ {0}, and that ϕ(w) ̸= 0.
Also we see that

Q(z) = zq′(z)ϕ
[
q(z)

]
= zδq′(z),

and

h(z) = Q(z) + θ
[
q(z)

]
= zδq′(z) + αq(z) + χ.

We can calculate

ℜ
{
zQ′(z)

Q(z)

}
= ℜ

{
1 +

zq′′(z)

q(z)

}
.

We have q is convex, hence ℜ
{

zQ′(z)
Q(z)

}
> 0, then Q is starlike univalent in U , and

ℜ
{
zh′(z)

Q(z)

}
= ℜ

{
α

δ
+ 1 +

zq′′(z)

q(z)

}
> 0.

Since Q is starlike, and ℜ
{

zh′(z)
Q(z)

}
> 0, z ∈ U. and then, by using Lemma 1.1 we deduce

that the subordination (2.3) implies p(z) ≺ q(z), and the function q is the best dominant
of (2.3). �

Remark 2.1. Many authors have studied sandwich Theorem, one can refer to [6] and [5]
to fined similar results were obtained earlier.

For the choices q(z) = 1+Az
1+Bz ,−1 ≤ B < A ≤ 1 and q(z) = ( 1+z

1−z )
γ , 0 < γ ≤ 1 in

Theorem 2.1, we get the following results.

Corollary 2.1. Let m,n, d ∈ N0 = {0, 1, 2, ...}, λ2 ≥ λ1 > 0, ℓ > 0. Assume that (2.3)
holds. If f ∈ A then,

Υm,n
κ (λ1, λ2, ℓ, d, α, δ; z) ≺

δ(A−B)z

(1 +Bz)2
+ α

(
1 +Az

1 +Bz

)
+ χ,

where Υm,n
κ (λ1, λ2, ℓ, d, α, δ; z) is as defined by (2.2), then

Dn,m+1
λ1,λ2,ℓ,d

f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)
≺ 1 +Az

1 +Bz
,

and 1+Az
1+Bz is the best dominant.

In particular

Υm,n
κ (λ1, λ2, ℓ, d, α, δ; z) ≺

2δz

(1 + z)2
+ α

(
1 + z

1− z

)
+ χ,

implies

Dn,m+1
λ1,λ2,ℓ,d

f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)
≺ 1 + z

1− z
,

and 1+z
1−z is the best dominant.

Corollary 2.2. Let m,n, d ∈ N0 = {0, 1, 2, ...}, λ2 ≥ λ1 > 0, ℓ > 0, 0 < γ ≤ 1. Assume
that (2.3) holds. If f ∈ A then,

Υm,n
κ (λ1, λ2, ℓ, d, α, δ; z) ≺

2δγz

(1− z)2

(
1 + z

1− z

)γ−1

+ α

(
1 + z

1− z

)γ

+ χ,



DIFFERENTIAL SANDWICH THEOREMS . . . 123

implies

Dn,m+1
λ1,λ2,ℓ,d

f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)
≺

(
1 + z

1− z

)γ

,

and
(
1+z
1−z

)γ
is the best dominant.

Theorem 2.2. Let q be convex univalent in U with q(0) = 1 , for α, δ ∈ C , and δ ̸= 0
let us assume that

(2.5) ℜ
{
α

δ
q′(z)

}
> 0.

If f ∈ A,

Dn,m+1
λ1,λ2,ℓ,d

f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)
∈ H[q(0), 1] ∩Q,

and Υm,n
κ (λ1, λ2, ℓ, d, α, δ; z) given by (2.2) is univalent in U and satisfies the following

superordination

(2.6) δzq′(z) + αq(z) + χ ≺ Υm,n
κ (λ1, λ2, ℓ, d, α, δ; z),

then

q(z) ≺
Dn,m+1

λ1,λ2,ℓ,d
f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)
,

and q is the best subordinant.

Proof. Taking

θ(w) = αw + χ and ϕ(w) = δ,

it is easily observed that θ, ϕ are analytic function in C \ {0}, and that ϕ(w) ̸= 0. Since
q is a convex (univalent) function it follows that

ℜ
{
ϑ′[q(z)])

φ[q(z)]

}
= ℜ

{
α

δ
q′(z)

}
> 0.

Thus the assertion (2.6) of Theorem 2.2 follows by an application of Lemma 1.2.
�

Combining Theorem 2.1 and Theorem 2.2, we get the following sandwich theorem for
the linear operator Dn,m

λ1,λ2,ℓ,d
f(z).

Theorem 2.3. Let qi be convex univalent in U with qi(0) = 1, (i = 1, 2) . Suppose that
q1(z) satisfies (2.5) and q2(z) satisfies (2.1).

Let f ∈ A ,
Dn,m+1

λ1,λ2,ℓ,df(z)

Dn,m
λ1,λ2,ℓ,df(z)

∈ H[q(0), 1]∩Q, and Υm,n
κ (λ1, λ2, ℓ, d, α, δ; z) is univalent in U,

where Υm,n
κ (λ1, λ2, ℓ, d, α, δ; z) is defined in (2.2), and

δzq′1(z) + αq1(z) + χ ≺ Υm,n
κ (λ1, λ2, ℓ, d, α, δ; z) ≺ δzq′2(z) + αq2(z) + χ,

then

q1(z) ≺
Dn,m+1

λ1,λ2,ℓ,d
f(z)

Dn,m
λ1,λ2,ℓ,d

f(z)
≺ q2(z),

and q1 and q2 respectively, the best subordinant and the best dominant .
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Corollary 2.3. Let f ∈ A ,
Dn,m+1

λ1,λ2,ℓ,df(z)

Dn,m
λ1,λ2,ℓ,df(z)

∈ H[q(0), 1] ∩Q, and

δ(A1 −B1)z

(1 +B1z)2
+ α

(
1 +A1z

1 +B1z

)
+ χ ≺ Υm,n

κ (λ1, λ2, ℓ, d, α, δ; z) ≺

δ(A2 −B2)z

(1 +B2z)2
+ α

(
1 +A2z

1 +B2z

)
+ χ,

then 1+A1z
1+B1z

and 1+A2z
1+B2z

respectively, the best subordinant and the best dominant.
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