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MOMENTS OF ORDER STATISTICS OF THE POISSON-LOMAX
DISTRIBUTION

BANDER AL-ZAHRANI!, JAVID GANI DAR AND MASHIAL M. AL-SOBHI

ABSTRACT. The Poisson-Lomax distribution has been proposed as a useful reliability
model for analyzing lifetime data. For this distribution, some recurrence relations are
established for the single moments and product moments of order statistics. Using
these recurrence relations, the means, variances and covariances of all order statistics
can be computed for all sample sizes in a simple and efficient recursive manner.

1. INTRODUCTION

Order statistics arise naturally in many life applications. The use of recurrence rela-
tions for the moments of order statistics is quite well known in statistical literature (see
for example Arnold et al. [2], Malik et al. [6]). For improved form of these results, Samuel
and Thomes [7] have reviewed many recurrence relations and identities for the moments
of order statistics arising from several specific continuous distributions such as normal,
Cauchy, logistic, gamma and exponential. Balakrishnan et. al [11] and Balakrishnan
et. al [8] studied recurrence relations and identities for moments of order statistics for
specific continuous distributions. Recurrence relations for the expected values of certain
functions of two order statistics have been considered by Ali and Khan [1] and Khan et.
al [5]. The moments of order statistics have some important applications in inferential
methods. For an elaborate treatment on the theory, methods and applications of order
statistics, interested readers may refer to Balakrishnan and Rao [9] and [10].

The Poisson-Lomax (PL) distribution, proposed recently by Al- Zahrani and Sagor [3],
1s a useful model for modeling lifetime data. The distribution is a compound distribution
of the zero-truncated Poisson and the Lomax distributions. See also, Al-Awadhi and
Ghitany [12] for a discrete extension of this model.

Definition 1.1. We say that a random variable X with range of values (0,00) has
a Poisson-Lomaz distribution, and write X ~ PL(a, f,), if the survival function
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z>0,a B,A>0.

The probability density function (pdf) associated with (1.1) is expressed in a closed
form and is given by

affA (1 + Bz —(at1) g A(1+p2) "
(12) i p,n) = LAEEED ,
It is easy to observe that f(z) and F(z) = 1 — F(X) satisfy the following characterizing
relations:

(1.3) f(2) = c1(1+ Bz) " TV P(z) + cp(1 + pz) =),

where ¢; = af) and c; = cie” A/(1 — e *). The density function given by (1.2) can
be interpreted as a compound of the zero-truncated Poisson distribution and the Lomax
distribution. Mathematical properties of this distribution can found in Al-Zahrani and
Sagor [3]. Here, we will study the distribution of order statistics and establish some
recurrence relations for the single and product moments of order statistics for the Poisson-
Lomax distribution. These recurrence relations will enable the computation of the means,
variances and covariances of all order statistics for all sample sizes in a simple and efficient
recursive manner.

z>0,a, B, A>0.

2. DISTRIBUTION OF ORDER STATISTICS

Let Xy,Xs, -+, X, be a random sample of size n from the PL distribution in (1.1)
and let Xi.,,- -, Xpn.:n denote the corresponding order statistics. Then, the pdf of X,.,,
1 <7 < n, is given by (see David and Nagaraja [4] and Arnold et al. [2])

(2.1) frn(z) = Con[F(z)] 7L - F(z)]" " f(z), 0<z< oo,
where C,., = [B(r,n — r 4+ 1)]7*, with B(a,b) being the complete beta function.

Theorem 2.1. Let F(z) and f(z) be the cdf and pdf of a Poisson-Lomaz distribution
for a random variable X. The density of the rth order statistic, say f)(z) 1s given

by

ST r -1\ n—r+i
fr:n(l’) = aﬂ)\cr,nz Z < i )( . )

i=0 j=0 J

(=1)"9 (1 4 Bz) (et g AG+D(A+HFZ)™"

(22) X (1 _ e—A)n—r—i—i—,‘—l

Proof. First it should be noted that (2.1) can be written as follows:
r—1 r—1 ) ‘

2.3 frnte) = Con 3 (7 )V IR ),
=0

then the proof follows by replacing the sf, F(z), and the pdf, f(z), of X ~ PL(a,B,))
which are obtained from (1.1) and (1.2), respectively, substituting them into relation
(2.3), and expanding the term (1 — e~ *+F2)"%)n="+% y5ing the binomial expansion. [
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The distributions of the extreme order statistics are always of great interest. Taking
r = 1 in equation (2.2), yeilds the pdf of the minimum order statistic
nafA (1 + pz)” @D e=r(1+p2) 7 [1

(1—e M)

and if we take r = n in equation (2.2), then this yeilds the pdf of the maximum order
statistic.

The joint pdf of X,., and X,., for 1 <7 < s < n is given by (see e.g. Arnold et al.
[2])
(24) frsin(z,y) = Crsn[F(2)]" M F(y) — F(2)) 71 = F()]"* f(2) (),

where

—1
etz

fl:n (:13) =

n!
(r—DYs—7r—Dl(n—23s)’
Substituting (1.1) and (1.2) into (2.4), one can obtain the joint pdf of the rth and the
sth order statistics from the Poisson-Lomax distribution. It is as follows:

C‘r,s,n(aﬁ)‘)Q
frsn(2,y) Aoe)

» [e—A(1+ﬁz)*°‘ _ e—A]H {e—x(lﬂsyr“ _ e AHpo) ]’

Cr,s,n =

—o <<y <.

[zyB? + (z +y)B + 1]7(a+1)efA{(1+/3w)‘“+(l+/3y)“’}

—r—1

—S

y [1 _ e—/\(1+ﬁy)’°‘}n

3. SINGLE MOMENTS

In this section we first give a closed form expression which is derived easily for the
kth, k = 1,2,---, moment of the ¢th order statistic from the Poisson-Lomax distribution.
This formula will be useful in the phase of computation of the identity given.

Theorem 3.1. Let X1, X5, -+ ,X, be a random sample of size n from the Poisson-
Lomazx distribution, and let X1., < Xo.p < -+ < X,., denote the corresponding order

statistics. Then the kth moment of the rth order statistic for k = 1,2,---, denoted
(k)

by Urin, 1S glven as

p) = BIXE,] aCyn g i % i <" - r) ( ) (’" JZFJ) (1) HeHm

7=0 ¢=0 =0 m=0
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7=01:=0 [=0 m=0

0
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fork<i+a+am.
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Proof. We know that
B = [ (e
0
= Crn / 2f [F(z)]" 1 - F(2)]" " f(z)dz
0
= Crnci / (1 + ,@a:)f(aﬂ) [F(z)]"[l- F(z)]" "dz
0
(3.2) +cmc2/ 2*(1+ fz) TV ([F ()] 1 - F ()] de.
0
For ease of notation, we write

(33) £k7)7, = Cr:ncljl + C‘r:nc2127

where I; can be worked out as follows:

L, = /Ooo xk(l + ﬁiL‘)_(a—}—l) [F (a;)]r [1 _ F(x)]n—r dz
- ) z* z) T ~— (n—r 1) [F (z)) dz
- /O (14 pz) ZO ( ) Y R (@) d
- nz_f (n B T) (-1 /00 zF(1+ ,Ba:)—(a+1) 1_ ﬂ 43 N
j=0 J 0 o

k o .
= Z Z n—r\ (k) (r+J (—1)7FiHAmtl
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Similarly,
aei)\cr:n FrEt e n—r k r +.7 -1 +i+l+m+1
i e 20D P [ i I

y AT (r45—1-1)"e M
mlgk (1 — e*")rﬂ;1 (k—i—a—am))

Substituting /; and I into (3.3) yields (3.1).

Now we derive recurrence relation for single moments.

Theorem 3.2. Fork>14+ o, and1<r<n-1

w) = io_i P—— (f) <k_;_a>(_1)iﬁjk1
“(

(3.4) (7) (4) )
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Proof. Again we use equation (3.2)
:U’gk»,); - C‘r:ncl-[l + C‘r:nc2-[27
where [; is as before:
(e o)
I = / 251+ B2)" @ (F(2)" (1 - F (2)" da.
0

Now using integration by parts, we obtain

R D D L T T R e L

J

~n=n) [T PE) - P ) .

0
Similarly,
e
2o k-i-a i i
<{r=1) [ PEr L - P @)
~n=n) [T PEI L - FEP T (o) .
Substituting /; and I> into (3.3) yields (3.4). O

4. RECURRENCE RELATIONS FOR PRODUCT MOMENTS

Theorem 4.1. For, ko >1+a and s —r > 2

2k21a )(kgla)

plik) = Y7 Z & . 1)1,3j_k2_1{(01 +cg)null)
i—0 =0 k2
(4.1) ~(er ) nul e (n— s+ 1) pD) — ey (n — s+ 1)l }

Proof.

W53 = Crn [ / @ FE - F@P

x[1=F )" f () f (y) dydz,
where Crisp = n!/(r — D) (s —r — 1)!(n — s)!. Let I be as follows:

0°° [ e r @ e ) - F @)
<[1— F Q)" (2) f (4) dyde
(4.2) = ¥ [F(z)]" 1 f(z) I dz,

0
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where
I = [T IFG) - F@ - POy
Using (1.3) we have:
Ix = o / Ty (4 By R () = F @) T - F @) F (y) dy
+02 / k(1 By IR () - P @) T - F )]y,
or it can be written as:
o= o [y TFW) - P L- FWP
—o [y ) TR W) - F T - PO
ser [Ty F ) - F @) - PPy,

By using integration by parts, we obtain:

o=y w5

J

lare)n-a [ vIFW-FEI T 0 FWI W)
el s—r=1) [ WIFE) - F@IT - PO ) dy
ran=s+1) [P - FEIT- PO W)y
—eiomr=1) [ VIPG - FEITT - PGP W) .

Substituting Ix in (4.2) and then into (4.1) produces the desired result. O

Corollary 4.1.

ks ko—1—a (k2) (kg 1 O()

ki, k i pj—ko— k1,
L D D e o L [CR RS et M
=0 37=0
k1, ;
—er(n =), — (e + e)npli ) dop (n ) uﬁ?f”} ‘

Proof. The proof follows by substituting s = r + 1 into equation (4.1), the rest of proce-
dure is similar to that of Theorem 4.1. O
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5. CONCLUSION

In this paper we studied the Poisson-Lomax distribution from the order statistics

viewpoint. Also we considered the single and product moment of order statistics from

this distribution. We established some recurrence relations for both single and product

moments of order statistics. Using these recurrence relations, one can easily compute the

means, variances and covariances of all order statistics for all sample sizes in a simple and

efficient recursive manner.
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