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CARTESIAN COMPOSITIONS IN FOUR DIMENSIONAL SPACE
WITH AFFINE CONNECTIONS, WITHOUT TORSION AND
ADDITIONS

MUSA AJETI! AND MUHARREM BUNJAKU

ABSTRACT. The affine connection space A4 , product spaces, product affinor (ag, bg, cg)

with symmetrical and additional connections (asymmetric Pt ) where affine of struc-
tures continue to be transformed in parallel way along the lines in space, see [16].

1. INTRODUCTION

Let us take affine product on the four-dimensional space all along with symmetric
connections and addition A, which have been studied, see [1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 16].
Let us take A4, the affine symmetric space. In A, there have already been defined the
products X, x X3, Y x Y3, Zy x Z3, and X3 x X1, (addition) in such a way that each of
them has a multiple base on A4, and they have been analyzed in [1, 4, 6, 8, 14]. We have
already discussed the space A, with the additional structure on the space of independent
vectors in [4, 11, 12, 13, 14, 15].

2. PRELIMINARIES

Let A4 be the space with affine symmetric connection. This will be presented with the
formula I'7 5 where the connection coefficients will be denoted (a, 8,0 = 1,2,3,4). In A,
we consider the product X,, X X,, where (n + m = 4). Both multipliers have differential
bases. Let us take two transformation positions of P(X,) and P(X,,), or (P(X,) and
P(X,)) of the multipliers at any point A4, see [4, 6, 7, 9]. It s known that the product
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is in general defined based on affinors fields:
1 2 3 4
0 =V Va+VPVa - VVa = VVq
3 1 4 2
(2.1) Ve =VEAVat+ VPVa + VPVa + VPV,
1 3 2 4
B =VPVY VPV + VPV, — VPV,
3 1 4 2
Also
1 3
(2.2) PP = I{ﬁva - Igﬁva

and with affinor (2.2) we present the additional structure. Affinors (2.1) and affine (2.2)
are called product affinors. We take them as affinors connected with the space A4 in an
integral structure of product. According to [1, 2, 3, 4, 9] and [8] the integral condition of
structure is characterized with the equation:

(2.3) V,af =0.
B
Using [16] there is differential of the equation (2.3) for the field of vectors V = (Vi*, V¥, V¥, V)
and the result is:
o o 23 v
(2.4) VoV =ToVP, V,Vg=-T,oVs.

With {V,} we mark the net of vectors. Let us take an independent vector in their field
VP, If we take {V,} the widen net of the coordinates where we have affine, projected
n m

affinores ag and afz are defined by equation:

" 1 o1
k=t vad), db= LoD,
This equations meets the conditions:
n n n n n m
aga/‘g =a?, a’gag =al,
n m m n
agag :a’gag =0,
n m
af +ab = 6k,
n m
ok —af = af,

see [1, 2, 5, 6, §].
For each vector V* ¢ A4, in (X2 X Yg) , (Yg X ?2) , (Z2 X 22) , (X2 X Yg) , (X2 X Zg),
(Y2 x X3), (Z2 x X3), and (X3 x X1), we have:

These products have been studied in [1, 2, 3, 6, 5, 8].



CARTESIAN COMPOSITIONS IN FOUR DIMENSIONAL SPACE ... 59

The product (C,C) (Cartesian, Cartesian) is called of type Cartesian if the positions
of P(X,) and P(X;) are put parallel along the lines of A, and are characterized with
(2.3). Let us see the vectors:

[

(2.5) we - % (V N Va)

From (2.5) and the condition

(2.6) Wf, =63 & Wﬁw = 6%,
we have that

i i 441 i
(2.7) Wa=Va-Va, Wa=v2Va,

where
a,B,0=(1,2,3,4), 1=1,2 1=3,4.

Let us see affine

Q%M

(2.8) af = WPWa - W
z 7

From (2.6) and (2.8) we have aba? = 65 and we say that affine a5 satisfies the condition
of production.

Theorem 2.1. The product X, x X5 is of the type (C,C) (Cartesian, Cartesian) if

it satisfies the condition V, af, =0.
1

Proof. Let us consider the condition
(2.9) Vea? =0,V,60 =0.
Based on (2.3) and (2.9) the condition for the product X, x X, is satisfied, and the

product is of the type (C,C). Further, based on the relations (2.7) and (2.8) we have
that:

(2.10) Veaf =0,V,df =0,
1
where
n-+1 7
db=vPyv, df=V"*v,
7 n+1
1

Affine d ’2 and d § are nilpotent because
1

(2.11) d8d3=0 and d5d5=0.
1 1
Finally, according to (2.11) and (2.10) even the products (Y; x Y3), (Z2 x Z3) are of
the type (C, C) by using relation (2.1). So, according to (2.9), (2.10) and (2.11) it holds
Ved 5 =0. O

Theorem 2.2. If the products Xo x Xo, Xo xYs, Xo x Zo, Yo x X4, and Zy x X2,
are of the type (C,C), then the space Ay s affine.
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Proof. According to the theorem 2.1 the products X, x X5, Xo x Yy, Xy x 75, Yo x Xg,
and Z; x X, are of the type (C,C) if the condition (2.9) hold. Based on equation (2.8)
and (2.11), equation (2.9) will be as the following:

i J
Ve (Vﬁva - Vﬁva) =0
i J

n-+i
Vs (Vﬁ 1% a) =0,

4,7=1,2 4,7=3,4 n=2.
This has been studied in [3, 4, 6, 7, 8]. From equation (2.4) we have:

v B i B v B3 i B
To"U'Uza_To'vvva_To'vvza"‘TayUUa:0
(2.12) i v v oz i v i1
v ; n-+i
To"g%zl_Tanga:O-
;v v 1

From the equation (2.12) we have the following:
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If we work with independent vectors {Vﬁ } we will get the equation:
[e]3

7 7 7 241
(2.13) To =0, To =0, To— T, =0.
s 5 s 24s

If we use the net {V,} of coordinate (V"‘, Ve, Ve, V"‘) then the equation (2.13) would
1 2 '3 4

appear like the following:
T,t=0, Ti=0,
Tob —Tosis =0.
Then Pag = 0 and we have that A, is affine. O

3. CARTESIAN PRODUCTS WITH ADDITIONAL STRUCTURE

Let PY be the affine in the relation (2.2). Then it is called paracontact affine and it
holds:

%

3
(3.1) P =vVPVa-— gﬁva :
1

We know that:

% .
(3.2) ViV =8 & V'V'=4.
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4
From (3.1) and (3.2) we get that Png = 6% — VPy,. The affine (3.1) defines the
4
paracontact structure in the space Ay, see [12, 13, 14, 16]. Using (3.2) and equations

v<(1,0,0,0),v*(0,1,0,0),v*(0,0,1,0),v<(0,0,0,4),
1 2 3 4

1 2 3 4
V(1,0,0,0),V4(0,1,0,0),V4(0,0,1,0),V4(0,0,0,1),

with parameters of coordinated net {V,} the matrix (P5) would look like the following:

10 0 0
01 0 O

pf =

a 00 -1 0
00 0 O

Theorem 3.1. The equality VoPl =0 s fulfilled if and only if it holds

(3.3)

[ q'ﬂs\
I
[ ‘q'ﬂ‘“‘
I
oo
I
ot
I
o

Proof. From relations (2.4) and (3.1) we can write the equation

(3.4) V,Pf =0

like:
v ; 7 v 3

(35) T Uﬁ 'U’La - T, Uﬁ 'Uzix —Ts v° 'U3a + T, '1315 ’l}; =0.
i v v ot 3 v v

Using simple operation the equation (3.5) with V* andV/®, and reading independence
. /

K3
of vector fields V? we get that the equation (3.3) and (3.4) are equivalent, proving the

theorem. O
Next, using theorem 3.1 and equation

T8 =

m,{ﬂq

we can write the tensor of the curve RY 8.0

in the space A4 like the following:
(3.6) Rope = 0algs — 0800 + Taqlse — Iy Ta0 -

Corollary 3.1. In parameters of coordinative net {V} and equation (3.3) we get the
x

following equation

(3.7) y; =Tz =T =T5 =0

oj
Based on continuity and the relation (3.6), see [4, 13, 14] we have the following:

Corollary 3.2. If affine )= satisfies the condition V,Pl = 0, then the product
Xy x Xy and X3 x Xy are of the type (C,C) (Cartesian, Cartesian).
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Proof. If we take in the space A, with additional paracontact structure PP with a new
asymmetric connection, we will get

(3.8) 'TYs =Tos + 4%

Where 1Af’a,ﬁ] is torsion tensor with a new connection, written with 'V and 'RY
is the coo-variation of derivation and the tensor of curve in relation to the 11"’;“3, see
[7, 8,9, 14]. O

Theorem 3.2. If VoP? =0 and 'V,P? = 0 then the tensor YAnp satisfy the condi-
tion

147 _ 1 4d
(3.9) Al =14

_ 1423 _ 124 _
a;_ Aa4_'Aa3_ .

Also, wn the contracting net {V,} the parameters are replaced.

Proof. The equation !V,P? = 0, hold. Based on (3.4) and (3.8) the line of the curve is
1V,Pf = L,? . Then

(3.10) L5 =1A5PY —1ALPP.

o v

Now it follows that (3.4) and (3.10) are equivalent.
Next, let us take the net {V,} as a single coordinate L%, which is changeable from
zero. We introduce the following:
i _ . 1lp i _ 143
(3.11) L;=n"Ass, Loy =x"Ass)
and L3, =m-TA3,, Lt = p-LAL; form,x,mu=+1+2+ .

Now, from (3.11) we have (3.9).
According to equations (3.7), (3.8) and (3.9) we have that:

d
- =0, Tyi=Ta}=0,
0

ip i _p &
(3.12) 11—‘&% Fa% ip 4 4

Tod =Tl =0, at=Tui=0.
Finally from equations (3.6), (3.9) and (3.12) we get the components of the tensor Ry g,
and 1R§ﬁa :

1 i i 1 7 i1 3 3_1 4 4
Raﬁ;f = Ra,% = Raﬁ; = Raﬁ; = "Rap, = Rapy, = "Rap; = Rap; = 0.
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