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ALMOST EVERYWHERE CONVERGENCE OF FEJER MEANS OF
SOME SUBSEQUENCES OF FOURIER SERIES FOR INTEGRABLE
FUNCTIONS WITH RESPECT TO THE KACZMARZ SYSTEM

NACIMA MEMIC

ABSTRACT. The first result of this work is about almost everywhere convergence of
Fejér means for some subsequences of partial sums of Fourier series of integrable
functions with respect to the Kaczmarz system. The second result establishes almost
everywhere convergence of subsequences of Fejér means for some specific families of
subsequences.

1. INTRODUCTION

For the Walsh-Paley system it is known that the sequence of Fejér means converges
almost everywhere for every integrable function, see [3]. The question on the degree to
which elements from the partial sums of Fourier series can be removed so that means of
the remaining subsequence still converge almost everywhere was considered in [7].

In [2, Theorem 1] G.Gat proves that the mean sequence of every lacunary sequence
of partial sums of Fourier series for integrable functions with respect to the Walsh-Paley
system is almost everywhere convergent to the function itself. The main point was about
the level of condensation of the elements of the subsequence since this same question
was mentioned for the trigonometric system, see [1]. Namely, [2, Theorem 1] gives the
convergence result for less dense sequences than the sequence considered in [1].

The methods used in this work provide some answers on a.e. convergence with respect
to the Kaczmarz system for some specific subsequences, where the question is more about
structure and homogeneity rather than density of elements. In the sequel it would be
interesting to study convergence of means for larger families of subsequences of Fourier
series.

Let Z, denote the discrete cyclic group Z, = {0,1}, where the group operation is
addition modulo 2. If |E| denotes the measure of the subset E C Z,, then we have

{0} = K1} = 3-
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The dyadic group G is obtained from G = [] Z,, see[5], where topology and measure
i=0
are obtained from the product.

In this paper the notation |E| is used for both of the probability measure for subsets
of the dyadic group G and for the discrete measure of finite subsets of natural numbers.

Let 2 = (zp)n>0 € G. The sets In(z) :={y € G : yo = To, .., Yn—1 = Tp—1}, n > 1
and Io(z) := G are dyadic intervals of G. Let I, = I,,(0), and e, := (8;n);. It is easily
seen that (I,,), is a decreasing sequence of subgroups.

Since every nonnegative integer ¢ can be written in the form ¢ = > - ;% 2k we define
the sequence (2;);>0 by

o
zZ; = E ikek.
k=0

It is easily seen that for each positive integer n, the set {z;,7 < 2"} is a set of represen-
tatives of I,-cosets.
The Walsh-Paley system is defined as the set of Walsh-Paley functions:

(o]

wn(2) = [[(re(@)™, nEN, 2 € G,
k=0

o0
where n = 3 ;2% and r(z) = (—1)%* . The n-th Walsh-Kaczmarz function is
k=0
[n]—1

kn(2) = 1ny(@) [ (rjnj—1s(@))™,
k=0
forn > 1, ko(z) ;=1 and |n| = max k.
nk;ﬁo
In| )
For every natural number n = Y. n;2*, we define the corresponding numbers
k=0

n|

s—1
n®) = anZk, Ny = an2k‘
k=s k=0

We denote the Dirichlet kernel function by:

n—1 n—1
Dn::Zwk, D,’i::an, n>1.

k=0 k=0

For every integrable function f the maximal function f* is defined by
f*(z) =sup|Dan x f(z)], z€G.
n>0
In [4] it was noticed that the Dirichlet kernel function with respect to the Kaczmarz
system can be written in the form
D (z) = Daimi(2) + 7in|(2) Dp—sini (T (7)) -

The notation C is used for independent positive constant which may vary in different
contexts.
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2. MAIN RESULTS

Lemma 2.1. For every positive integers s,n,k such that s < 28 < 2", and every
integrable function f we have

(I(ws(Dan-x 0 1)) * flls <[ fll1-

Proof. Let s,k and n be fixed. Put F' = (ws(Dan—x o 7)) % f. Since this convolution
only depends on the mean values Sa- f of the function f, we get

2" —1

F(z) = ) (ws(Dan-r 0 n)) * (San f(2:) L1, (2))(2) -

i=0
We have

(ws(Dgn—r 0 Ty)) * 1In(z1-)(m) = ws(t)dt

2n—k /
I (z+z)N{mn(t)Eln_r}
= 27kw5(1: + Zi)l{-,—n(t)ejnik}(z +2;).

It follows
e Dare 0 7)) 11 el = 27 dr=2",
{Tﬂ(x+z1)eln—k}
and we get
2"—1
1Pl < Y 27 San f(23) < N flla s
i=0
proving the lemma. O

Lemma 2.2. Let k and s be positive integers such that s < 2¥. Let (e(n)), be a
sequence where every term is either 0 or 1. Then, the operator Ly defined on L' by

N
Lef(e) = mup |3 elmlrman(Daee o) fG0)

1s of weak type (L', L').

Proof. Let A > ||f|l1. There exists some Ny depending on f and A such that
1
Lif(z) > A < 2/ su
{Lefl@)> M < 2R s e T<n < Ne(m) = 1))
N

| D> e(n)(raws((Dan-r 0 72)) * f(2)] > A} -

n=k+1

Then, we choose F' = (ws(Dyng—k 0 T, )) * f. Notice that for every n: k <n < Np,

7 Don % (Ws((Dgno—k 0 Ty, ))(2) = 2"+N°_kfrn(a:)/ r (B)ws (t)dt
In(z)n{7ng (t)EINg -k }

2"+N°_krn(a:)w5(m)/ dt

In () {7 () EINGg -k}

2"*krn(m)ws(x)l{m(t)eln%}(m) = rp(2)ws(z)(Dan-r o 7, )(z) .
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Since
1 N
{n:k+1<n<N,e(n)= 1}||n§16(n)(TnDzn * F)(z)]
1 N
= fn kti<n<Nen) = 1}||n§16(n)(D2n+1 — Dan) % F(z)]

< sup &(n)|(Dant+r — Do) x F(z)| < 2F*(z).
n<N

Applying Lemma 2.1 we have

N

1
G b T2 n e =] 2, (Do)« S
N
= How e = o)| O S rDa  F)@)] >

N<No ) n=k+1
£l [1£1lx
<cC
AT A
where the constant C > 0 is independent on Ng, &, f or A. O

<{2F7(z) > A} < C

Theorem 2.1. Let f € L' and (k,). be a fized sequence of positive integers. Suppose
that (a(n)), is an increasing sequence of positive integers satisfying a(n + 1) =
2kna(n), for every n > m, where m is some fized positive integer. Then,

N
1 K
52 Dam*f— 1,
n=1
almost everywhere on G.

Proof. Following Gat in [2], it suffices to prove that the operator

;X
sup | — DE s x £,
Np | N 7;1 a(n) f|
is of weak type (L!, L1).
Putting DZ(n) % f in the form
Dg(n) * f = Dyjaty * f + 7‘|a(n)|(Da(n)_2|a(n)| o T|a(n)|) *f,
since

N
1

sup | — Dyjany * f| < f*,

NP|N; gl * f| < f

then it suffices to estimate

N
1
sup | > Tla@) (Dan)-2iatm1 © Tam))) * f1.

n=1
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We have
1 N
sup |N Z 7 a(n)] (D) —21ami © Tla(n)|) * f| <
n=1
1 N
< sup |= Tla(n)|(Da(n)—2lem © Tla(n)|) * f| +
N§P|N;I()I( ()2 a(m)]) * /|
1 N
ey n; Ta(m)| (Dec(m) 211 © Tia(n)|) * S|
1 N
< sup |= Pla(n)|(Da(n)—2la © Tla(n)|) * f| +
N§m|N; ja(m)| (Da(m)—2 a(m)|) * ]
1 m
+ sup |— Tla(n)| (Da(n)—2la)l © Tia(n)|) * f| +
N>I;IN;\()|( (n)—21a(1 © Tla(n))) * f]
1 N
+ sup |— Ta(m) (D _ola(n)] O Tla(m)]) * f|-
N>:51|Nn:;+1 ‘ ( )‘( O((n) 2 | ( )l) f|

Since the first two terms are obviously bounded, we only estimate the third term. For

every n > m we have
a(n) = 2k T Fhmiig(m),  Ja(n)| = kn + ... + kmy1 + Ja(m)],

and
a(n) — ola(n)| — gknttkmia (a(m) — zla(M)l) )

Suppose that a(m) = Elsa:(gn)‘ ms2°, where m, € {0, 1}, for every s. Then we have

a(m)|—1
a(n) — ola(n)| — | (Z) M2 Hhntthmir
s=0
which gives from [6, Theorem 1]
la(m)|—1 la(m)|—1
Dany-aetor = ) MeDgesiecni-rem [ ] rlamy-jaem
s=0 k=s+1

The result is true if we prove that the operator

1 N la(m)|—1
Mk
I\STL;ITJn |ﬁ n;;rl(rla(n)l(D25+\a<">\—lﬂ(m>l k:le Tt a(n) —|a(m)| © Tle(n))) * f]

is of weak type (L', L') for every s. This is true and follows from Lemma 2.2 since for
every k:s+ 1<k < |a(m)| — 1, we have

Tk+a(n)|=|a(m)| © Tla(n)| = T|a(m)|—k-1-
O

Lemma 2.3. Let m,n be natural numbers where |n| > |m|. Suppose thatm = 2=°n(%),
where 1 < s < |n|. Then,
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i s).
n = n();

{ Satm Dp—sint (Tin| () = Dt (Tjmy (2)),
Sglm\Dn_glnl(ﬂn|($)) = Dm_2|m\(ﬂm|($)) + wm_2|m\(7-|m|($)), n > nls),
|m|

>~ my2®. Then, for every k € {0,...,|m|} we have

il
Proof. Let n = > ng2F and m =

k=0 k=0
Mme = Nk+s-
From the proof of [6, Theorem 1] it can be seen that
-1 || -1
D, _on = Z ng Dok H 'I‘?’.
k=0 i=k41

Hence, it suffices to prove the following statements:

(1) For every k > s, if ny # 0 we have

|n|—1 |m|-1
Sormi[(Dax [] i) omal = (Does [] 7)o 7.
1=k—s+1

1=k+1
(2) For every k < s — 1 satisfying the property n; =0 foreacht € {k+1,...,s— 1}

if this set is not empty, we have
n|—1
Sam[(Dax [ 1) 0 Tini] = Winesimi © Tigm)-
i=k+1
(3) If £ < s—2is so that there exists some 7 € {k+1,...,5— 1} where n;, = 1, then

n|—1
Somi[(Dae [ ) 0 7mg] = 0.
1=k+1
In this way since if n(5) # 0 we have:
s—1 \n|—1
Syiml [anz\nl o T|n‘] = 52|m|[(z ng Dok H r?’) O Tin|
k=0 1=k41
In|—1 [n|-1
+( Z ng Dok H ri)o Tin|]
k=s i=k+1
s—1 |n\71
Spmi[(Q meDax [ m8) 0] = @i gimi © Ty,
k=0 1=k-41
and if n) =0 :
s—1 |n|—1
Soim| [(Z ng Dok H ') o Tjn] = 0.
k=0 i=k-+1
Also we have
|n|-1 |m|-1

|n|—1 n|—1
H ri) o] = (Z ngDok—s H 7{") 0 Tim|
k=s

Sami[( D kDo
k=s 1—=k-+1 1=k—s+1
lm|—1 |m|—1

m
(> meDax [T 7)o Tim| = Dinaimi © T,
k=0

i=k+1
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and then, the result will follow.

Now we prove the statements (1),(2) and (3). Let z € G be fixed and arbitrary.

(1) Let & > s and ng # 0. Then we have

In|—1

Sami[(Dax [] i) 0 7ini](2)

i=k+1

[n|—1
olml+k / P (71 (£)) dt
I (@) Tn (€D} gt 1
n|—1
olmlt+k=In| H 73 (Mn (@) L rm (e} (2)
1=k+1
n|—1
I HR=lnl T r7 (7 (2)) L (99 1s 3 (7)
i—kt1
[m|-1
ol HEInl T ™ (T (€))L 9003 (2)
i=k+1—s
|m|—1
(Dgx—s H "':'nl)(Tlm\(x))’
i=k—s+1

(2) Let k<s—1,andng=1,n;=0foreacht € {k+1,...,s— 1}. In this case

i (M (1) = 1 (T (2))

whenever ¢ > k + 1 and ¢ € Ij(z). Therefore,

2|1

Symi[(Dax [T 77) 0 Mw(2)

1=k-+1

[n|—-1
s | )
D) (@) {Tn (D) €Ik} =11

|n|—1
2‘m‘+k rln’('r‘n‘(m))/
i:l;L Don (@) 7n () €L}
|n|—-1
[T (i (=)
|m|—1
[T 7 (7 () = Wit (T (2)) -

1=0

71
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(3) Suppose that £ < s — 2 is so that there exists some 7 € {k+1,...,s — 1} where
n; = 1. Then we have:

In|-1 |n|—1
Sam((Das [ 7)ol = 2 [ 7 (T (8)
i=k+1 I (@) () €Dk} gt 1
| —1
= 2|m\+k/ H T?z(ﬂn|(t))dt
Lim (@) {7 (D) €Lk € | —j—1 =1

2|1

= 2"“‘*’“/1 [T 7 (it + epni—j—1))dt

ml (@) T (€T} =g 11
In|—1

= g [T 2 (o (0 (e

im (@) 7yn | ()€} ; gt q
|n|—1

_2\m\+k / 7'71(7|n|(t))dt
1\m|($)m{7'\n|(t)elk} i=k+1

This gives that
|n|—1

Somi[(Dax [] 7)o mf](z) = 0.

1=k+1

Lemma 2.4. Let m,n € N be such that /m| < |n|. Then:

Dam © Tin|4+1(%) = Dm © Tn|(2) = 7n|(2) Dm 0 Tn(z), VZ €G.

Proof. Let m = LZL‘) m;2° . Then we have
|m|+1
2m = Z mi_12
i=1
We get
d d
m
D, = ZmiDQZ H e,
i=0 k=i+1
and
|m| |m|
ng = ZmiDgiJrl H ’r‘;n_,fl .
1=0 k=1+1

Suppose that zj, = 1 for some z € G. Then, for every £ > 0, Dokt1 0 Tjp41(z) = 0.
Therefore, Dy, © Tnj+1(z) = 0, which gives

Dam © Tn|+1(%) = Dm © T () = =D © Tn| () = T}n| (&) D © 7)) (T) -
For x|, = 0, we have

Dox+1 0 7'|n‘+1(3:) =2Dgyk 0 T|n|(32), Vk > 0.
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Besides, for every < > 1 it holds 7,1 o Tjn|11(2) = 74 0 Tj|(z), which implies:

|m| |m|
Dy o Tij+1(2) = 203 miDas [ [ 7™) 0 Tin|(2) = 2Dm 0 7ip ()
=0 k=1+1

We easily get
ng o 7_|n\+1($) — Dm o 'r|n‘(3:) = Dm o 7'|n‘(3:) = 'r|n‘(3:)Dm o 7'|n|(m) .
O

Theorem 2.2. Let f be an integrable function. Let (a(n)), be an increasing sequence
of numbers satisfying the following conditions :

(1) If
{la(k)], k € N} N [m,n] = {m,n},
where m and n are natural numbers then the number % denoted

by b, is a natural number. Moreover, if k is so that |a(k)] = m, then

there are ezactly b, elements from the set {k' : |a(k')| = n}, satisfying
k = 2lml=Inlg/(nl=|m])

(2) {k : |a(k)| = n}| ~ nP, for some fized B > 0.
(3) For every k € N,

k
ST (a(n)i=Ok).

1=0 n:|a(n)|=k
Then,

1
DExf— f N = o
: < |la(N " ! ’
Tl <0V, 22

almost everywhere.

Proof. Following the first steps in Theorem 2.1 it suffices to prove that the operator

1
P | r (Dg(n)—alatny © T ) = f|
P v Tt < D 2z "W Patr-a et

is of weak type (L', L1).
From the property (2) we can easily deduce that
N SO~ o),
1<]e(N)]
because,
{n:la(n)| < Ja(N)| =1} < N < {n:|a(n)] < |a(N)}.
Let A > ||f]|1- There exists a natural number N; such that

1
[{sup | § Tla(n)| (Da(n)—2latmi © Ta(n)) * f| > A}
: < N
v [{n:la(n)| <|a(N)}H ey < V)|

1
< 2R sup Tla(n)|(Da(n)—altm)l © Tla(n)|) * f| > A}
2 o o 2, " Pt o Tam) 11> A
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Of course, the number N; depends on f and A. For every s € {0,...,[log, N1]}, we define
the function

25
U DD  (Dagmateer © Tatmy) * /-
nila(m)|=la(| 5H)]

Writing Da(n)_2\a(n)\ in the form

()| -1 la(n)|—1
Da(ny—2lami = Z (a(n)); Dy H r,(ca(n))k’
1=0 k=i+1

we obtain that

Z Dany—zlatl © Tia(n)| = Z (a(n))i(Dai © Tja(n)|)

n|a(n)|=|a([3])| =0 nifa(n)|=la((5H)]
lai(n)| -1 o)
[T @ o mamy) -
k=1+1

Applying Lemma 2.1 and the property (3) mentioned in this theorem, we get

la([52])]-1
25
1Bl < 3 > Yoo (em@lfl
=0 nifa(n)|=|a((52))]
la([52])]

a0 Ny
= 02 T)Hf”l ~ le([55])] Pl -

Let n, k be so that |a(n)| = |a([22])|, and a(k) = 2/*®)=leM(q(n))(e@@I-l2®))  We

25
have

(2.1)

Tla(k)| Datetw ¥ (Dg(ny—zlaimi © ﬂa([%})‘) = Splatmi+1 — Salam (Do (n)y—alatm) © ﬂa([%})‘)-
Then for (a(n))|a(n)|—|a(k)—1 = 0, we have
(a(n))(|a(")|—\a(k)\—1) — (a(n))(\a(")|—|a(k)|) — 2\“(")\—\61(’“)\—120[(]43)’
and from Lemma 2.3 we have:
Sala)+1 (Dg(n)—2latmi © T\a([%m) =
(2.2) = Dog(k)—2late+1 © Tja(k)|+1 T €1Waq (k) —2la()+1 O Tja(k)|+1

where
= (le(n)|—]e(k)|—1)
o [0 a(m) = (a() (e =D,
1, Ol(n)>(a('n))(|°‘(")‘ | (%) 1).

In a similar way if (@(n))|a(n)|-|a(k)|-1 = 1, We have:

(Ja(m)l—le(R)]-1) — (Jec(m)|—le(k)]) 4 gler(m)|—[ex(k)| 1 _ la(m)|~lax(k)| -1
(a(n)) (a(n)) +2 2 (2a(k)+1),
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and from Lemma 2.3 we have:

a D a(n)| O T, =

Satew 141 (Da(n)—2l=ml © Tjg(2a))
= Dog(r)—zla)i+141 © Tla(k)|+1 T E1Waq(k)—2la®)I+1 11 O Tja(k)|+1
= Dag(r)—zlatl+1 © Tja(k)|+1 + Wag(k)—2lat)+1 © Tja(k)|+1 +

(2.3) Fe1Waq (k)—2la®)+141 © To(k)|+1 -

Then by Lemma 2.4 and equalities (2.1), (2.2) and (2.3) we get

(7(k)| Daterr) * (Do —alatmi © T\a([%m) =
= (Daa(r)—z1=01+1 © Ta(k)|+1) ~ (Da(r)—21=®)1 © Ta(k)|)
TELWag(k)—2l(B)+1 4ey O Tla(k)|+1 T E2Wag(k)—2la®)+1 O Tia(k)|+1
—€3Wa(k)—21=®)1 © Tla(k)| = Tla(k)| (Da(k) -2l © Ta(k)|)
TE1Wag(k)—2l(m)+1 4y O Tla(k)|+1 T E2Wag(k)—2la®)+1 © Ta(k)|+1
(2.4) —E3Wqo(k)—2la(®)] O T|a(k)|
where €2 = (@(n))|a(n)|~|a(k)|-1 , and

[0, a(n) = (a(n))lem=la®D)
© _{ 1, a(n) > (a(n))lem)-la®)

It follows that for every I < |a([32])|, where s € {0, ..., [log, N1]} is fixed,

s {n: la(n)] = |a([
rnDuF, = %1 { |{|n(: |)O|l(n)|| :([12}|])|}| ST Pla@m)(Dagn)_zlatm © Tlagmy)) * f
2° [{n:|a(n)| = la((FH]) 3]
N1 Kn:la(n) =1}

n:|a(n)|=l

+

§ €1Wan(n)—21a(m)+1 ey O Tja(n)|+1 T E2Wan(n)—2la(m)+1 O T|a(n)|+1

n:|a(n)|=l

_€3wa(n)—2‘a(")| o T\a(n)\ )

where €1, €5 and €3 are defined as previously. We get that for every N : 215\% < N< %,
1
: Z Ta(n)| (Da(n)—21aml © Tja(n)|) * f
{nila@l <}, 2=
1 lee(N)]|

- ?\a(n)| { Da(n)—2lam] © Tja(n)|) * f
{n: a(n)| < la(N)} = n:|a(zn:):z [a(m) A~ a(n)-2 lec(m)]

_ 1 NN am)| = 1
T Hna@) < Ja(N)} 28 2 |{n:|a(n)|:|a([%])|}|nDzst

=1
le(N)]|

1
T e ey 2 2 (G@mat-aetie o Tl

=1 n:a(n)=l

+ €2Wag(n)—2la(m)l+1 O Tla(n)|+1 — €3Wy(n)—2la(n) © ﬂa(n)\) * f .
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It is easily seen that for every z € G,

lee(N)]

la(n )I < |a(N Z Y. (eWaamy—alamiti e, © Talm)|41

=1 n:a(n)|=l

sup |
N ML oN< DL [{n:

+€2w2a(n),2\a<n>\+1 O Tla(n)|+1 — €3Wa(n)—21=(m1 © Tla(n)|) * f(2)] < 3[|f|l1,
from which we get:

lee(N)]

|| sup | 610.12 _2la(n)l+1 e, O T +1
8 oG SR 2 | 2 (et 2w >
+€2(U2a(n)72|a(n)l+1 O Tla(n)|+1 — 630./&(”)72‘&(”)‘ o T|a(n)\) % f”l S
loe(N)]

|| sup | elw Ja(n)|+1 O T +1
N<n, [{n i ]a(n )| <|a(N ; na(zn:ﬂ . 2a(n)—2 +e5 © Tla(n)|

FE2Waq(n)—2le(mI+1 © T|a(n)|+1 — €3Wa(n)—2la(mI © Tla(n)|) * flloo < 3|1
On the other side the term

(M)

fnilatm) =0
2 i Jat)] = a0

can be written as

1
k T/t P
o) = D ., 2 2, mDuF

<Cla(N)|F  L:l{n:|e(n)|=I}|=k

1

= ||{n la(n)| = |Ol([ )| 1<k<z Z 71 Dot F |

<Cla(N)|P t:|[{n:|a(n)|=1} >k

Cla(N)|PF; < CFy.

1
= {n < o) = [ (D]

Now we have

1
|{ sup | r (D _sla(n)| O T )*f| > )\}|
2 Tt ST 2o T Dot 0o
lee(N)|
< |{ sup €W 2le(n)] o T
—|{N§N1 {n : [a(n )| || Yo Y. (aWna(m) glemitife, © Ta(m)+1

=1 nia(n)|=l

A
+€2Waq(n)—2la(m+1 © Tla(n)|+1 — €3Wa(n)—2l(mI © Tla(n)|) * f| > §}|

[log, N1]

1 N
+ Z I{ sup =2

e Kt la(n)] < Ja(V)}] 2°
lee(N)]

{n: lan)| = 1}
12 i atn)] = a2

A
’I‘l.DglFs| > §}|
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[logy N1] [logs N1]
F
[log, N41] _ 5 llogy N1
[l N1 gllflls [PAI == sofs 11l
<6+ C Z; e[ DI P <N 2 277 < CTE
O

We provide an example that shows that the set of increasing sequences («(n)),, men-
tioned in Theorem 2.2 is not empty.

Example 2.1. Let for example f = % For every l: 4 <1 < 16, we define the set
{k:|a(k)| =1} = {2}, 2" + 27},
Then if | is so that 22" <1 < 22"%2 we put |a(k)| = if and only if
ke {22 o2 s 4 1),

for some s being such that |a(s)] = 2272, The condition (1) in the theorem 1is
obuviously satisfied. Recursively on n we get for 227 <[ < 2%n+2

[k < fa(k)| = ] = 2{s : [a(s)| = 2" 2} =2 2° F ~ P

We also use induction on n in order to prove the property (3), if we suppose that
2271—2

Z Z (a(k)); < 2°™72, we get for 2°™ <1 < 2°"F2

i=0 ki|ou(k)|=22n—2

22n—2

Z Soe®u=2>" > (ak))+ {E: k)| = 2272
1=0 k:|a(k)|=l 1=0 k:|o(k)|=22n—2

S 2277,71_'_21171 < l.
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