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ABSTRACT. By making use of generalized Ruscheweyh derivative a new class of multi-
valent analytic function is introduced. In the present paper various inclusion relations
of the newly defined functions class is determined. The results generalized the works
due to Aghalary et. al.(cf.[1], J. [nequal. Pure & Appl. Math., 5(2),Art. 31, (2004),

pp. 1-11.)

1. INTRODUCTION AND DEFINITIONS

Let A be the class of functions analytic in the open unit disk
U:={z:z2¢€Cand |z| <1}

and A, be the subclass of A consisting of functions of the following form:

oo
f(z) =2+ Z arz®, n,pe N:={1,2,3,..}
k=n+p
where f is analytic and p-valent in U.
Recalling subordination (cf.[2, 10]) of two analytic functions f and g in U, we say that
f is subordinate to g in U and written as

f(z) <9(2),  (z€0)),
if there exists a function w(z) analytic in U with
w(0) =0, and |w(z)| < 1
such that
f(z) = g(w(z)),  (2€U).
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It follows that

f(z) <g(z)  (2€U)= f(0) =g(0) and f(U) C g(U).

In particular, if g is univalent in U, we have following equivalence:

f(z) <g(z) (2 €U) < f(0) = g(0) and f(U) C g(U).

Furthermore, f is said to be subordinate to g in the disk U,, if the function f,(z) = f(rz)
is subordinate to g, = g(rz) in U. Hence, if f < g in U, then f < g in U, for every
r(0<r<l).

Formulated in terms of subordination, the function f € A, is said to be in the class
Kn(p,6) (0 <6 < p) consisting of p-valent convex functions of order & (cf.[8], also see [3])

if
1 zf"(z) 1+2

Furthermore the function f € A, is said to be in the class S} (p, 0) (0 < 6 < p), consisting
of p-valent starlike functions of order ¢ (cf.[6], also see [8]) if

Zf(t
p/ Mdt € Kn(p,90).
0 t
Equivalently,
f €Kn(p,8) < zf' € Si(p,9) (Vn € N).
For function g € A, normalized by ¢(0) = 1 of the form
q(z) =1+ crz+c2® + ...
is said to be in P(1,b) if
(1.1) q(z) < 1+ bz, b>0.
Or, equivalently
lg(z) — 1] < b, b>0.

The class P(1,b) is introduced and studied by Janowski [5].
In our investigation we also need following definitions of fractional derivative operator
defined by Srivastava [12], and Srivastava and Saxena [13]:

Definition 1.1. Let f is an analytic function in a simply connected region of the z-plane
containing the region, and the multiplicity of (z — ()~ is removed by requiring log(z — ()
to be real when z — { > 0. Then the generalized fractional derivative of order { is defined
for a function f(z) by

JEE £z = g -0 R (k- -r1- 1= 4) f(Odch, (0<i< 1),

z d(inn Jé,—zn,,u,l’f(z), (n<l<n+1, neN)

provided further that

f(z) = O(|z]%), (z — 0; k > max{0,u —v —1} —1).
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It follows from the above definition that
(1.2) Job” f(z) = QL f(2), (0 <1< 1),

where Q! is the fractional derivative operator of order I. In terms of Gamma function,
we have

e e+ Dl'(p—p+v+2)

z Fp—pu+ 1T (p—1l4+v+2)
Recently, Goyal and Goyal [4] (also see [9]) defined a generalized Ruscheweyh derivative
Jé;’“f, u > —1 as follows:

Jé’, “H(0<I< ], p>max{0,u—v -1} —1).

P(/J,—l+l/+2) le,I/«V

(13) )= Tv+2)T(p+1)° 702

(zFPf(z) =2+ Z Bl“ akz

k=n+p
where
I'(k — 1 r 2 —DI'(k — 2
Nk—p+1)I(k+v—p+2+pu—-0I'r+2)T(1+pu)

For u =1, this generalized Ruscheweyh derivative get reduced to Ruscheweyh deriva-
tive of f(2) of order I > —1 (see, e.g. [11]) as follows:

2P dt

D1 = Fiy )
Pl+k-p+1
(15) = ZF Z T+ 1)T kpp+)1)ak2k'

For p = 1, (1.5) reduces to ordlnary Ruscheweyh derivative for univalent functions
[11]. By making use of the above generalized Ruscheweyh derivative operator we define
following:

Definition 1.2. For g > —1, n > 1 and A > 0 and we define a new class of functions
S;’f;\(l, b) subclass of P(1,b) consisting of functions g(f) such that

W) @R

+ A

9(7(2)) = (1 - pA)

It may note that, for 4 = [, the class Szl,’,’;\(l, b) reduced to the class SIZJ,A(l, b) consisting
of the functions g(f) such that

2(f(2)) = (1 - pA) (lep(z)) L, DE)Y

z zp—1

For p = 1, the above class is further reduced to the class Sﬁ\(l, b) defined by Aghalary et
al. [1].
Following Lemma due to Miller and Mocanu [7] play key role to prove our main results:

Lemma 1.1. Let g(z) = 14+ ¢n2"+..., (n > 1) be analytic in U and let h(z) be convez
univalent in U with h(0) = 1. If q(2) + 12¢'(2) < h(z) for ¢ > 0, then

a(2) < Ez—c/”/ h(t)t51dt.
n 0
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2. MAIN RESULTS

We have following properties of the family SL’,’;\( 1,b):

Theorem 2.1. If g(f) € S;’,’;(l,b) then
2Pl F(2)eP (1 _b ).
P 14 An
Proof. Let q(f) € SL’,’;\(l, b). Taking g(z) = z_i"q]ﬁ;“f(z). Upon differentiation and appli-
cation of (1.1), yields
6(2) + \2g(2) = 4(f(2)) < 1+ bz.
Now putting A = 1/c and applying Lemma 1.1, we have

1 * 1
g(z) < —zil/m‘/ (14 bt)tnx1dt =1+
nA 0

By principle of subordination, we have for |w(z)| < |z|"
b
1+An

Thus, the theorem follows from the condition (1.1).
The estimates in Theorem 2.1 are sharp for ¢(f) where f is given by

9(2) =2 Pl f(z) = 1 + w(z)-

b
—pl, _ n
2 PR f(z) =1+ Tron?
This completes the proof of Theorem 2.1. O
Corollary 2.1. If ¢(f) € Sy4(1,b), then
—pl, n
|27 PIpkf(z) — 1] < 1_’_)\n|z| :

Putting © =1 = 0 in Theorem 2.1, we have following Corollary:
Corollary 2.2. If ‘(1 —pk)% + )\% — 1‘ < b, then

f(z) b
1 .
2P <t 1+)\nz

On replacing f(z) — 2P f'(z), Corollary 2.2 further reduced to the following:

Corollary 2.3. If |f'(z) + Azf"(z) — 1| < b, then

/
1 .
f&) <1+ 50

In the next two theorems, we give the inclusion results for the functions class S;’,’;\:

Theorem 2.2. For 0< Ay <X and! >0, let b; = %b. Then

I, I,
SPA(1,b) C SbA (1,b1)
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Proof. The case for A\; = 0 is trivial as b; = —2<b. Let ¢(f) € SL’,‘;(L b). Therefore

1+nAi
() |, W' f(2) _ 3" 1(2)
(1 - p>\1) zPb + >\1 zp*l - 2P :
Application of Theorem 2.1, yields
55" f(2) _
2P <1+1~|—n)\b_1+b1'

This shows that ¢(f) € Szl,’f;\l(l, b1).
For A; # 0, suppose that g(f) € S;’f;\(l, b). Therefore we have

) (Jp" £(2))’
(1—pA1) P A1 o1

_ X\ I f(z)  , J"f(2)) M\ I8 5 (2)

Y [(1_“) » A e [P T
Which on application of Theorem 2.1, gives

I J5 () M A | 25
(1—-pX1) s +)\1T—1 §7|Q(f)_1|+ 1_7 zT_l
A1 A1 b
<t (1_ )\) (1+n)\)
1 —+ 77)\1
( 14+nA ) !
Which shows that g(f) € S;’f;\l (1,b1). This completes the proof of Theorem 2.2. O
b(1+
Theorem 2.3. Forl >0, let b, = n(+1-:-l;)¢ Then
SphUETH(L,b) € SpA(L, by).

Proof. Suppose that ¢;(f) € S;;l’“"_l(l, b). Therefore we have

L) 0 @)

1

(21) a(f() = (1-p)T— S < 1be
Taking

Ly 2 Ly 2))
(22) B(f(2) = (1 - pn I T SE)

zP zr1
Using (1.4), we find that
Byt k)  k—pHp+1l
By (k) prL

Setting ¢1(f(2)) = g2(f(2)) + czg5(f(2)), solving using (1.3) and (2.2) and making use of
(2.3), we get ¢ = —1-. Therefore, we have

(2.3)

PEE

1 /
(2.4) 71 (f(2)) = ¢2(f(2)) + it 20(f(2)).
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In the view of (2.1), we have

91(f(2)) = ¢2(f(2)) +

e 1zq'2(f(z)) <1+ bz.

Hence an application of Lemma 1.1 gives

41l —wn [* w+1) 4 (1 +1)bz
n h(t)t ™ dt=14 ——— =1+bz.
s (f(:)) < 275 [ ae D R PR

Thus we conclude that

a1(f) € Sy5(1,b,) implies ga(f) € Sy4(1,b1).

This completes the proof of Theorem 2.3. d

Letting g = [ in the Theorem 2.3 and using (1.2), we obtain the following:

Corollary 2.4. Forl >0, let by = Z(jﬂ_)l Then

SPRH(1,b1) C S A(L,61).

For p = 1, Corollary 2.4 reduces to the recently established result due to Aghalary et.
al.[1, Theorem 3.2] as our special case.

Further putting { = 0 and g2(f(z)) = f'(2) in Theorem 2.3 and with suitable applica-
tions of (2.2) and (2.4) we get the following:

Corollary 2.5. If f/(2) + 2fi(2) € P(L,b), then (1+p\)I& 1 A& e p(1, 2.
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