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Abstract. We de�ne new general integral operator and new function of product of
p-valent meromorphic functions. By studying the function of product of p-valent
meromorphic functions on de�ned subclasses of p-valent meromorphic functions , we
deduce the properties of the general integral operator. Various known and new results
are derived as special cases.

1. Introduction

Let �p denote the class of meromorphic functions of the form

f(z) =
1

zp
+

1X
n=p+1

anz
n (p 2 N = f1; 2; � � � g) ;

which are analytic and p -valent in the punctured unit disc:

U
� = fz 2 C : 0 < jzj < 1g = U� f0g :

A function f 2 �p is said to be in the class �?
p(�); of meromorphic p -valent starlike

of order � (0 � � < p) if it satis�es the following inequality:

�<

�
zf 0(z)

f(z)

�
> �:

A function f 2 �p is the meromorphic p -valent convex function of order � (0 � � < p);

if f satis�es the following inequality:

�<

�
1 +

zf 00(z)

f 0(z)

�
> �;

and we denote this class by �Kp(�):
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184 A. MOHAMMED AND M. DARUS

De�ne a linear operator Dk
�; as following (cf., e.g., [1], [2]):

D�f(z) = (1 + p�)f(z) + �zf 0(z); � � �p; f 2 �p;

D0
�f(z) = f(z)

(1.1) D1
�f(z) = D�f(z)

D2
�f(z) = D�(D

1
�f(z));

and in general for k = 0; 1; 2; :::; we can write

Dk
�f(z) =

1

zp
+

1X
n=p+1

(1 + p�+ n�)
k
anz

n; (k 2 N0 = N [ f0g; p 2 N) :

It is easy to see that for f 2 �p; we have

(1.2) �z
�
Dk
�f(z)

�0
= Dk+1

� f(z)� (1 + p�)Dk
�f(z); (k 2 N0; p 2 N) :

Meromorphically multivalent functions have been extensively studied by several au-

thors, see for example, Uralegaddi and Somanatha ([10] and [11]), Liu and Srivastava

([13] and [14]), Mogra ([15]and [16]), Srivastava et a1.[17], Aouf et al. ([19] and [20]),

Joshi and Srivastava [21], Owa et a1. [22] and Kulkarni et al. [23].

Now, for f 2 �p; and by using the linear operator Dk
�; we de�ne the following new

subclasses.

De�nition 1.1. Let a function f 2 �p be analytic in U�. Then f is in the class

�?
p (�; b; �) if, and only if, f satis�es

<

8><
>:p�

1

b

0
B@z

�
Dk+1
� f(z)

�0

Dk+1
� f(z)

+ p

1
CA
9>=
>; > �;

where � 2 [0; p); b 2 Cnf0g; � � �p; k 2 N0:

Putting � = k = 0; in De�nition 1.1 and by using (1.2), we have,

De�nition 1.2. Let a function f 2 �p be analytic in U�. Then f is in the class

�?
p (�; b)if, and only if, f satis�es

<

�
p�

1

b

�
zf 0(z)

f(z)
+ p

��
> �;

where � 2 [0; p); b 2 Cnf0g:

Putting � = � 1
p
; k = 0 in De�nition 1.1, we have,

De�nition 1.3. Let a function f 2 �p be analytic in U�. Then f is in the class

�Kp (�; b) if, and only if, f satis�es

<

�
p�

1

b

�
zf 00(z)

f 0(z)
+ p+ 1

��
> �;

where � 2 [0; p); b 2 Cnf0g:
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We note that f 2 �Kp (�; b) if, and only if, � zf 0(z)
p

2 �?
p (�; b) :

Putting � = 1; k = 0 in De�nition 1.1, we have,

De�nition 1.4. Let a function f 2 �p be analytic in U�. Then f is in the class

�pF1 (�; b) if, and only if, f satis�es

<

�
p�

1

b

�
z (zf 00(z) + (p+ 2)f 0(z))

zf 0(z) + (p+ 1)f(z)
+ p

��
> �;

where � 2 [0; p); b 2 Cnf0g:

We note that f 2 �pF1 (�; b) if, and only if, zf 0(z) + (p+ 1)f(z) 2 �?
p (�; b) :

Remark 1.5. For p = 1 in De�nitions 1.2, 1.3 and 1.4, respectively, we get the classes

�?
b (�) ; �Kb (�) ; and �F1 (�; b) [[6], De�nitions 1.1, 1.2 and 1.7, respectively].

De�nition 1.6. Let a function f 2 �p be analytic in U�. Then f is in the class

�pUSk (�; �; b; �) if, and only if, f satis�es

(1.3) <

8><
>:p�

1

b

0
B@z

�
Dk+1
� f(z)

�0

Dk+1
� f(z)

+ p

1
CA
9>=
>; > �

�������
1

b

0
B@z

�
Dk+1
� f(z)

�0

Dk+1
� f(z)

+ p

1
CA
�������+ �;

where � � 0; � 2 [�1; p); �+ � � 0; b 2 Cnf0g; � � �p; k 2 N0:

Putting � = k = 0; in De�nition 1.6, we have,

De�nition 1.7. Let a function f 2 �p be analytic in U�. Then f is in the class

�?
pU (�; �; b) if, and only if, f satis�es

<

�
p�

1

b

�
zf 0(z)

f(z)
+ p

��
> �

����1b
�
zf 0(z)

f(z)
+ p

�����+ �;

where � � 0; � 2 [�1; p); �+ � � 0; b 2 Cnf0g:

Putting � = � 1
p
; k = 0 in De�nition 1.6, we have,

De�nition 1.8. Let a function f 2 �p be analytic in U�. Then f is in the class

�pKU (�; �; b) if, and only if, f satis�es

<

�
p�

1

b

�
zf 00(z)

f 0(z)
+ p+ 1

��
> �

����1b
�
zf 00(z)

f 0(z)
+ p+ 1

�����+ �;

where � � 0; � 2 [�1; p); �+ � � 0; b 2 Cnf0g:

We note that f 2 �pKU (�; �; b) if, and only if, � zf 0(z)
p

2 �?
pU (�; �; b) :

Putting � = 1; k = 0 in De�nition 1.6, we have,

De�nition 1.9. Let a function f 2 �p be analytic in U�. Then f is in the class

�pKF2 (�; �; b) if, and only if, f satis�es

<

�
p�

1

b

�
z (zf 00(z) + (p+ 2)f 0(z))

zf 0(z) + (p+ 1)f(z)
+ p

��
> �

����1b
�
z (zf 00(z) + (p+ 2)f 0(z))

zf 0(z) + (p+ 1)f(z)
+ p

�����+�;
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where � � 0; � 2 [�1; p); �+ � � 0; b 2 Cnf0g:

We note that f 2 �pKF2 (�; �; b) if, and only if, zf 0(z) + (p+ 1)f(z) 2 �?
pU (�; �; b) :

Remark 1.10. For p = 1 in De�nitions 1.7, 1.8 and 1.9, respectively, we get the classes

�?U (�; �; b) ; �KU (�; �; b) and �F2 (�; �; b) [[6], De�nitions 1.3, 1.4 and 1.8, respectively].

By using the di�erential operator given by (1.1), we introduce the following integral

operator and another function of product p-valent meromorphic functions.

De�nition 1.11. Let j > 0; 1 � j � n and � > �p: One de�nes the integral operator

Jp :�
n
p ! �p;

(1.4) Jp(z) =
1

zp+1

zZ
0

nY
j=1

�
upDk+1

� fj(u)
�j

du;

where f1; : : : ; fn 2 �p and Dk+1
� is de�ne as (1.2).

Remark 1.12.The integral operator Jp generalizes many operators which were intro-

duced and studied recently.

(i) For � = k = 0 and for � = � 1
p
; k = 0 respectively, we have the integral operators

(1.5) Fp;1;���n (z) =
1

zp+1

zZ
0

nY
j=1

(upfj(u))
j du

and

(1.6) Gp;1;���n
(z) =

1

zp+1

zZ
0

nY
j=1

 
�
up+1f 0j(u)

p

!j

du;

introduced and studied by Mohammed and Darus ([7]), (see also [8]).

(ii) For p = 1; in (1.14) and (1.15) respectively, we have the integral operators

(1.7) Hn(z) =
1

z2

zZ
0

nY
j=1

(ufj(u))
j du

and

(1.8) H1;��� ;n(z) =
1

z2

zZ
0

nY
j=1

�
�u2f 0j(u)

�j
du;

introduced and studied by Mohammed and Darus ([3], [5], respectively), (see also [6] ).

De�nition 1.13. Let j > 0; 1 � j � n and � > �p: One de�nes the function of product

p-valent meromorphic functions Lp :�
n
p ! �p;

(1.9) Lp(z) =
1

zp

nY
j=1

�
zpDk+1

� fj(z)
�j

;

where f1; : : : ; fn 2 �p and Dk+1
� is de�ne as (1.2).
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Remark 1.14. The function Lp(z) generalizes many known and new functions.

(i)For � = k = 0 and for � = �1
p
; k = 0 respectively, we obtain the functions,

(1.10) �(z) =
1

zp

nY
j=1

(zpfj(z))
j

and

(1.11) �(z) =
1

zp

nY
j=1

 
�
zp+1f 0j(z)

p

!j

;

introduced and studied by Mohammed and Darus [7].

(ii) For 1 = � � � = n = 1; in (1.10) and (1.11), we get the following two functions,

(1.12) Fp(z) =
1

zp

nY
j=1

(zpfj(z))

and

(1.13) Gp(z) =
1

zp

nY
j=1

 
�
zp+1f 0j(z)

p

!
;

studied by Srivastava et al. [18].

For p = 1 in (1.12) and (1.13), respectively, we get the functions,

(1.14) F (z) =
1

z

nY
j=1

(zfj(z))
j ;

and

(1.15) G(z) =
1

z

nY
j=1

�
�z2f 0j(z)

�j
;

It is clear that from De�nitions 1.11 and 1.13, the relation between Jp and Lp is given

by

Lp(z) = (p+ 1)Jp + zJ 0

p(z);

where Jp and Lp de�ne in (1.4) and (1.9), respectively.

In addition, from Remarks 1.12 and 1.14, we deduce the following identities,

�(z) = (p+ 1)Fp;1;���n (z) + zF 0

p;1;���n
(z);

�(z) = (p+ 1)Gp;1;���n
(z) + zG0

p;1;���n
(z);

F (z) = (p+ 1)Hn + zH0

n(z);

G(z) = (p+ 1)H1;��� ;n(z) + zH 0

1;��� ;n
(z):

The last identities play important rules in our investigation.

In this paper we study some su�cient conditions for the function Lp(z) which de�ne in

(1.9) and by using the above identities we state some properties of the integral operator
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de�ned in (1.4). In addition some corollaries as special cases for the integral operators

and functions mentioned in Remarks 1.12 and 1.14 are also presented.

2. Main results

Our �rst theorem is the following:

Theorem 2.1. For j 2 f1; : : : ; ng; let j > 0 and fj 2 �?
p(�j ; b; �) (0 � �j < 1) : If

0 <

nX
j=1

i (p� �i) � p;

then the function Lp(z) de�ne by (1.9) is in the class �?
p(�; b); � = p�

nP
j=1

j (p� �j) :

Proof. By di�erentiating (1.9) logarithmically, with respect to z we get,

(2.1)
L0p(z)

Lp(z)
+
p

z
=

nX
j=1

j

 
(Dk+1

� fj(z))
0

Dk+1
� fj(z)

+
p

z

!
:

By multiplying (2.1) with z yield

zL0p(z)

Lp(z)
+ p =

nX
j=1

j

 
z(Dk+1

� fj(z))
0

Dk+1
� fj(z)

+ p

!
:

This is equivalent to

(2.2) p�
1

b

�
zL0p(z)

Lp(z)
+ p

�
=

nX
j=1

j

(
p�

1

b

 
z(Dk+1

� fj(z))
0

Dk+1
� fj(z)

+ p

!)
+ p

0
@1�

nX
j=1

j

1
A :

Taking real parts of both sides of (2.2), we obtain

(2.3)

<

�
p�

1

b

�
zL0p(z)

Lp(z)
+ p

��
=

nX
j=1

j<

(
p�

1

b

 
z(Dk+1

� fj(z))
0

Dk+1
� fj(z)

+ p

!)
+ p

0
@1�

nX
j=1

j

1
A :

Since fj 2 �?
p(�j ; b; �); for j 2 f1; : : : ; ng; we receive

<

�
p�

1

b

�
zL0p(z)

Lp(z)
+ p

��
> p�

nX
j=1

j (p� �j) :

That is Lp(z) de�ne by (1.9) is in the class �?
p(�; b); � = p�

nP
j=1

j (p� �j) : �

Corollary 2.2. For j 2 f1; : : : ; ng; let j > 0 and fj 2 �?
b(�j ; b; �) (0 � �j < 1) : If

0 <

nX
j=1

i (p� �i) � p;

then the integral operator Jp(z) de�ne by (1.4) is in the class �pF1 (�; b) ; � =

p�
nP

j=1

j (p� �j) :
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Proof. From the fact that

f 2 �pF1 (�j ; b)() zf 0(z) + (p+ 1)f(z) 2 �?
p (�j ; b) ;

and since,

Lp(z) = zJ 0

p(z) + (p+ 1)Jp(z);

by replacing Lp(z) by zJ
0

p(z)+(p+1)Jp(z) in Theorem 2.1, we get the desired result. �

Now, we prove a su�cient condition for the function Lp(z) de�ned by (1.9) to belong

to the class �?
pU (�; �; b) :

Theorem 2.3. Let � � 0; � 2 [�1; p); �+ � � 0 and b 2 Cnf0g; � � �p: Suppose that

nX
j=1

j � 1; 1 � j � n:

If fj 2 �pUSk (�; �j ; b; �) (1 � j � n)); then the function Lp(z) de�ne by (1.9) is in the

class �?
pU (�; �; b) :

Proof. Since fj 2 �pUSk (�; �; b; �) (1 � j � n)); by (1.3) we have

<

8><
>:p�

1

b

0
B@z

�
Dk+1
� fj(z)

�
0

Dk+1
� fj(z)

+ p

1
CA
9>=
>; > �

�������
1

b

0
B@z

�
DK+1
� fj(z)

�
0

DK+1
� fj(z)

+ p

1
CA
�������+ �:

Considering De�nition 1.7 and with the help of (2.3) we obtain

<

�
p�

1

b

�
zL0p(z)

Lp(z)
+ p

��
� �

����1b
�
zL0p(z)

Lp(z)
+ p

������ �

= p� p

nX
j=1

j +

nX
j=1

j<

8><
>:p�

1

b

0
B@z

�
Dk+1
� fj(z)

�
0

Dk+1
� fj(z)

+ p

1
CA
9>=
>;

� �

�������
nX

j=1

j
1

b

0
B@z

�
Dk+1
� fj(z)

�
0

Dk+1
� fj(z)

+ p

1
CA
�������� �

� p� p

nX
j=1

j +

nX
j=1

j<

8><
>:p�

1

b

0
B@z

�
Dk+1
� fj(z)

�
0

Dk+1
� fj(z)

+ p

1
CA
9>=
>;

� �

nX
j=1

j

�������
1

b

0
B@z

�
Dk+1
� fj(z)

�
0

Dk+1
� fj(z)

+ p

1
CA
�������� �
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> p� p

nX
j=1

j +

nX
j=1

j

8><
>:�

�������
1

b

0
B@z

�
Dk+1
� fj(z)

�
0

Dk+1
� fj(z)

+ p

1
CA
�������+ �

9>=
>;

� �

nX
j=1

j

�������
1

b

0
B@z

�
Dk+1
� fj(z)

�
0

Dk+1
� fj(z)

+ p

1
CA
�������� �

= (p� �)

0
@1�

nX
j=1

j

1
A � 0:

This completes the proof. �

Next, by using the relation

f 2 �pKF2 (�; �; b)() zf 0(z) + (p+ 1)f(z) 2 �?
pU (�; �; b) ;

and by setting

Lp(z) = zJ 0

p(z) + (p+ 1)Jp(z);

in Theorem 2.3, we have the following corollary.

Corollary 2.4. Let � � 0; � 2 [�1; p); �+ � � 0 and b 2 Cnf0g; � � �p: Suppose that

nX
j=1

j � 1; 1 � j � n:

If fj 2 �pUSk (�; �; b; �) (1 � j � n)); then the integral operator Jp(z) de�ne by (1.4) is

in the class �pKF2 (�; �; b) :

By adopting the same method and technique used in the proof of Theorems 2.1 and

2.3 and Corollaries 2.2 and 2.4, we receive the following corollaries.

Corollary 2.5. For j 2 f1; : : : ; ng; let j > 0 and (0 � �j < 1) : If

0 <
nX

j=1

j (p� �j) � p:

Also let

� = p�

nX
j=1

j (p� �j) :

Then each of the following assertion holds true:

(i) If fj 2 �?
p(�j ; b); then the function �(z) de�ned by (1.10) is in the class �?

p(�; b):

(ii) If fj 2 �Kp (�j ; b) ; then the the function �(z) de�ned by (1.11) is in the class

�?
p(�; b):

(iii) If fj 2 �?
p(�j ; b); then the integral operator Fp;1;���n (z) de�ned by (1.5) is in the

class �pF1 (�; b) :



NOTES ON GENERALIZED INTEGRAL OPERATOR OF MEROMORPHIC FUNCTIONS. . . 191

(iv) If fj 2 �Kp (�j ; b) ; then the integral operator Gp;1;���n
(z) de�ned by (1.6) is in

the class �pF1 (�; b) :

Corollary 2.6. Let � � 0; � 2 [�1; p); �+ � � 0 and b 2 Cnf0g: Suppose that

nX
j=1

j � 1; 1 � j � n:

Then each of the following assertion holds true:

(i) If fj 2 �?
pU (�; �; b) ; then the function �(z) de�ned by (1.10) is in the class

�?
pU (�; �; b) :

(ii) If fj 2 �pKU (�; �; b) ; then the the function �(z) de�ned by (1.11) is in the class

�?
pU (�; �; b) :

(iii) If fj 2 �?
pU (�; �; b) ; then the integral operator Fp;1;���n (z) de�ned by (1.5) is in

the class �pKF2 (�; �; b) :

(iv) If fj 2 �pKU (�; �; b) ; then the integral operator Gp;1;���n
(z) de�ned by (1.6) is

in the class �pKF2 (�; �; b) :

Corollary 2.7. For j 2 f1; : : : ; ng; let j > 0 and (0 � �j < 1) : If

0 <

nX
j=1

i (1� �i) � 1:

Also let

� = 1�

nX
j=1

j (1� �j) :

Then each of the following assertion holds true:

(i) If fj 2 �?
b(�j); then the function F (z) de�ned by (1.14) is in the class �?

b(�):

(ii) If fj 2 �Kb (�j) ; then the the function G(z) de�ned by (1.15) is in the class

�?
b(�):

(iii) If fj 2 �?
b(�j); then the integral operator Hn(z) de�ned by (1.7) is in the class

�F1 (�; b) :

(iv) If fj 2 �Kb (�j) ; then the integral operator H1;���n
(z) de�ned by (1.8) is in the

class �F1 (�; b) :

Corollary 2.8. Let � � 0; � 2 [�1; p); �+ � � 0 and b 2 Cnf0g: Suppose that

nX
j=1

j � 1; 1 � j � n:

Then each of the following assertion holds true:

(i) If fj 2 �?U (�; �; b) ; then the function F (z) de�ned by (1.14) is in the class

�?U (�; �; b) :

(ii) If fj 2 �KU (�; �; b) ; then the the function G(z) de�ned by (1.15) is in the class

�?U (�; �; b) :
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(iii) If fj 2 �?U (�; �; b) ; then the integral operator Hn(z) de�ned by (1.7) is in the

class �F2 (�; �; b) :

(iv) If fj 2 �KU (�; �; b) ; then the integral operator H1;���n
(z) de�ned by (1.8) is in

the class �F2 (�; �; b) :

Corollary 2.9. Let 0 � �j < 1; 1 � j � n: If

0 < np�

nX
j=1

�j � 1:

Also let

� = p (1� n) +
nX

j=1

�j :

Then the following assertion holds true:

(i) If fj 2 �?
b(�j); then the function Fp(z) de�ned by (1.12) is in the class �?

b(�):

(ii) If fj 2 �Kb (�j) ; then the the function Gp(z) de�ned by (1.13) is in the class

�?
b(�):

Corollary 2.10. Let � � 0; � 2 [�1; p); �+ � � 0 and b 2 Cnf0g: Suppose that

1� n � 0:

Then the following assertion holds true:

(i) If fj 2 �?
pU (�; �; b) ; then the function Fp(z) de�ned by (1.12) is in the class

�?
pU (�; �; b) :

(ii) If fj 2 �pKU (�; �; b) ; then the the function Gp(z) de�ned by (1.13) is in the

class �?
pU (�; �; b) :

Remark 2.11. (i) Some of the above result presented in [5], [6] and [7], by using di�erent

techniques.

(ii) We can obtain many other consequences for relatively more familiar subclasses of

meromorphically p� valent functions from the above result.

Other work that we can look at regarding di�erential and integral operators see ( [4], [9],

[12], [24], [25], [26], [27]).
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