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THIRD HANKEL DETERMINANT FOR BAZILEVIC FUNCTIONS

SAHSENE ALTINKAYA! AND SIBEL YALGIN

ABSTRACT. In this paper we study the class B-the so-called class of Bazilevi¢ func-
tions. It is known that B is a subclass of S, the class of univalent functions in
U = {z:|z| < 1}. The objective of this paper is to obtain an upper bound to the
third Hankel for Bazilevi¢ functions.

1. INTRODUCTION

Let A denote the class of analytic functions f(z) of the form

(1.1) fz)=2z+ Zanz”,

in the open unit disk
U={z:|z| < 1}.
We denote by S be the class of all functions f € A which are univalent in U.
Denote by S* the subclass of S of starlike functions, so that f € §* if, and only if, for

zeU
zf'(2)
f(2)

Re > 0.

The Fekete-Szegd functional |a3 — ;La§| for normalized univalent functions
fz) =7+ a4
is well known for its rich history in the theory of geometric functions. Its origin was in
the disproof by Fekete and Szegd of the 1933 conjecture of Littlewood and Paley that the
coefficients of odd univalent functions are bounded by unity (see [4]). The functional has
since received great attention, particularly in many subclasses of the family of univalent

functions. For that reason Fekete-Szego functional was studied by many authors and
some estimates were found in a many subclasses of normalized univalent functions (see

[2], [6], [7], [9])-
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In 1976, Noonan and Thomas [10] defined the ¢** Hankel determinant of f for n >0
and g > 1 is defined by

ap Ap41 e Aptq—1
Ant1 Ant2 *°° Opyg

Hy(n) = . . . . (a1 =1).
Qntq—1 GQntq *°°  Oniy2g-2

This determinant has also been considered by several authors. For example, Noor [11]
determined the rate of growth of Hy(n) as n — oo for functions f given by (1.1) with
bounded boundary. In particular, sharp upper bounds on H»(2) were obtained by the
authors of articles ([11], [12]) for different classes of functions.

Note that
a; Qs 2
Hy(1) = = —
2(1) a; as az — a;
and

Gz asg 2
Hy(2) = = —as.

2(2) as aa G204 — Q3

The Hankel determinant Ho(1) = a3 — a2 is well-known as Fekete-Szegd functional.
For our discussion in this paper, we consider the Hankel determinant in the case ¢ = 3
and n = 1, denoted by H3(1), given by

a; az as
H3 (1) = | @Gz Qa3 Qg
as @4 Qs

For f € A, a; =1, so that, we have
Hs(1) = az(azaq — a2) — ag(as — azaz) + as(az — a3)
and by applying triangle inequality, we get
|H3(1)| < |as| [asas — a3| + |as| |as — azas| + |as| |as — a3

Definition 1.1. (see [14]) For 0 < 8 < 1 and f € A, let B(B) denote the class of
Bazilevi¢ functions if and only if

Re <(f(zz)>lﬁ f’(z)> >0, zeU.

2. PRELIMINARY RESULTS

Let P denote the class of functions consisting of p, such that
o0
p(z) =14+piz+pz®+-- =1+ anzn’
n=1

which are regular in the open unit disc U and satisfy Rep(z) > 0 for any z € U. Here,
p(z) is called Caratheodory function [3].
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Lemma 2.1. [13] If p € P, then
|| <2 (neN=1{1,2,...})

and
Jait |171|2
‘PQ 5 <2- Ty
Lemma 2.2. [5] If the function p € P, then
2p2 = pi+z(4-pi)
4p; = pi+2(4—pl)priz —pi(4—pHz? +2(4 - p})(1 - [z°)2

for some z, z with |z| <1 and |2z| < 1.

3. MAIN RESULTS

Theorem 3.1. Let f gwen by (1.1) be in the class B(f),and 0 < 8 < 1. Then

and

2 4(1-8) 4(1-p)[28—1|
laal < 535 + o T sy

Proof. Let f € B(f). Then there exists a p € P such that

o () e (1) () e

for some z € U. From relation (3.1):

P1
3.2 =
( ) az ﬂ + 17
B+2 2(8+1)*
and
_ (B=D)p1p (8—1)(28—1)p}
(3.4) 9= 55~ ety T eer®

and the results follow by triangle inequality and using Lemma 2.1.
Theorem 3.2. Let f gwven by (1.1) be in the class B(8). Then
2 if B=0

2(B2+35+6) 2(B°+4B2+9516)
sErnEr(Era V prasreas. f 0<A<1

lazas — a4| <
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Proof. Using equations (3.2) to (3.4) we find that

Bp1p2 _ps (B-1)pi
B+1)(B+2) B+3 3(p+1)

Substituting for p, and p3 from Lemma 2.1. and letting p; = p we get

|a2a3 — G.4| =

pplp’+2(4-p%)]  (p—1)p°
2(B+1)(B+2) 3(B+1)?

|a2a3 —a4| =

_ P’+2(4—p*)pz—p(4—p?)z*+2(4—p*)(1—[z|?)z
4(8+3)

which gives

_ (BP+4p7+8-18)p°  pa*(4—p?)
12(B+1)%(B+2)(B+3) 4(8+3)

a203 — Q4| = ‘

_ pz(4—p®) _ (4=p*)(1-|2*)z
(B+1)(B+2)(B+3) 2(6+3) ’

Since p € P, so |p1| < 2. We may assume without restriction that p € [0,2].
For n = |z| < 1, we get

3 2 3 2 2
lasas — ay| < (B°+4p"+p—18)p" | (2=p)n-(4—p”)

12(6+1)%(8+2)(A+3) 4(5+3)

+ pn(4—p?) + 4—p?
(B+1)(B+2)(B+3) ' 2(B+3)

= G(n).

Then

s (2-p)n(a—p*)
G'(n) = Erderners * - apre

Note also that G'(n) > G'(1) > 0. Then there exists p* € [0, 2] such that G'(n) > 0 for
p* € (0,2] and G'(n) < 0 otherwise. Then for p € (p*,2], G(n) < G(1), that is:

(82+3B+6)p (B2+28+9)p°
la2as — a4l < ETGEIETE 61 (F13)
= Gl(P)~

If B =0, we have G1(p) = p — % < 2. Otherwise, by elementary calculation G1(p) is
maximum at

_[2(f*+4p%+96+6)
Pt = T 142+ p+ 18
and is given by

2(p°+36+6) \/m
max G1(p) = G1(po1) = 51135128 79) (/33+4,52+,6+18)'
Now suppose p € [0,p*], then G(n) < G(0), that is:
(B®+4B%+p —18)p° 4 —p?

l20s sl < (BB 3 2P+
= Gaz(p)
which implies that G»(p) turns at poz = 0 and
_ 4B+ (B+2)
Pos

T B3 +4p2+p—18
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with its maximum at pg; = 0. That is

max Ga(p) = Ga(po2) = %

a

Remark 3.1. For f =0, Theorem 3.2 readily yields the following coefficient esti-
mates for starlike functions.

Corollary 3.1. Let f given by (1.1) be in the class S*. Then

|a2a3 — a4| S 2.

This result s sharp and agree with those obtained by Babalola n [1].

Theorem 3.3. Let f gwen by (1.1) be in the class B(f), and 0 < f < 1. Then we
have the best possible bound

2
o2 a2 < 575
Proof. Since f € B(f), From (3.2) and (3.4) we find that
oy —af| < s B P
26+1)(6+2) 2(6+2)
= F(n).
The rest of the proof follows as in Theorem 3.2. |

Remark 3.2. Again for f =0 wn Theorem 3.3, we have

|a3 —a§| <1

This sharp result also agree with those obtained by Keogh [8].
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