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ON APPROXIMATION PROPERTIES OF NON-CONVOLUTION TYPE

OF INTEGRAL OPERATORS FOR NON-INTEGRABLE FUNCTION

SEVGI ESEN ALMALI

Abstra
t. In this paper, we study the problem of pointwise 
onvergen
e of non-


onvolution type of integral operators family at Lebesgue point when f is non-integrable

fun
tions. In this study third theorems are proved on the operator 
onvergen
e to

f(x). It is examined separately for �nite and in�nite intervals.

1. Introdu
tion

In [5℄ Mamedov studied various results pointwise 
onvergen
e and on the order of 
on-

vergen
e at generalized lebesgue points and lebesgue points by a family of non-
onvolution

type singular integrals operators of the form

Tλ(f, x) =

∞
∫

−∞

f(t)Φλ(x, t)dt ,

in Lp spa
e. After, Mamedov in [4℄ give proofs of many on the rate of 
onvergen
e of the

form

b
∫

a

f(t)Kλ(x, t)dt, x ∈ (a, b) ,

as λ → ∞ for f ∈ L1(a, b), f ∈ L1(a,∞) and f ∈ Lp(a, b). And he shown similar

results for fun
tions of several variables. Similarly, Gadjiev [3℄ investigated that pointwise


onvergen
e and on the order of above the operator for f is bounded and di�erentiable.

In [1℄ Bardaro and Vinti studied 
onvergen
e of integral operators Tn(f) de�ned by

Tn(f)(s) =

∫

Ω

f(t)K(n, s, t)dt ,

where Ω is an open subset of Rm

on
erning 
ertain variational fun
tionals.

In [2℄ the authors given some approximation theorems with respe
t to pointwise 
onver-

gen
e and the rate of pointwise 
onvergen
e for non-
onvolution type l�near operators of
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the form

Tλ(f, x) =

∫ ∞

0

f(z)Lλ(x, z)
dz

z
, x > 0 ,

with kernel satisfying some general homogeneity assumptions. In [6℄ the authors obtained

pointwise 
onvergen
e and the rates of 
ertain non-integrable fun
tions f by double sin-

gular integral operators with radial kernel on D = 〈−π, π〉 × 〈−π, π〉 , at generalized

Lebesgue point.

In this paper, we investigate the pointwise 
onvergen
e of Lλ(f, x) to f(x) in L1(a.b) at
lebesgue points by family of non-
onvolution type singular integral operators depending

on two parameters of the form:

(1.1) Lλ(f ;x) =

∫ b

a

f(t)Kλ(t;x)dt, x ∈ (a, b) .

here f is non-integrable, f /∈ L1(a.b)
First, we give the following de�nition.

De�nition 1 (Class A). We take a family F = (Kλ)λ∈Λ of fun
tions Kλ(t;x) : R×Λ →
R , with Kλ is non-negative. We will say that the fun
tion Kλ(t;x) belongs to 
lass A, if

the following 
ondition are satis�ed.

a) Kλ(t;x) is a fun
tion de�ned for all x, t ∈ (a, b) and λ ∈ Λ.

b) lim
λ→∞

∫ b

a

Kλ(t;x)dt = 1, λ > 0, a ≤ x ≤ b


) As fun
tions of t, Kλ(t;x) is non-de
reasing on [a, x] and non-in
reasing on [x, b] .
d) lim

λ→∞
Kλ(x± δ;x)dt = 0 , for 
hossen x ∈ [a, b] and δ > 0 .

2. Approximation

In this se
tion some results on the approximation for non-
onvolution of integral oper-

ators for non-integrable fun
tions is obtained. Let ρ ∈ L1(a, b) and Eρ is Lebesgue points

set of ρ . Then, the operator

Lλ(ρ;x) =

∫ b

a

ρ(t)Kλ(t;x)dt, a ≤ x ≤ b, λ > 0 ,

is 
onvergen
e to ρ(x) as λ → ∞, with x ∈ Eρ, if the fun
tions Kλ(t;x) belong to 
lass

A, see [5℄ . Let E f
ρ
be the set of Lebesgue points of

f
ρ
. Here E = Eρ ∩ E f

ρ
is the set of

Lebesgue points both f and ρ. Now we will give the main theorems .

Theorem 1. Suppose that

f

ρ
∈ L1(a, b) for ρ > 0, f /∈ L1(a, b) and that the non-negative

fun
tion Kλ be the element of the 
lass A. Moreover, if ρ and Kλ be almost everywhere

di�erentiable and for every λ and x, the 
ondition

(2.1) ρ′(t)
∂

∂t
Kλ(t;x) > 0 ,

holds. Then, the operators Lλ(f ;x), whi
h are de�ned in (1.1),

lim
λ→∞

Lλ(f ;x) = f(x) ,

holds for at every x− Lebesgue point.
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Note that when ρ(t) = 1 for f ∈ L1, i.e., f belongs spa
e L1, the 
ondition (2.1) is not

needed.

Proof. If the statement (1.1) is multiplied and divided by ρ(t), we have:

Lλ(f ;x) =

∫ b

a

f(t)

ρ(t)
ρ(t)Kλ(t;x)dt ,

and we 
an write

Lλ(f ;x)− f(x) =

b
∫

a

{

f(t)

ρ(t)
− f(x)

ρ(x)

}

(ρ(t)Kλ(t;x))dt

+
f(x)

ρ(x)







b
∫

a

ρ(t)Kλ(t;x)dt − ρ(x)







.(2.2)

On the order hand, sin
e

f

ρ
∈ L1(a, b) and x is a Lebesgue point of

f

ρ
, the statements

lim
λ→∞

1

h

h
∫

0

∣

∣

∣

∣

f(x+ t)

ρ(x+ t)
− f(x)

ρ(x)

∣

∣

∣

∣

dt = 0

and

lim
λ→∞

1

h

h
∫

0

∣

∣

∣

∣

f(x− t)

ρ(x− t)
− f(x)

ρ(x)

∣

∣

∣

∣

dt = 0

hold. Then, for every ε > 0, ∃ρ > 0, ∀h ≤ δ, we have

(2.3)

1

h

h
∫

0

∣

∣

∣

∣

f(x+ t)

ρ(x + t)
− f(x)

ρ(x)

∣

∣

∣

∣

dt < ǫh ,

and

(2.4)

1

h

h
∫

0

∣

∣

∣

∣

f(x− t)

ρ(x − t)
− f(x)

ρ(x)

∣

∣

∣

∣

dt < ǫh .

For a 
hosen δ and sin
e Kλ(t, x) is positive, we 
an write the equation (2.2) as follows:

|Lλ(f ;x)− f(x)| ≤







x−δ
∫

a

+

x
∫

x−δ

+

x+δ
∫

x

+

b
∫

x+δ







∣

∣

∣

∣

f(t)

ρ(t)
− f(x)

ρ(x)

∣

∣

∣

∣

ρ(t)Kλ(t;x)dt

+

∣

∣

∣

∣

f(x)

ρ(x)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

b
∫

a

ρ(t)Kλ(t;x)dt− ρ(x)

∣

∣

∣

∣

∣

∣

= A1,λ +A2,λ +A3,λ +A4,λ +A5,λ

It is su�
ent to show that the terms on the right hand side of the last inequality tends

to zero as λ → ∞. Now, we will 
al
ulate the integrals A1,λ , A2,λ , A3,λ , A4,λ and A5,λ .
Sin
e ρ ∈ L1(a, b), Kλ is an element of 
lass A and x ∈ Eρ, we know (see [5℄):
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lim
λ→∞

∫ b

a

ρ(t)Kλ(t;x)dt = ρ(x).

It is easy seen that

lim
λ→∞

A5,λ = 0 .

Next, we 
onsider A1,λ and A4,λ :

A1,λ =

x−δ
∫

a

∣

∣

∣

∣

f(t)

ρ(t)
− f(x)

ρ(x)

∣

∣

∣

∣

ρ(t)Kλ(t;x)dt .

From the triangle inequality, we 
an write:

A1,λ ≤
x−δ
∫

a

∣

∣

∣

∣

f(t)

ρ(t)

∣

∣

∣

∣

a

ρ(t)Kλ(t;x)dt+

∣

∣

∣

∣

f(x)

ρ(x)

∣

∣

∣

∣

x−δ
∫

a

ρ(t)Kλ(t;x)dt .

From 
ondition 
) and (2.1), we get:

A1,λ < ρ(x− ρ)Kλ(x− ρ;x)







x−δ
∫

a

∣

∣

∣

∣

f(t)

ρ(t)

∣

∣

∣

∣

dt+

∣

∣

∣

∣

f(x)

ρ(x)

∣

∣

∣

∣

x−δ
∫

a

dt







≤ ρ(x− ρ)Kλ(x− ρ;x)







b
∫

a

∣

∣

∣

∣

f(t)

ρ(t)

∣

∣

∣

∣

dt+

∣

∣

∣

∣

f(x)

ρ(x)

∣

∣

∣

∣

b
∫

a

dt







≤ ρ(x− ρ)Kλx− ρ;x)

{

∥

∥

∥

∥

f

ρ

∥

∥

∥

∥

L1

+

∣

∣

∣

∣

f(x)

ρ(x)

∣

∣

∣

∣

(b − a

}

.

In the same way, we �nd that

A4,λ < ρ(x+ ρ)Kλx+ ρ;x)







b
∫

x+δ

∣

∣

∣

∣

f(t)

ρ(t)

∣

∣

∣

∣

dt+

∣

∣

∣

∣

f(x)

ρ(x)

∣

∣

∣

∣

b
∫

x+δ

dt







≤ ρ(x+ ρ)Kλ(x+ ρ;x)

{

∥

∥

∥

∥

f

ρ

∥

∥

∥

∥

L1

+

∣

∣

∣

∣

f(x)

ρ(x)

∣

∣

∣

∣

(b− a

}

.

Thus, we have

A1,λ +A4,λ <

{

∥

∥

∥

∥

f

ρ

∥

∥

∥

∥

L1

+

∣

∣

∣

∣

f(x)

ρ(x)

∣

∣

∣

∣

(b− a

}

ρ(x− ρ)Kλ(x− ρ;x)

+

{

∥

∥

∥

∥

f

ρ

∥

∥

∥

∥

L1

+

∣

∣

∣

∣

f(x)

ρ(x)

∣

∣

∣

∣

(b− a

}

ρ(x+ ρ)Kλ(x + ρ;x).

By using the 
ondition d), we obtain that

(2.5) lim (A1,λ +A4,λ)
λ→∞

= 0.
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Next, we 
onsider A2,λ. Let us de�ne the fun
tion

Φ(t) =

t
∫

0

∣

∣

∣

∣

f(x− u)

ρ(x− u)
− f(x)

ρ(x)

∣

∣

∣

∣

du .

Then

(2.6) dΦ(t) =

∣

∣

∣

∣

f(x− t)

ρ(x− t)
− f(x)

ρ(x)

∣

∣

∣

∣

dt .

From (2.4) and t ≤ δ, the inequality

(2.7) Φ(t) < ǫt .

holds. Thus, for the integral A2,λ with an appropriate transformation ( t = x − u and

then u = t), we get:

A2,λ =

δ
∫

0

∣

∣

∣

∣

f(x− t)

ρ(x − t)
− f(x)

ρ(x)

∣

∣

∣

∣

ρ(x− t)Kλ(x− t;x)dt .

By using (2.6) we 
an write:

A2,λ =

δ
∫

0

ρ(x− t)Kλ(x − t;x)dΦ(t) .

By partial integration and by using the fa
t that Kλ(t, x) is positive, we obtain the

following inequality:

A2,λ ≤ Φ(δ)ρ(x − δ)Kλx− δ;x) +

δ
∫

0

Φ(t)dt (ρ(x − t)Kλx− t;x)) .

Then, sin
e the derivative of ρ(x − t)Kλ(x − t;x) is positive, the fun
tion is in
reasing.

Therefore, from (2.7) the inequality:

A2,λ ≤ ǫδρ(x− δ)Kλ(x− δ;x) + ǫ

δ
∫

0

tdt (ρ(x− t)Kλ(x − t;x))

is satis�ed. By partial integration again, we obtain the inequality

A2,λ ≤ ǫ

δ
∫

0

ρ(x − t)Kλ(x− t;x)dt

and we get

A2,λ ≤ ǫ

x
∫

x−δ

ρ(t)Kλ(t;x)dt

( t = x− u and then u = t). When ρ(t) and Kλ(t;x) are positive, we have:

A2,λ ≤ ǫ

b
∫

a

ρ(t)Kλ(t;x)dt .
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We 
an use similar method for evaluating A3,λ . Let

Ψ(t) =

t
∫

0

∣

∣

∣

∣

f(x+ u)

ρ(x + u)
− f(x)

ρ(x)

∣

∣

∣

∣

du ,

then, it follows:

dΨ(t) =

∣

∣

∣

∣

f(x+ t)

ρ(x+ t)
− f(x)

ρ(x)

∣

∣

∣

∣

dt .

From (2.3) and by using t ≤ δ we have:

(2.8) Ψ(t) < ǫt .

After the transformations, �rst t = x+ u later t = u, we obtain:

A3,λ =

δ
∫

0

∣

∣

∣

∣

f(x+ t)

ρ(x + t)
− f(x)

ρ(x)

∣

∣

∣

∣

ρ(x+ t)Kλ(x+ t;x)dt .

From di�erentation of Ψ(t), the equality

A3,λ =

δ
∫

0

ρ(x+ t)Kλ(x+ t;x)dΨ(t) ,

is obtained. By using partial integration, we get:

A3,λ ≤ Ψ(δ)ρ(x+ δ)Kλ(x+ δ;x) +

δ
∫

0

Ψ(t)dt (ρ(x+ t)Kλ(x+ t;x)) .

From the 
onditions 
) and (2.1), ρ(x + t)Kλ(x + t;x) is de
reasing on [x, b] . Thus
−ρ(x+ t)Kλ(x+ t;x) is in
reasing and its derivative is positive. Then, by using (2.8), it

is obtained:

A3,λ ≤ ǫδρ(x+ δ)Kλ(x+ δ;x) + ǫ

δ
∫

0

tdt (−ρ(x+ t)Kλ(x+ t;x)) .

Again by applying the partial integration,

A3,λ ≤ ǫ

δ
∫

0

(ρ(x+ t)Kλ(x+ t;x)) dt ,

and it follows that:

A3,λ ≤ ǫ

x−δ
∫

x

(ρ(t)Kλt;x)) dt .

Sin
e ρ(t) and Kλ(t;x) are positive, we �nd that:

A3,λ ≤ ǫ

b
∫

a

ρ(t)Kλ(t;x)dt ,

and it is 
lear that:

A2,λ +A3,λ ≤ 2ǫ

b
∫

a

ρ(t)Kλ(t;x)dt .
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On the other hand, from 
onditions of the theorem, we see that

b
∫

a

ρ(t)Kλ(t;x)dt =

x
∫

a

ρ(t)Kλ(t;x)dt+

b
∫

x

ρ(t)Kλ(t;x)dt

≤ ρ(x)

b
∫

a

Kλ(t;x)dt + ρ(x)

b
∫

a

Kλ(t;x)dt

= 2ρ(x)

b
∫

a

Kλ(t;x)dt .

From the 
ondition

lim
λ→∞

b
∫

a

Kλ(t;x)dt = 1

this integration is bounded. Then, the integration

b
∫

a

ρ(t)Kλ(t;x)dt ,

is bounded. Thus

(2.9) A2,λ +A3,λ < ǫC ,

with C is a �xed. Combining (2.9) and (2.5), we get:

|lλ(f, x)− f(t)| <



































{

∥

∥

∥

f
ρ

∥

∥

∥

L1

+
∣

∣

∣

f(x)
ρ(x)

∣

∣

∣ (b− a)

}

ρ(x− ρ)Kλ(x− ρ;x)

+

{

∥

∥

∥

f
ρ

∥

∥

∥

L1

+
∣

∣

∣

f(x)
ρ(x)

∣

∣

∣ (b − a)

}

ρ(x+ ρ)Kλ(x+ ρ;x)

+ǫC +
∣

∣

∣

f(x)
ρ(x)

∣

∣

∣

∣

∣

∣

∣

∣

b
∫

a

ρ(t)Kλ(t;x)dt− ρ(x)

∣

∣

∣

∣

∣

.



































Therefore our theorem now follows as λ → ∞
lim
λ→∞

Lλ(f, x) = f(x) .

This 
ompletes the proof of the theorem. �

In this theorem, spe
ially it may be a = ∞ and b = ∞. In this 
ase, we 
an give the

following theorem.

Theorem 2. Let

f

ρ
∈ L1(−∞,∞) with ρ > 0, ρ ∈ L1(−∞,∞). Suppose that non-negative

fun
tion Kλ be the element of the Class-A. For the 
hosen δ > 0, let 
onditions

lim
λ→∞

x−δ
∫

−∞

Kλ(t;x)dt = 0

and

lim
λ→∞

∞
∫

x+δ

Kλ(t;x)dt = 0
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be satis�ed. Also if ρ and Kλ be almost everywhere di�erenable and for every λ and x,
the 
ondition (2.1) holds, then

lim
λ→∞

Lλ(f, x) = f(x),

at x ∈ E.

Proof. As in the proof of Theorem 1, we 
an write:

|Lλ(f ;x)− f(x)| ≤







x−δ
∫

−∞

+

x
∫

x−δ

+

x+δ
∫

x

+

∞
∫

x+δ







∣

∣

∣

∣

f(t)

ρ(t)
− f(x)

ρ(x)

∣

∣

∣

∣

ρ(t)Kλ(t;x)dt

+

∣

∣

∣

∣

f(x)

ρ(x)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∫

−∞

ρ(t)Kλ(t;x)dt − ρ(x)

∣

∣

∣

∣

∣

∣

= B1,λ +B2,λ +B3,λ +B4,λ +B5,λ.

By using (2.1) and the 
ondition 
), we have

B1,λ =

x−δ
∫

−∞

∣

∣

∣

∣

f(t)

ρ(t)
− f(x)

ρ(x)

∣

∣

∣

∣

ρ(t)Kλ(t;x)dt

≤ ρ(x− ρ)Kλx− ρ;x)

∥

∥

∥

∥

f

ρ

∥

∥

∥

∥

L1

+

∣

∣

∣

∣

f(x)

ρ(x)

∣

∣

∣

∣

ρ(x− ρ)

x−δ
∫

−∞

Kλ(t;x)dt(2.10)

and the inequality

(2.11) B4,λ < ρ(x+ ρ)Kλx+ ρ;x)

∥

∥

∥

∥

f

ρ

∥

∥

∥

∥

L1

+

∣

∣

∣

∣

f(x)

ρ(x)

∣

∣

∣

∣

ρ(x+ ρ)

∞
∫

x+δ

Kλ(t;x)dt

is obtained. From the 
ondition 
), the relations (2.10) and (2.11), we get:

lim
λ→∞

(B1,λ +B4,λ) = 0 .

In the other hand, B2,λ and B3,λ are 
al
ulated as Theorem 1, i. e.,

B2,λ +B3,λ < ǫC .

Thus, we obtain:

∥

∥

∥

∥

f

ρ

∥

∥

∥

∥

{ρ(x− ρ)Kλ(x− ρ;x) + ρ(x+ ρ)Kλ(x+ ρ;x)}

+

∣

∣

∣

∣

f(x)

ρ(x)

∣

∣

∣

∣







ρ(x − ρ)

x−δ
∫

−∞

Kλ(t;x)dt+ ρ(x+ ρ)

∞
∫

x+δ

Kλ(t;x)dt







+

∣

∣

∣

∣

f(x)

ρ(x)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∫

ρ(t)

−∞

Kλ(t;x)dt− ρ(x)

∣

∣

∣

∣

∣

∣

+ǫC .
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By taking limit as λ → ∞, from the hypothesis, sin
e Kλ(x +
−
δ;x) → 0, from

x−δ
∫

−∞

Kλ(t;x)dt → 0

and

∞
∫

x+δ

Kλ(t;x)dt → 0 ,

we have:

lim
λ→∞

Lλ(f, x) = f(x) .

This 
ompletes the proof. �

Example 1. Let

ρ(t) =
1

(1 + |t)|
√

|t|
=











1
(1+t)

√
t
, t > 0

1, t = 0
1

(1−t)
√
−t

, t < 0











.

Is it ρ ∈ L1(−∞,∞)? Sin
e ρ is even, we have:

∞
∫

−∞

ρ(t)dt = 2

∞
∫

0

ρ(t)dt . It is su�
ent show

that the integration

∞
∫

0

ρ(t)dt is bounded.

∞
∫

0

dt

(1 + t)
√
t

=

1
∫

0

dt

(1 + t)
√
t
+

∞
∫

1

dt

(1 + t)
√
t

= I1 + I2.

First, we will 
onsider I1.

i) Sin
e t < 1 on 0 < t < 1, the inequality
√
t < 1√

t(1 + t) >
√
t

1

(1 + t)
√
t

<
1√
t

is satis�ed. Hen
e,

I1 =

1
∫

0

dt

(1 + t)
√
t
<

1
∫

0

dt√
t

= lim
µ→0

1
∫

µ

dt√
t
= 2 < ∞.
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ii) Taking 1 < t < ∞ , we 
an write

I2 =

∞
∫

1

dt

(1 + t)
√
t
<

∞
∫

1

dt

t
3

2

= lim
β→∞

β
∫

1

dt

t
3

2

= 2 ,

and I2 is bounded.

Thus ρ ∈ L1(−∞,∞).

Now, we will �nd that f fun
tion with f /∈ L1(−∞,∞) and
f

ρ
∈ L1(−∞,∞). We we


onsider the fun
tion

f(t) =
1

|t| (1 + t2)
=







1
t(1+t2) , t > 0

1, t = 0
1

−t(1+t2) , t < 0







.

Now, let us see

f

ρ
∈ L1(−∞,∞) or f /∈ L1(−∞,∞). For 0 < t < 1 it is easy to see that

1 + t2 < 2
1

1 + t2
>

1

2
1

t(1 + t2)
>

1

2t
.

Therefore, sin
e:

1
∫

0

dt

t(1 + t2)
>

1

2

1
∫

0

dt

t
= ∞ , it follows that f /∈ L1(−∞,∞).

Moreover, is

f

ρ
∈ L1(−∞,∞)? We write:

∞
∫

−∞

f(t)

ρ(t)
dt =





0
∫

−∞

+

∞
∫

0





f(t)

ρ(t)
dt = I1 + I2 .

From

f

ρ
is even fun
tion, we get

∞
∫

−∞

f(t)

ρ(t)
dt = 2

∞
∫

0

f(t)

ρ(t)
dt . Hen
e, we obtain

I2 =

∞
∫

0

√
t(1 + t)

t(1 + t2)
dt =

∞
∫

0

(1 + t)√
t(1 + t2)

dt

=





∞
∫

1

+

1
∫

0





(1 + t)√
t(1 + t2)

dt

<

1
∫

0

2√
t
dt+ 2

∞
∫

1

t√
t(1 + t2)

dt

< 2

1
∫

0

1√
t
dt+ 2

∞
∫

1

1

t
3

2

dt.
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Then, we see that these integration are bounded. That is

f

ρ
∈ L1(−∞,∞).

From the 
ondition of Class A, sin
eKλ(t, x) is in
reasing on (−∞, x] and from (2.1), also

ρ(t) is in
reasing on (−∞, x] and Kλ(t, x) is de
reasing on [x,∞), hen
e ρ(t) is de
reasing.
Let −∞ < t < 0 (for the spe
ial 
ase: x = 0). From the de�nition of ρ(t), we have:

ρ′(t) =

1
2
√
−t

(1 − t) +
√
−t

(
√
−t(1− t))2

> 0.

Thus, ρ(t) is in
reasing on (−∞, x] . For 0 < t < ∞, we �nd that

ρ′(t) =
− 1

2
√
t
(1 + t) +

√
t

(
√
t(1 + t))2

< 0,

i. e, ρ(t) is de
reasing on [x,∞) . Now, we will take Kλ(t, x) =
λ√
π
e−λ2(t−x)2

(kernel of

Gaus-Weierstrass). It is evident that this fun
tions non-negative for every t ∈ (−∞,∞).
Is it

lim
λ→∞

∞
∫

−∞

Kλ(t, x)dt = lim
λ→∞

∞
∫

−∞

λ√
π
e−λ2(t−x)2 = 1?

Next, we will 
al
ulate. By using

∞
∫

−∞

Kλ(t, x)dt =

∞
∫

−∞

λ√
π
e−λ2(t−x)2dt =

λ√
π

∞
∫

−∞

e−λ2u2

du,

if the transformation λt = w is made, we get for the last integral:

∞
∫

−∞

ew
2

dw = 1.

Hen
e, the 
ondition b) is satis�ed.

For −∞ < t < x (or let x = 0), -∞ < t < 0, we see that

∂

∂t
Kλ(t, x) =

∂

∂t
(
λ√
π
e−λ2t2) =

−2λ3t√
π

e−λ2t2 > 0.

Therefore, it is in
reasing.

Se
ond, for 0 < t < ∞ we get

∂

∂t
Kλ(t, x) =

−2λ3t√
π

e−λ2t2 < 0.

Then, Kλ(t, x) is de
reasing as t on [0,∞) .Finally, we will show that the 
ondition of the

Theorem 2 is satis�ed. For every t 6= x, we must show that,

lim
λ→∞

Kλ(t, x) = 0.

We took in parti
ular, x = 0.Then for every t 6= 0,we get

lim
λ→∞

Kλ(t, x) = lim
λ→∞

λ√
π
e−λ2t2 = 0.

As a result, the integration

Lλ(f, x) =

∞
∫

−∞

1

|t| (1 + t2)
e−λ2(t−x)2dt
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onvergen
e to f(0) as λ → ∞ for x = 0.

If we take ρ(t) = 1
ρ1(x)

in Theorem 1, then, we 
an give the following theorem.

Theorem 3. Let

1

ρ1
∈ L1, fρ1 ∈ L1(a, b) and f /∈ L1(a, b). Suppose that non-negative

fun
tion Kλ be the element of Class A. Also if

1

ρ1
and Kλ be almost everywhere di�er-

entiable and for every λ and x, the 
ondition,

(

1

ρ1(t)

)′
∂

∂t
Kλ(t, x) > 0

holds. Then

lim
λ→∞

Lλ(f, x) = f(x)

at x− Lebesgue point of ρ1 ∈ L1.

Proof. The proof is done similar to that of Theorem 1. �
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