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1

Abstra
t. The Gaussian error fun
tion erf(x) and its asso
iated fun
tions erf(x+)
and erf(x

−
) are de�ned. Further, the generalized Gaussian error fun
tion erfi(x) and

the asso
iated fun
tions erfi(x+) and erfi(x−
) are de�ned. Some neutrix 
onvolutions

of these fun
tions and other fun
tions are evaluated.

1. Introdu
tion

The error fun
tion (also known as Gaussian error fun
tion) erf(x) [19℄ is de�ned for

x ∈ R by

erf(x) =
2√
π

∫ x

0

e−u2

du =
2√
π

∞
∑

i=0

(−1)i

i!(2i+ 1)
x2i+1.

The error fun
tion is odd, 
onvex on (−∞, 0], 
on
ave on [0,∞), and stri
tly in
reasing

on R. We refer to the reader ref. [2, 3℄ for other properties of the error fun
tion.

The Gaussian error fun
tion plays an important role in statisti
s, probability theories

and in problems stemming from mathemati
al physi
s, espe
ially in analyti
 solutions for

problems of thermo me
hani
s and mass �ow due to di�usion. Dirs
hmid and Fis
her

extended the 
lassi
al Gaussian error fun
tion erf(x) to a family of in�nite extended

Gaussian error fun
tions erfi(x) (for i ≥ 1) whi
h 
an be easily programmed by 
urrent


omputational tools. The generalized Gaussian error fun
tion for i ∈ N are de�ned by

erfi(x) =
2√
π

∫ x

0

uie−u2

du,

see [5℄.

It 
an be easily noted that

lim
x→0

erfi(x) = 0, lim
x→∞

erfi(x) =
2√
π

∫ ∞

0

uie−u2

du =
1√
π
Γ
( i+ 1

2

)

,

lim
x→−∞

erfi(x) =
2√
π

∫ −∞

0

uie−u2

du =
(−1)i+1

√
π

Γ
( i+ 1

2

)

,
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see [13℄ for the 
al
ulation.

The lo
ally summable fun
tions erf(x+) and erf(x−) are de�ned by

erf(x+) = H(x) erf(x), erf(x−) = H(−x) erf(x),

where H denotes Heaviside's fun
tion and we de�ne

erf(−x+) = − erf(x−), erf(−x−) = − erf(x+).

The fun
tions erf(|x|1/2), erf(x
1/2
+ ) and erf(|x|1/2) are similarly de�ned by

erf(|x|1/2) =
2√
π

∫ |x|1/2

0

exp(−u2) du,

erf(x
1/2
+ ) = H(x) erf(|x|1/2), erf(x

1/2
− ) = H(−x) erf(|x|1/2).

Similarly, we de�ne the lo
ally summable fun
tions erfi(x+) and erfi(x−) by

erfi(x) = H(x) erfi(x), erfi(x−) = H(−x) erfi(x),

Before proving our results on the 
onvolution, we need the following lemma, whi
h is

easily proved by indu
tion:

Lemma 1.

erf2i(x) =
2√
π

∫ x

0

u2ie−u2

du

= −
i−1
∑

j=0

(2i)!(i− j)!√
π22ji!(2i− 2j)!

x2i−2j−1 exp(−x2) +
(2i)!

22ii!
erf(x),

erf2i+1(x) =
2√
π

∫ x

0

u2i+1e−u2

du

= −
i

∑

j=0

i!√
π(i− j)!

x2i−2j exp(−x2) +
i!√
π

for i = 0, 1, 2, . . . , where the sum in �rst relation is empty when i = 0.

The 
lassi
al de�nition of the 
onvolution of two lo
ally summable fun
tions f and g

is as follows:

De�nition 1. Let f and g be fun
tions. Then the 
onvolution f ∗ g is de�ned by

(f ∗ g)(x) =
∫ ∞

−∞
f(t)g(x− t) dt =

∫ ∞

−∞
f(x− t)g(t) dt

for all points x for whi
h the integral exist.

It follows easily from the de�nition that if f ∗ g exists then g ∗ f exists and

f ∗ g = g ∗ f
and if (f ∗ g)′ and f ∗ g′ (or f ′ ∗ g) exists, then
(1.1) (f ∗ g)′ = f ∗ g′ (or f ′ ∗ g).

We now de�ne the fun
tions erf2i,+(|x|1/2) and erf2i,−(|x|1/2) by
erf2i,+(|x|1/2) = H(x) erf2i(|x|1/2), erf2i,−(|x|1/2) = H(−x) erf2i(|x|1/2),

for i = 0, 1, 2, . . . .
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The following results were proved in [11℄.

xr
+ ∗ erf+(x) =

1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(−1)i erfi(x)x
r−i+1
+ ,

xr
+ ∗ [x exp+(−x2)] =

√
π

2(r + 1)

r+1
∑

i=0

(

r + 1

i

)

(−1)−i erfi(x)x
r−i+2
+ +

+

√
π

2(r + 1)

r+1
∑

i=1

(

r + 1

i

)

(−1)−i−1 erfi(x)x
r−i+1
+ ,

for r = 0, 1, 2, . . . , where exp+(−x2) = H(x) exp(−x2).
We now prove

Theorem 1. The 
onvolution xr
+ ∗ erf(x1/2

+ ) exists and

(1.2) xr
+ ∗ erf(x1/2

+ ) =
1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(−1)i erf2i(x
1/2
+ )xr−i+1

+ ,

r = 0, 1, 2, . . . .

Proof. We note that if x < 0, then xr
+ ∗ erf(x1/2

+ ) = 0. If x > 0, we have

xr
+ ∗ erf(x1/2

+ ) =
2√
π

∫ x

0

(x− t)r erf(t1/2) dt

=
2√
π

∫ x

0

(x− t)r
∫ t1/2

0

exp(−u2) du dt

=
2√
π

∫ x1/2

0

exp(−u2)

∫ x

u2

(x− t)r dt du

=
2√

π(r + 1)

r+1
∑

i=0

(

r + 1

i

)

(−1)ixr−i+1

∫ x1/2

0

u2i exp(−u2) du

=
1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(−1)i erf2i(x
1/2)xr−i+1,

on using Lemma 1 Equation (1.2) follows. �

Repla
ing x by −x in equation (1.2) gives

Corollary 1. The 
onvolution xr
− ∗ erf(x1/2

− ) exists and

(1.3) xr
− ∗ erf(x1/2

− ) =
1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(−1)i erf2i(|x|1/2)xr−i+1
− ,

r = 0, 1, 2, . . . .

Corollary 2. The 
onvolution xr
+ ∗ [x−1/2

+ exp(−|x|)] exists and

xr
+ ∗ [x−1/2

+ exp(−|x|)] =
√
π

r
∑

i=0

(

r

i

)

(−1)i erf2i(x
1/2
+ )xr−i

+ ,(1.4)

r = 0, 1, 2, . . . .
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Proof. Di�erentiating equation (1.2) and using equation (1.1), we get

xr
+ ∗ [erf(x1/2

+ )]′ =
1√
π
xr
+ ∗ [x−1/2

+ exp(−|x|)]

= [xr
+ ∗ erf+(|x|1/2)]′

= rxr−1
+ ∗ erf(x1/2

+ )

=
r

∑

i=0

(

r

i

)

(−1)i erf2i(|x|1/2)xr−i
+

and equation (1.4) follows for r = 1, 2, . . . .
In the parti
ular 
ase r = 0, we have

1√
π
x0
+ ∗ [x−1/2

+ exp(−|x|)] = δ(x) ∗ erf(x1/2
+ ) = erf(x

1/2
+ ),

giving

x0
+ ∗ [x−1/2

+ exp(−|x|)] =
√
π erf(x

1/2
+ ).

This proved equation (1.4) for the 
ase r = 0. �

Repla
ing x by −x in equation (1.4) gives

Corollary 3. The 
onvolution xr
− ∗ [x−1/2

− exp(−|x|)] exists and

xr
− ∗ [x−1/2

− exp(−|x|)] =
√
π

r
∑

i=0

(

r

i

)

(−1)i erf2i(x
1/2
− )xr−i

− ,

r = 0, 1, 2, . . . .

2. Neutrix Convolution

We now let D be the spa
e of in�nitely di�erentiable fun
tions with 
ompa
t support

and let D′
be the spa
e of distributions de�ned on D.

De�nition 2. The 
onvolution f ∗ g of two distributions f and g in D′
is de�ned by the

equation

〈(f ∗ g)(x), ϕ〉 = 〈f(y), 〈g(x), ϕ(x + y)〉〉
for arbitrary ϕ in D provided f and g satisfy either of the 
onditions:

(B1) either f or g has bounded support,

(B2) the supports of f and g are bounded on the same side,

see Gel'fand and Shilov [12℄ (or [14℄). Note that if f and g are lo
ally summable fun
tions

satisfying either of the above 
onditions and the 
lassi
al 
onvolution f ∗ g exists, then it

is in agreement with De�nition 1.

Now let f and g be two distributions on R su
h that K = Supp (f) and K ′ = Supp (g)
satisfying the following 
onditions:

(a) for every bounded set B ⊂ R, the set (K ×K ′) ∩B△
is bounded in R

2,

(b) for every bounded set B ⊂ R, the set K ∩ (B −K ′) is bounded in R,

(
) for every bounded set B ⊂ R, the set (B −K) ∩K ′
is bounded in R,

(d) if xn ∈ K, yn ∈ K ′
and |xn|+ |yn| → ∞, then |xn + yn| → ∞,
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where B△ = {(x, y) ∈ R
2 : x + y ∈ B}, then the 
onvolution produ
t f ∗ g of f and g

exists and is de�ned as in De�nition 2.

The 
ondition (a)-(d) are well known see [9, 17℄. Condition (d) was introdu
ed by J.

Mikusinski in [1℄. If the supports of distributions f and g satisfy 
onditions (B1) or (B2),

then they ful�ll 
onditions (a)-(d).

In [9℄, two pairs of distributions S, T and f, g were given, whi
h did not satisfy the


onditions (B1) or (B2), but the 
onvolution S ∗ T and f ∗ g existed and 
onditions

(a)-(d) were satis�ed.

The 
onvolution produ
t of distributions may be de�ned in a more general way without

any restri
tion on the supports. The most well-known is given by Jones, see [16℄. However,

there still exist many pairs of distributions su
h that the 
onvolution produ
ts do not exist

in the sense of these de�nitions.

The method of negle
ting appropriately de�ned in�nite quantities was devised by

Hadamard and the resulting �nite value extra
ted from the divergent integral is usu-

ally referred to as the Hadamard �nite part. Using the 
on
epts of the neutrix and the

neutrix limit due to van der Corput [4℄, Fisher gave the general prin
iple for the dis-


arding of unwanted in�nite quantities from asymptoti
 expansions and this has been

exploited in 
ontext of distributions, parti
ularly in 
onne
tion with 
onvolution produ
t

and distributional multipli
ation see [6, 7, 8, 15, 18℄.

In order to introdu
e Fisher's de�nition of neutrix 
onvolution produ
t, we �rst of all

let τ be a fun
tion in D satisfying the following properties :

(i) τ(x) = τ(−x),
(ii) 0 ≤ τ(x) ≤ 1,
(iii) τ(x) = 1 for |x| ≤ 1

2 ,

(iv) τ(x) = 0 for |x| ≥ 1.

The fun
tion τn is now de�ned by

τn(x) =







1, |x| ≤ n,

τ(nnx− nn+1), x > n,

τ(nnx+ nn+1), x < −n,

for n = 1, 2, . . . .

De�nition 3. Let f and g be distributions in DD′
and let fn = fτn for n = 1, 2, . . . .

Then the neutrix 
onvolution f©∗ g is de�ned as the neutrix limit of the sequen
e {fn ∗g},
provided that the limit h exists in the sense that

N−lim
n→∞

〈fn ∗ g, ϕ〉 = 〈h, ϕ〉,

for all ϕ in DD, where N is the neutrix, see van der Corput [4℄, having domain N ′ =
{1, 2, . . . , n, . . .} and range N ′′

the real numbers, with negligible fun
tions �nite linear

sums of the fun
tions

nλ lnr−1 n, lnr n (λ > 0, r = 1, 2, . . .)

and all fun
tions whi
h 
onverge to zero in the usual sense as n tends to in�nity.

In this de�nition the 
onvolution produ
t fn ∗ g exists sin
e the distribution fn having

bounded support. Note that be
ause of the la
k of symmetry in the de�nition of f ©∗ g,

the neutrix 
onvolution is in general non-
ommutative.

The following two theorems were proved in [7℄, showing that the neutrix 
onvolution

is a generalization of the 
onvolution.
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Theorem 2. Let f and g be distributions in DD′
satisfying either 
ondition (B1) or


ondition (B2) of De�nition 2. Then the neutrix 
onvolution f ©∗ g exists and

f ©∗ g = f ∗ g.

Theorem 3. Let f and g be distributions in DD′
and suppose that f ©∗ g exists, then the

neutrix 
onvolution f ©∗ g′ exists and

(2.1) (f ©∗ g)′ = f ©∗ g′.

Note however that equation (1.1) does not ne
essarily hold for the neutrix 
onvolution

produ
t and that (f ©∗ g)′ is not ne
essarily equal to f ′ ©∗ g.

In order to prove our next results we need to extend our set of negligible fun
tions

given in De�nition 3 to also in
lude �nite linear sums of the fun
tion

nr erf[(x+ n)1/2)], r = 1, 2, . . . .

We now prove

Theorem 4. The neutrix 
onvolution xr ©∗ erf(x
1/2
+ ) exists and

(2.2) xr ©∗ erf(x
1/2
+ ) =

1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(−1)i(2i)!

22ii!
xr−i+1,

for r = 0, 1, 2, . . . .

Proof. We put (xr)n = xrτn(x) for n = 1, 2, . . . . Sin
e (xr)n has 
ompa
t support, the


lassi
al 
onvolution (xr)n ∗ erf(x1/2
+ ) exists and

(xr)n ∗ erf(x1/2
+ ) =

2√
π

∫ x+n

0

(x − t)r erf(t1/2) dt+

+
2√
π

∫ x+n+n−n

x+n

(x− t)rτn(x − t) erf(t1/2) dt

= I1 + I2.

It is easily seen that

lim
n→∞

I2 = 0.

Further,

I1 =
2√
π

∫ x+n

0

(x − t)r
∫ t1/2

0

exp(−u2) du dt

=
2√
π

∫ (x+n)1/2

0

exp(−u2)

∫ x+n

u2

(x− t)r dt du

=
2√

π(r + 1)

∫ (x+n)1/2

0

(x− u2)r+1 exp(−u2) du − 2(−n)r+1

√
π(r + 1)

∫ (x+n)1/2

0

exp(−u2) du

=
1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(−1)i erf2i[(x+ n)1/2)]xr−i+1

− (−n)r+1

r + 1
erf[(x+ n)1/2].
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It follows easily from Lemma 1 and on noting that erf(∞) = 2√
π

∫∞
0 exp(−u2) du = 1, we

have

N−lim
n→∞

erf2i[(x + n)1/2] =
(2i)!

22ii!
,

and so

N−lim
n→∞

I1 =
1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(−1)i(2i)!

22ii!
xr−i+1

for i = 0, 1, 2, . . . . Equation (2.2) follows. �

Repla
ing x by −x in equation (2.2), we get

Corollary 4. The neutrix 
onvolution xr ©∗ erf(x
1/2
− ) exists and

(2.3) xr ©∗ erf(x
1/2
− ) = − 1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(2i)!

22ii!
xr−i+1

for r = 0, 1, 2, . . . .

Corollary 5. The neutrix 
onvolution xr ©∗ erf(|x|1/2) exists and

(2.4) xr ©∗ erf(|x|1/2) = 1

r + 1

r+1
∑

i=0

(

r + 1

i

)

[(−1)i − 1](2i)!

22ii!
xr−i+1

for r = 0, 1, 2, . . . .

Proof. Note that

xr ©∗ erf(|x|1/2) = xr ©∗ erf(x
1/2
+ ) + xr ©∗ erf(x

1/2
− ).

Then equation (2.4) follows from Equations (2.2) and (2.3). �

Theorem 5. The neutrix 
onvolution xr
+ ©∗ erf(|x|1/2) exists and

xr
+ ©∗ erf(|x|1/2) =

1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(−1)i[xr−i+1
+ − (−1)rxr−i+1

− ] erf2i(|x|1/2)

− 1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(2i)!

22ii!
xr−i+1

(2.5)

for r = 0, 1, 2, . . . .

Proof. Using equation (2.2), we have

xr
+ ©∗ erf(|x|1/2) = xr

+ ∗ erf(x1/2
+ ) + xr

+ ©∗ erf(x
1/2
− )

=
1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(−1)ixr−i+1
+ erf2i(|x|1/2)

+xr
+ ©∗ erf(x

1/2
− ).(2.6)
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Using equations (1.3) and (2.3), we have

xr ©∗ erf(x
1/2
− ) = xr

+ ©∗ erf(x
1/2
− ) + (−1)rxr

− ∗ erf(x1/2
− )

= xr
+ ©∗ erf(x

1/2
− )

+
(−1)r

r + 1

r+1
∑

i=0

(

r + 1

i

)

(−1)ixr−i+1
− erf2i(|x|1/2)

= − 1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(2i)!

22ii!
xr−i+1.(2.7)

Equation (2.5) now follows from equations (2.6) and (2.7). �

Repla
ing x by −x, we get

Corollary 6. The neutrix 
onvolution xr
− ©∗ erf(|x|1/2) exists and

xr
− ©∗ erf(|x|1/2) =

1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(−1)i[xr−i+1
− − (−1)rxr−i+1

+ ] erf2i(|x|1/2)

+
1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(−1)r−i (2i)!

22ii!
xr−i+1

for r = 0, 1, 2, . . . .

Theorem 6. The neutrix 
onvolution xr ©∗ [x
−1/2
+ exp(−|x|)] exists and

(2.8) xr ©∗ [x
−1/2
+ exp(−|x|)] =

√
π

r + 1

r
∑

i=0

(

r + 1

i

)

(−1)i(r − i+ 1)(2i)!

22ii!
xr−i,

for r = 0, 1, 2, . . . .

Proof. Di�erentiating equation (2.2) using equation (2.1), we get

[xr ©∗ erf(x
1/2
+ )]′ =

1√
π
xr ©∗ [x

−1/2
+ exp(−|x|)]

=
1

r + 1

r
∑

i=0

(

r + 1

i

)

(−1)i(r − i+ 1)(2i)!

22ii!
xr−i,

and equation (2.8) follows for r = 0, 1, 2, . . . . �

Repla
ing x by −x in equation (2.8), we get

Corollary 7. The neutrix 
onvolution xr ©∗ [x
−1/2
− exp(−|x|)] exists and

(2.9) xr ©∗ [x
−1/2
− exp(−|x|)] =

√
π

r + 1

r
∑

i=0

(

r + 1

i

)

(r − i+ 1)(2i)!

22ii!
xr−i,

for r = 0, 1, 2, . . . .

Adding equations (2.8) and (2.9) we get

Corollary 8. The neutrix 
onvolution xr ©∗ [|x|−1/2 exp(−|x|)] exists and

xr ©∗ [|x|−1/2 exp(−|x|)] =

=

√
π

r + 1

r+1
∑

i=0

(

r + 1

i

)

[1 + (−1)i](r − i+ 1)(2i)!

22ii!
xr−i
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for r = 0, 1, 2, . . . .

Taking equation (2.9) from equation (2.8), we get

Corollary 9. The neutrix 
onvolution xr ©∗ [sgnx.|x|−1/2 exp(−|x|)] exists and

xr ©∗ [sgnx.|x|−1/2 exp(−|x|)] =

=

√
π

r + 1

r+1
∑

i=0

(

r + 1

i

)

[(−1)i − 1](r − i+ 1)(2i)!

22ii!
xr−i

for r = 0, 1, 2, . . . .

Theorem 7. The neutrix 
onvolution xr
+ ©∗ [sgnx.|x|−1/2 exp(−|x|)] exists and

xr
+ ©∗ [sgnx.|x|−1/2 exp(−|x|)] =

=

√
π

r + 1

r
∑

i=0

(

r + 1

i

)

(−1)i(r − i+ 1)[xr−i
+ − (−1)rxr−i

− ] erf2i(|x|1/2)

+
1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(−1)i[xr+1
+ + (−1)rxr+1

− ] exp(−|x|)

−
√
π

r + 1

r
∑

i=0

(

r + 1

i

)

(r − i+ 1)(2i)!

22ii!
xr−i

(2.10)

for r = 0, 1, 2, . . . .

Proof. Di�erentiating equation (2.5) using equation (2.1), we get

[xr
+ ©∗ erf(|x|1/2)]′ =

1√
π
xr
+ ©∗ [sgnx.|x|−1/2 exp(−|x|)]

=
1

r + 1

r
∑

i=0

(

r + 1

i

)

(−1)i(r − i+ 1)[xr−i
+ + (−1)rxr−i

− ] erf2i(|x|1/2)

+
1√

π(r + 1)

r+1
∑

i=0

(

r + 1

i

)

(−1)i[xr−i+1
+ − (−1)rxr−i+1

− ]xi exp(−|u|)

− 1

r + 1

r
∑

i=0

(

r + 1

i

)

(r − i+ 1)(2i)!

22ii!
xr−i

and equation (2.10) follows. �

Repla
ing x by −x, we get:

Corollary 10. The neutrix 
onvolution xr
− ©∗ [sgnx.|x|−1/2 exp(−|x|)] exists and

xr
− ©∗ [sgnx.|x|−1/2 exp(−|x|)] =

= −
√
π

r + 1

r
∑

i=0

(

r + 1

i

)

(−1)i(r − i+ 1)[xr−i
− + (−1)rxr−i

+ ] erf2i(|x|1/2)

+
1

r + 1

r+1
∑

i=0

(

r + 1

i

)

(−1)i[xr+1
− − (−1)rxr+1

+ ] exp(−|x|)

−
√
π

r + 1

r
∑

i=0

(

r + 1

i

)

(−1)r−i(r − i+ 1)(2i)!

22ii!
xr−i
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A�

for r = 0, 1, 2, . . . .

For further related results, see [10, 11℄.
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