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A NOTE ON SUBORDINATIONS FOR CERTAIN ANALYTIC

FUNCTIONS

SHIGEYOSHI OWA

Abstra
t. There are many results for subordinations of fun
tions f(z) whi
h are

analyti
 in the open unit disk U with f(0) = 0 and f ′(0) = 1. The obje
t of the

present paper is to dis
uss some interesting 
onditions for f(z) that satisfy some

subordinations in U.

1. Introdu
tion

Let A be the 
lass of fun
tions f(z) of the form

f(z) = z +

∞
∑

n=2

anz
n ,

whi
h are analyti
 in the open unit disk U = {z ∈ C : |z| < 1} with f(0) = 0 and f ′(0) = 1.
If f(z) ∈ A satis�es f(z1) 6= f(z2) for any z1 ∈ U and z2 ∈ U with z1 6= z2, then f(z)
is said to be univalent in U and denoted by f(z) ∈ S. If f(z) ∈ A satis�es the following

inequality:

Re

(

zf ′(z)

f(z)

)

> α (z ∈ U) ,

for some real α (0 ≤ α < 1), then we say that f(z) is starlike of order α in U and denoted

by f(z) ∈ S∗(α). If α = 0 , then we write that S∗(0) ≡ S∗
.

Let f(z) and g(z) be in the 
lass A. Then f(z) is said to be subordinate to g(z) if

there exists an analyti
 fun
tion w(z) in U satisfying w(0) = 0, |w(z)| < 1 (z ∈ U) and

f(z) = g(w(z)). We denote this subordination by

f(z) ≺ g(z) (z ∈ U) .

The basi
 tool for our paper is the following lemma due to Miller and Mo
anu [2℄, [3℄

(also, due to Ja
k [1℄).

Lemma 1. Let w(z) be analyti
 in U with w(0) = 0. Then, if |w(z)| attains its maximum

value on the 
ir
le |z| = r < 1 at a point z0 ∈ U, then we have that

z0w
′(z0) = kw(z0) ,

where k ≥ 1 is a real number.
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2. Main results

Let us 
onsider a fun
tion g(z) given by

g(z) =
α− z

α(1− z)
(z ∈ U)

for some real α > 0 and α 6= 1. Then g(0) = 1 and g(z) is analyti
 in U.

Consider z = eiθ for g(z). Then

Re g(z) = Re

(

1

α
+

α− 1

α

1

(1 − cos θ)− i sin θ

)

=
1 + α

2α
.

Therefore, if 0 < α < 1, then Re g(z) <
1 + α

2α
(z ∈ U) and if α > 1, then

Re g(z) >
1 + α

2α
(z ∈ U).

Now, we derive

Theorem 1. If f(z) ∈ A satis�es

(2.1) Re

(

1 +
zf ′′(z)

f ′(z)

)

<
1 + 3α

2α(1 + α)
(z ∈ U) ,

for 0 < α < 1, then
zf ′(z)

f(z)
≺ α− z

α(1− z)
(z ∈ U) .

If f(z) ∈ A satis�es

(2.2) Re

(

1 +
zf ′′(z)

f ′(z)

)

>
1 + 3α

2α(1 + α)
(z ∈ U) ,

for α > 1, then
zf ′(z)

f(z)
≺ α− z

α(1− z)
(z ∈ U) .

Proof. We 
onsider a fun
tion w(z) whi
h is analyti
 in U, w(0) = 0, and given by

zf ′(z)

f(z)
=

α− w(z)

α(1 − w(z))
,

where f(z) satis�es 
onditions in the theorem. It follows that

1 +
zf ′′(z)

f ′(z)
=

α− w(z)

α(1− w(z))
− zw′(z)

α− w(z)
+

zw′(z)

1− w(z)
.

Let us suppose that there exists a point z0 ∈ U su
h that

Max|z|≤|z0||w(z)| = |w(z0)| = 1 .

Then, applying Lemma 1, we 
an write that

z0w
′(z0) = kw(z0) (k ≥ 1) .

Noting that w(z0) = eiθ, we know that

Re

(

1 +
z0f

′′(z0)

f ′(z0)

)

= Re

{

α− w(z0)

α(1 − w(z0)
− z0w

′(z0)

α− w(z0)
+

z0w
′(z0)

1− w(z0)

}

= Re

(

α− eiθ

α(1 − eiθ)
− keiθ

α− eiθ
+

keiθ

1− eiθ

)

=
1 + α

2α
+

k(1− α cos θ)

1 + α2 − 2α cos θ
− k

2
.
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Let us de�ne the fun
tion p(t) by

p(t) =
1− αt

1 + α2 − 2αt
(t = cos θ) .

Then, we have that

p′(t) =
α(1 + α)(1 − α)

(1 + α2 − 2αt)2
.

Thus, p′(t) > 0 for 0 < α < 1 and p′(t) < 0 for α > 1. This gives us that

Re

(

1 +
z0f

′′(z0)

f ′(z0)

)

≥ 1 + α

2α
+

k

1 + α
− k

2

=
1 + α

2α
+

k(1− α)

2(1 + α)
≥ 1 + 3α

2α(1 + α)
,

for 0 < α < 1, and that

Re

(

1 +
z0f

′′(z0)

f ′(z0)

)

≤ 1 + α

2α
+

k

1 + α
− k

2

=
1 + α

2α
+

k(1− α)

2(1 + α)
≤ 1 + 3α

2α(1 + α)
,

for α > 1. This 
ontradi
ts the 
onditions (2.1) and (2.2) of the theorem. Therefore,

there is no w(z) su
h that w(0) = 0 and |w(z0)| = 1 for any z0 ∈ U. It follows that

|w(z)| < 1 for all z ∈ U. With this fa
t, we have that

|w(z)| =

∣

∣

∣

∣

∣

∣

α
(

1− zf ′(z)
f(z)

)

1− α
zf ′(z)
f(z)

∣

∣

∣

∣

∣

∣

< 1 (z ∈ U) .

It follows that

Re

(

zf ′(z)

f(z)

)

<
1 + α

2α
(z ∈ U) ,

for 0 < α < 1 and that

Re

(

zf ′(z)

f(z)

)

>
1 + α

2α
(z ∈ U) ,

for α > 1. Consequently, we have that

zf ′(z)

f(z)
≺ α− z

α(1 − z)
(z ∈ U) .

Finally, if we take a fun
tion f(z) given by

(2.3) f(z) = z(1− z)
1−α

α (z ∈ U) ,

then we know that

zf ′(z)

f(z)
=

α− z

α(1− z)
.

Thus, the result is sharp for f(z) whi
h is de�ned by (2.3). �

Example 1. Letting α =
1

3
and 
onsidering

f(z) = z(1− z)2 = z − 2z2 + z3 ,

we have that

zf ′(z)

f(z)
=

1− 3z

1− z
(z ∈ U) ,
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whi
h gives us that

Re

(

zf ′(z)

f(z)

)

< 2 (z ∈ U) .

Example 2. Letting α = 2 and 
onsidering

f(z) =
z√
1− z

= z +

∞
∑

n=2

1 · 3 · 5 · · · (2n− 3)

2n−1(n− 1)!
zn ,

we have that

zf ′(z)

f(z)
=

z(3− 2z)

2(1− z)
(z ∈ U) ,

whi
h gives us that

Re

(

zf ′(z)

f(z)

)

> −5

4
(z ∈ U) .
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