Advances in Mathematics: Scientific Journal 5 (2016), no.2, 269-272
ADV NMATH ISSN 1857-8365 printed version
=0 JEIEINAL ISSN 1857-8438 electronic version

A NOTE ON SUBORDINATIONS FOR CERTAIN ANALYTIC
FUNCTIONS

SHIGEYOSHI OWA

ABSTRACT. There are many results for subordinations of functions f(z) which are
analytic in the open unit disk U with f(0) = 0 and f’(0) = 1. The object of the
present paper is to discuss some interesting conditions for f(z) that satisfy some
subordinations in U.

1. INTRODUCTION
Let A be the class of functions f(z) of the form

f(Z)ZZ—I—Zanzn,
n=2

which are analytic in the open unit disk U = {z € C : |2| < 1} with f(0) = 0 and f'(0) = 1.
If f(z) € A satisfies f(z1) # f(z2) for any z; € U and 22 € U with 21 # 22, then f(z)
is said to be univalent in U and denoted by f(z) € S. If f(z) € A satisfies the following

inequality:
2f'(2)
Re(f(z))>a (z€ ),

for some real @ (0 < o < 1), then we say that f(z) is starlike of order « in U and denoted
by f(z) € S*(a). If @ =0, then we write that $*(0) = S*.

Let f(z) and g(z) be in the class A. Then f(z) is said to be subordinate to g(z) if
there exists an analytic function w(z) in U satisfying w(0) = 0, |w(z)| < 1(z € U) and
f(z) = g(w(z)). We denote this subordination by

fz)<9(z)  (z€0).
The basic tool for our paper is the following lemma due to Miller and Mocanu [2], [3]
(also, due to Jack [1]).

Lemma 1. Let w(z) be analytic in U with w(0) = 0. Then, if |w(z)| attains its maximum
value on the circle |z] = r < 1 at a point zg € U, then we have that

zow' (20) = kw(zo) ,

where k > 1 is a real number.
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2. MAIN RESULTS

Let us consider a function g(z) given by
a—z
ol —2)
for some real o > 0 and a # 1. Then ¢(0) =1 and g(z) is analytic in U.
Consider z = €' for g(z). Then

1 a-1 1 1+
Reg(z) = Re <E+ « (1—c059)—isin9> '

9(2) (ze€ )

2a
. 1+a .
Therefore, if 0 < o < 1, then Reg(z) < e (z € U) and if o > 1, then
o

1
Reg(z) > % (z € U).
Now, we derive
Theorem 1. If f(z) € A satisfies

z2f"(z) 1+ 3«
(2.1) Re<1+ 0 ><2a(1—|—a) (z€l),
for0 < a <1, then )
zf'(z a—z
5 Ka(l—z) (z €U).
If f(2) € A satisfies
z2f"(z) 1+ 3«
(2.2) Re<1+ 70 >>2a(1+a) (z€U),
for a > 1, then /
2f2) a-z (z €U).

=<
fz)  a(l-2)
Proof. We consider a function w(z) which is analytic in U, w(0) = 0, and given by

) a-w()
[z al—w(z))”
where f(z) satisfies conditions in the theorem. It follows that
14 zf"(z) __a- w(z)  z2w'(2) 2w’ (z)
f(z)  a(l—w(z) a—-wz) 1-wz)’

Let us suppose that there exists a point zg € U such that

Max‘z‘g‘z()||w(z)| =|w(z0)|=1.
Then, applying Lemma 1, we can write that

zow' (20) = kw(zo) (k>1).
Noting that w(zp) = €, we know that

Re <1+M> _ Re{ a—w(z)  zw(x) | zw’(z@)}

1'(20) a(l —w(zg) a—w(zg) 1—w(zo
o — et ket ket
= R — — - .
e(a(lew) aew—’—lew)
1+« k(1 —acost)  k
2c 14+ a2 —2acosh 2
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Let us define the function p(t) by
1—-at

=TT o — a1 (t = cosf).

p(t)
Then, we have that
a(l+a)(l —«a
iy = S0l =)
(14 a2 —2at)
Thus, p'(t) > 0 for 0 < a < 1 and p'(¢) < 0 for @ > 1. This gives us that
z0f" (20) 1+a k k
Rell4+ ———- > e
e( i f'(20) - 2 +1+a 2
1+« kz(l—a)> 1+ 3a
2 21+ a) = 2a(l +a)’

for 0 < a < 1, and that
20" (20) 1+« k k
Re(l+——=] < _2
e( + f'(20) - 2a +1+a 2
1+o¢+k(1—a) < 1+ 3 7
2 21+ a) = 2a(1 + «)
for o > 1. This contradicts the conditions (2.1) and (2.2) of the theorem. Therefore,

there is no w(z) such that w(0) = 0 and |w(zp)| = 1 for any zo € U. It follows that
|w(z)| <1 for all z € U. With this fact, we have that

o(1-45)

|w(z)| = - <1 (z€U).
_ o z2f(z)
1= a5
It follows that 7(2) )
zf(z +
R U
(F5) <= een
for 0 < a < 1 and that 72)
zf'(z 1+«
R U
e(f(z))> 5 (z €U,
for a > 1. Consequently, we have that
4 —
2f(2) a”z (z€U).

=<
fz) a(l-2)
Finally, if we take a function f(z) given by

(2.3) fz)=z2(1—2) ="  (z€D),

then we know that

z2f'(2) a—z
fz) a(l-2)
Thus, the result is sharp for f(z) which is defined by (2.3). O

1
Example 1. Letting o = 3 and considering

f(2)=2(1=2)? =2 —222 + 23,

we have that

zf'(2) _1-32

5 T (z€l),
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which gives us that

Re(zfl(z)> <2 (zeU).

f(2)
Example 2. Letting a = 2 and considering
oz ~1:3:5---(2n—3) ,

n=2

we have that
zf'(z)  2(3—2z2)

OB N
which gives us that
Re (ZJ{(S)) > ,g (z € U).
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