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A FORMULA FOR n - TIMES INTEGRATED C, GROUP OF
OPERATORS (n € N)

RAMIZ VUGDALIC! AND SANELA HALILOVIC

ABSTRACT. In this paper we analyze the connection between the group of rotation in
the complex plane and n - times integrated group of rotation (n € N). Later we give
and prove a general formula for arbitrary n - times integrated Cp group of operators
in a Banach space (n € N).

1. INTRODUCTION AND SOME PRELIMINARIES

Many mathematicians have been developing the semigroup theory and the group theory
of operators in a Banach space, and later, also, the theory of integrated semigroups (and
groups) of operators in a Banach space (for example, see [1]-[14]). Here we give some
important preliminaries.

Definition 1.1. Let X be a Banach space. A one parameter family T(¢), t € R, of
linear and bounded operators from X wnto X s Cqy group, or strongly continuous
group of operators if
i) T(0) = I , where I is the identity operator on X ,
i) T(t+s) =T)T(s) for everyt € R and s € R,
iii) lm T(t)z =z for every z € X.
t—0+

The condition 1) is a condition of strongly continuity of the function T(t) in
pownt t = 0. The linear operator A: X — X defined by

T(t)z

T(t)z — —
D(A) = {az € X: lim # emists} and Az = lim % for all z € D(A),

t—0+ t—0+

s the wnfinitesimal generator of the Co group T(t), defined on its domain D(A).

It is known that infinitesimal generator of a strongly continuous group is a closed
operator. Integrated groups of operators in Banach spaces have been introduced to study
abstract Cauchy problems. Also, some differential operators in Euclidean spaces are
examples of integrated group (see [3]). In [7] it is proved that o - times integrated groups
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define algebra homomorphism and smooth distribution groups of fractional order are
equivalent to o - times integrated groups (o > 0).

Definition 1.2. Gwven a > 0, a family of strongly continuous, linear and bounded
operators S(t), t > 0, on a Banach space X s said to be an a-times integrated
semigroup if

i) S(0) =0, . t
i) S(t)S(s)z = ﬁ /(t +5—r)*"18(r)zdr — /(t +5— 7 1S(r)zdr

forallz e X,t >0, s>0. Here I" 1s the Gamma function.
The generator A of S(t), t > 0, is defined as 1t follows:
D(A) 1is the set of all z € X such that there exists y € X satisfying

¢
S(t)z — /S Jyds (t > 0) and then Az :=y.
0

The generator of integrated semigroup is a closed operator.

Definition 1.3. An a-times integrated group S(t), t € R, s a strongly continuous
family of linear and bounded operators on a Banach space X such that S;(t) := S(t)
(t > 0) and S_(t) == —=S(—t) (t > 0) are a-times integrated semigroups, and if
t<0<r then

r r 0
S(t)S(r) = ﬁ /(s —t—r)*13(s)ds + /(t—l—r —8)* 15(s)ds
Lt+r t
holds when t +r > 0, and
[ t+r
S(t)S(r):ﬁ /(t+r— 5)%18(s ds+/s—t )2-15(s) ds
¢ 0

holds when t +r < 0.

If A 1s the generator of S, (t), t > 0, then operator (—A) is the generator of S_(t),
t > 0. The generator of S(t), t € R, is defined as the generator of S, (t), t > 0.

Specially, if T'(¢), ¢t € R, is a Cp group with infinitesimal generator A and if S(t), ¢ € R,
is obtained by n-times successive integration of T'(t) (n € N), then S(¢), ¢t € R, is n-times
integrated group of operators with the same generator A and it holds

(t—s)""'T(s)zds (z € X).
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We want to investigate in more details the connection between this n-times integrated
group S(¢) and Cy group T'(t) (¢t € R).
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2. REsuLTS

In [14] it is considered the geometric meaning of once integrated group of rotation in
the complex plane. Here we continue our investigation and obtain a formula for n-times
integrated group of rotation. Later we obtain a general formula for arbitrary Cy group
T(t). It is known that the field of all complex numbers C is itself a Banach space with
norm equals to the absolute value. The group of rotation T'(¢) (¢ € R) about the origin
in the complex plane is given with T'(t)z = e'* - z (2 € C), where ¢t € R is the angle of
rotation and 2 is the imaginary unit. This family of operators is the group of operators
because it is obviously T'(0) = I, I is the identity operator on C and T'(t + s) = T(¢)T(s)
for all ¢,s € R. Also, it holds

lim T(t)z = lim e -z =2 for every z € C.

t—0t t—0t
By Definition 1.1, the group T'(¢) (¢ € R) is a Cy group of operators on C. The infinitesimal
generator of the group T'(t) (¢ € R) is the operator A =i - I because
T(t)z — z (e — 1)z

Az = lim = lim —— =1-2.
t—0+ t t—0+ t

Let S,(t), t € R, n € N, be defined as

t
1
Sut)2 = o /(t "' T(s)zds (2 € C).
0
Then, S,(t),t € R, is n-times integrated group of rotation with the same generator
A=1-I.Forn=1and for every £ € R and all z € C, we have
t t ,
' et —1 4
Si(t)z = /T(S)z ds = z/e”ds = %= [sint +2(1 — cost)] z
0 0
= 1z —i(cost +sint)z =1 [z — T(t)z]

eF . [z T(t)e] =T (g) [t~ T(t)z] =T (g) 2T (g +t)z,

ie.
Si(t) :T(g> —T(g—l—t) (tER).
This shows the connection between the group of rotation and once integrated group of

rotation in the complex plane. It means that the point Si(t)z € C we obtain by rotating
the point z — T'(t)z about the origin by the angle of g If the points in the complex plane
we identify with their radius vectors, then the vector S;(¢)z we obtain as a difference of
vectors T (g) zand T (g + t) z, and S1(t)z is perpendicular to z — T'(t)z. Because of

. 1
|S1(t)z| = |[sint + ¢(1 — cost)]z| = (2 — 2cost) - |z| = |z| & cost = 5

we conclude that the operator Sy(¢) is an isometry on C only for ¢t = j:g +2km (k€ Z).

Since
t

Sa(t)z = /Sl(s)z ds=1- /(z —T(s)z)ds =1 (tz — S1(t)z),
0

0
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it follows that vector S(t) is perpendicular to the vector tz — S;(t)z. Also, the vector

t

S3(t)z = /SQ(S)Z ds=1- /t(sz — Si(s)z)ds =1 - (t;z - SQ(t)Z)

: : t?
is perpendicular to the vector 5Z= Sa(t)z.

Analogously, by using the principle of mathematical induction we come up to the
conclusion that for every n € N it holds

n—1

Sn(t)z = /tSn_l(s)z ds=1- <(n_1)'z — Sn_l(t)z> ,
0

n—1

so the vector S, (t)z is perpendicular to the vector 1z — Sn_1(t)z.

(n—1)
Hence, for every n € N it holds

Sp(t)z = (—1) - <Sn_1(t)z - (ntn_ll)'z> .

Here is T'(t) = So(t), because the Cy group T(t), itself, by definition, is the same one as
O-times integrated group.

Using the successive application of this relation by the principle of mathematical in-
duction, we may prove the following formula

i T2 ()
(2.1) S,(t)z = (=)™ - <T(t)z -3 o z> .
k=0 ’

For n = 1 the relation (2.1) holds, since we have shown that S;(¢)z = i-[z — T(¢)z]. From
the assumption that (2.1) holds for some n € N we get

n n-1 AL n
Smir(t)z = (i) (Sn(t)z - t'z) — (=)L <T(t)z 3! kf) z> +i- 2

— n!
= (i <T(t)z—z( i z> .

k=0

Therefore, we have just proved the following theorem:

Theorem 2.1. Let T(t) (¢t € R) be a group of rotations in the compler plane C and
let S,(t) (t € R) (n € N) be n-times integrated group of rotation in C. Then, for every

n—1
Wz—sn,l(t)z. Also, the
n—1)!

n € N the vector S,(t)z is perpendicular to the vector
formula (2.1) holds for every n € N.

Notice that formula (2.1) presents one relation and connection between the group of
rotation and n-times integrated group of rotation in a Banach space C. We perceive that
in the case of the group of rotation, specially, an infinitesimal generator of this group is
A =11, so now the formula (2.1) gives us an idea and motivation for the next general
result.
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Theorem 2.2. Let T(t) (t € R) be a Cy group of operators in a Banach space X and
let S,(t) (t € R)(n € N) be n-times integrated group of operators in X, got from the
group T(t) (t € R). Then, for every z € D(A™) it holds

n—1
(2.2) A"S, (e =T(t)z — ) k—k;Aka:.
k=0
Proof. 1t is known that for every z € D(A) we have
t ¢
Ttz —z = /T(s)Am ds = A/T(s)a: ds = AS1(t)z,
0 0

so the relation (2.2) holds for n = 1. Assume now that for some n € N and every
z € D(A™), the relation (2.2) holds. Namely, it is known that A™S, (¢)z = S,(¢)A"z. Now
from the fact that, because of closedness, an operator A may go under the integral sign
and using the assumption that (2.2) holds for n € N, we get that for every z € D(A™+!)
we have

¢ t
A"TIS, () = A A"/Sn(s)xds =A /A”Sn(s)xds

0

Il
b
::v‘\W
~// ~ ©
~
—
&
8
|
3
71
-
= %
o
=
8
N——
QL
[}

¢ n—1 tk+
= A/T(s)w ds — ARty
!
J = (k+1)
n k n
= Ttz —z-— Z EAkm =T(t)z — Z EAk:IJ
k=1 k=0

Therefore, we have proved that for every n € N, the assertion of this theorem holds. O
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