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PROPERTIES OF A NEW CLASS OF BIHARMONIC UNIVALENT
FUNCTION

OLUBUNMI A. FADIPE-JOSEPH! AND OLANIKE R. SALAMI

ABSTRACT. A new class of biharmonic univalent functions using the modified Salagean
differential operator was introduced. Properties of functions in the class were estab-
lished. The work generalized some earlier results.

1. INTRODUCTION

Let A, denote the class of functions of the form:

oo
flz) =221+ Zakz’\Jrk, 0<A<1,
k=2
which are analytic in the open unit disk U= {z € C: |z| < 1}. If for convenience, we set
Ay = A, we see that A denote the class of functions of the form:

fz)=z+ Zakzk
k=2

which are analytic in the open unit disk U, normalized by f(0) = 0 and f/(0) = 1.
Moreover, we have f(z) € A = 2 f(z) € Ay, 0 <A < 1.

A continuous function f = u + v is a complex-valued harmonic function in a domain
D c C if both u and v are real harmonic in D. In any simply connected domain, we can
write

(1.1) F=H+G

where H and G are analytic in D. We call H the analytic part and G the coanalytic
part of F'. A necessary and sufficient condition for F' to be locally univalent and sense-
preserving in D is that |H’| > |G'| in D. Denote by BH®(U), the class of functions F' of
the form (1.1) that are univalent and sense-preserving in the unit disk U. The subclasses of
biharmonic univalent functions have been studied by some authors for different purposes
and different properties (see [1],[7] for details).
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2. PRELIMINARIES

Let BHY(U), (0 < X < 1) denote the set of all biharmonic functions F in U with the
following form

2
F(z) = Y PV (hi(2) + 9x(2))
k=1
2 oo oo
= Z|z|2(k’1) Za]—,kz’\”ﬁLZW
k=1 j=1 j=1
2 o0 2 oo
F(z) = ZZ|Z|2(k_1)aj,ij+/\+ZZ|Z|2(k_1)bj,ij+’\-

k=1j=1 k=1j=1

with a11 = 1;a1,2 = b1,1 = b12 = 0. Note that g; and hj are analytic in the open unit
disk U normalized by f(0) = 0 and f’(0) = 1. Also, for convenience, we set BHJ(U) =
BH(U); we see that the class BH?(U) consists of functions of the form

2 oo 2 oo
F(z) =Y 2" Va2 + 0 2201, 20

k=1j=1 k=1j=1
with
2 00 _ .
(2.1) H(z) = Z§:1Zj21|z|2(k l)aj7kz.]+)\ |
G(z) = Zkzlzﬁﬂzlﬂk’l)bﬁmﬂ
Let

F(2)" = H(2)’ + G(2)?
Now, we expand (2.1) by binomial theorem. Thus,
H()P = 204 4 B 50 oD DO+ }
G(2)? =BZizlzil|Z|2(k_1)bj,kz(ﬁ_l)(”l)*(”j) :
We define the modified Salagean operator, D" F(z)? as:
(2.3) D"F(z)f = D"H(2)? 4+ (=1)"D"G(2)?, (n € Ny)
where,

DnH(z)B — B0+ 4 Bl2(k—1)+j+ )\]nzi:1z;>i2|z|2(k—1)aj,kz(5—1)(k+1)+(/\+j)
D"G(2)? = B2(k — 1) + j + N"Y gy Yooy |22 E Db 2P~ DOFDF D) -

(2.2)

Remark 2.1. If 3 =1 and A\ = 0, then D" f(2)”? becomes the known modified Salagean
differential operator.

Let BHY(n, 3, @) be the family of biharmonic function of the form (2.3) such that,

Dntlp(2)8

(24) Re{w}>a, ﬁ>0,0§a<1,0§)\<1(n€N0)

We also let TBH? consists of biharmonic functions of the form

F(2)? = H(2)? + G(2)# in BH{(n,3,a) so that H and G are of the form:
8 = B0+ » ZizlzﬁQIzIQ(’“’l)Iaj,klz(ﬁ’l)(”l)f(”j)

G = (71)n2k:12ﬁ2|z|2(k71)|bj,k|z(ﬁ71)(A+1)+(A+j) )

(2.5)
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which is a subclass of BHY(n, 3, o) and satisfying the conditions (2.4). The class BHY(n, 8, «)
includes a variety of well known subclasses of Spg.

Remark 2.2. (1) Ifk=1,n=0, and B=1 and A = 0 then BHJ(0,1,a) = Si (),
which is the class of sense preserving biharmonic univalent functions of f which
are starlike of order o in U.
(2) Ifk=1,n=1, and B =1 and A = 0 then BH{(1,1,a) = K} (), which is the
class of sense preserving biharmonic univalent functions of f which are convex of
order a in U.

3. MAIN RESULTS

In this section we prove the main results. We now give results on the family of
BHY(n,3,«) and its subclass.

Theorem 3.1. Let F(2)? = H(2)? + G(2)?, where H(2)? and G(2)? are given by (2.2).
If

S @k -D+i+A—a)lajrl+ @k =1)+5+ A+ )bkl B2%K—1)+ 5+ )"

k=1j=1

31  <A+p)(1-a)

where a11 = 1l,a12 =b12o=b11 =0,n€Np,0< A <1, B>1and0 < a<0. Then
F(2)P is univalent and sense-preserving in U and F € BH3(n, 3, a).

Proof. Suppose zlﬁ =+ zQB . Then,

F(z1)P — F(z)” H(z1)" +
H(z1)P — H(Z’z)ﬁ‘

Sra 20k — 1) + (B = 1)(A+1) + (A + 5)]bs
1 =30 32,20k — 1)+ (8= DA +1) + A+ j)laj
SR B2k — 1) + j o+ A 2R e,
Sho B2k — 1)+ j + A 2R g
| F(21)P — F(22)?
"|H(21)P — H(22)8

>0

>0.

Hence, F(z1)? # F(z2)?, which proves the univalence. To show that F” is sense-
preserving, it is sufficient to show that |H'(2)%| > |G’(2)”|.
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Now,

[H'(2)"]

FA+1) +522|2|2(k D, 2 B=DOFD+(A+)
k=175=2

= 5 [<A+ 1) [o7 0

_ZZ k=1 4+ (B=1A+1)+ A+ 5)z]P* Va2 F-HOTITATD
k=1j=2
2k -1 +j+A—a
> Bl(A+1) 225 E—1)+5+ A" RSk o
L k=175=2
k-—D+j+r+a
- ZZB _1 +J+)\) ( )17304 |bj,k|
_k 1j=2
2
> ﬂZZVIQ(’“*l)bj kz(ﬂfl)(,\+1)+(A+j)71
k=1j=1
> |G'(2)"].

Lastly, we show that F* € BH{(n,3,a). By (2.4),

DnHLF(z)8 ke D" H(2)P + (~1)"+1Dn+1G(2)B N
Re{ DiF(z)? }”R { DUH ()7 + (— 1) D" G(2)? }> |

Using the fact that Re {w} > « if and only if |1 — a+w| > |1 4+ a — w|, it suffices to show
that:

) D"HIF(2)P ) D"HF(2)8 >0
’ TRy | [T DGy ’ -
D" F(2)P + (1 —a)D"F(2)8 —~D"t1F(2)P + (14 a)D"F(2)? >0
s b s P o
Now,
|D"MF(2)P + (1 — a)D"F(2)?| = |D" ™ F(2)° + (1 + o)D" F(2)"|
‘D”“H(z) + (~1)" D HG(2)P + (1 — a)[D"H(2)? + (—1)"D"G(z)5]‘

— [0 () 4+ (<) DTGRP - (14 a)[D"H(2)” + (<1)" DG
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|ZB(,\+1)+ZZﬂ k—1) +j + A2 g, o (B-DOHD+O)
k=1j5=1
n—i—lZZﬂ E—1 +]+>\)n+1|z|2(k 1)b (,(3—1)()\+1)+()\+j)
k=1j=1
— Q)[zAOHD) _ L1 20k=1) (B 1)+ ()
+(1-a) + ﬂ D+j+N"" 2
k=15=1
ZZg k—1) 4§+ A"z 2 Dp, 2 B-DOFD+0+)]|
k=15=1
|Z /\+1)+ZZB _1 +J+)\)n+1|z|2k 1)a kz( 1)(A+1)+(A+y)
k=1j5=1
n+lzzﬁ _1 +j+)\ n+1|zl2(k 1)b kz(’ﬁ D (A+1)+(+5)
k=1j=1
—(1+4 )] W“)JrZZﬁ k—1) 4 j+ N 226 Dg, 2B~ DOFD+O+)
k=1j=1
ZZﬂ _1 +]+)\ n+1|z|2(k l)b Z(,(i’ 1)()\+1)+()\+_])]|
k=1j=1
(2 )70+
S S BE — 1) + 5+ A~ 1) A= s IO
k=1j=2
ZZﬂ k=1) 4+ A2k — 1)+ + A — 1+ a)|z2F D 2O +O)
k=15=1
,|(,a) BO+1)
+ZZﬂ k=1 47+ 020k —1) 47+ X —1—a)|z]2* Vg, A~ DO+
k=15=2
ZZﬂ k— 1)+ 5+ N2k — 1) +j + X+ 1+ @)[z[2*7 D 2 (F-DOFD+O+)
k=15=1
2ol K
S S~ 1)+ + A= 1)+ A+ — )l DO
k=1j=2
S S AR~ 1) G4 AV — 1)+ A 1 @l 2D gD
k=1j=1
(—a )| |ﬁ(A+1)
S AR~ 1y 4 AR = 1) A 1 — a2 D50
k=1j=2
*Zzﬂ b= 1)+ A2k = 1) 4+ A+ 1+ a) P b 2] 7DD

k=15=1
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— 2(1-a) _2225 k=1 4+ X)"2k = 1) +j+ A = a)|ajx|

k=1j=2

—2225 k—1) 474+ XN"2(k—1)+j+ X+ a)bjl

k=1j=1
2k-1)+j+A—-a
= 2(1—0) 17225 k—1) +]+>\)< - )|aj,k|
k=15=2
2k-1)+j+ 2+«
S ptate 1) 4 ay (CEZIHTEALY
k=15=1

The last expression is non negative by the hypothesis of the theorem. This completes the
proof. O

In the following theorem, it is shown that the inequality condition in (2.4) is also
necessary for the functions in the subclass TBHY (n, 3, @) .
Theorem 3.2. Let F¥ = H? + GP be given by (2.5). Then FP € TBHY(n,B,q) if and
only if
ZZ (k=1)+j+A=a)|aj s | +(2(k=1)+j+A+a) |bj |3 (2(k—1)+5+N)" < (1+5)(1-a)
k=15=1

Proof. Since TBHY(n,3,a) C BH{(n,3,a), we prove only the if part of the theorem.
Thus,

where >1 ,0<a<1, neNp

D"HF(2)8
S S A—— > .
= Re { - (Z)B a} 0

We have:

D" F(2)? — aD"F(2)?
e N R
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D'FIR(z)f = ZPOFD Zzﬁ k—1)+j 4 A)"a; zf~DOHD+O)

k=1j5=2

""'1226 k—1 +J+)\)”+1b kz(B D(A+1)+(A+5)
k=1j=1

D'"F(2)f = ﬂ(Hl)JFZZﬁ k—1) 47+ N\" a_kz(B—l)(/\-l-l)-l-(/\-i—j)

k=175=2

ZZﬂ k—1) 474 \"b; o2 P DOFD+(+))

k=175=1

Zﬁ()d»l)_Zi:12ﬁ2ﬂ(2(k_1)+j+k)n.(Q(k_l)_’_j_i_/\)‘2‘2(k—1)aj’kz(ﬁfl)(k#»l)*'()\ﬁ»j)
7(12'5()‘*1)+Zi:12ﬁ2aﬁ(2(k71)+j+k)"|z|2(k*1)ajykz(ﬁfl)o‘*l)+(>‘+j)

FOF) Z3 2 % Bk — 1) +j + AP Da, g2 DO T0w)

— ()" R 52 B D)+ AN (2= )i+ A) [P D, 2 DOFDT O
—(—D)" i 52, aB2(k— 1)+ +A)* 22 Dby 2B DO+DFO+D)

D)L 52 aB2(k = 1) 4§+ A 22 Db 2 (B DD +O+)

LBOAFD) B+ *Eizlz;’iglf@(kflﬂr]ﬁn\)"»(2(k*1)+j+>\)\z\2(k71)aj,kz(ﬁfl)u*l)ﬂkﬂ)
D 2, 2, BRE- D+ M@= DA NP F Dby 2P DOFTDTOED

= Re 5 - ,
2B(A+1) Zkzlz;?ilﬂ@(k _ 1) +j+ )\)n|Z|2(kfl)aj7kz(5f1)()\+1)+()\+])
+Zi:12?';laﬂ(2(k—l)+j+/\)”|z|2(k7l)aj,kzw’l)()‘*l)*“*j)
—(—D)" 7 252, aB(k— 1)+ +N) " [2[2F Db z(B-D AT FO+)
2 . .
=D)AL S Bk — 1)+ j + )7 [2[25 Dby 2 F-DOFD+04)
(- a)z““” Tho1 52 AR D+ +N)" (21 i A= a) |22V a2 (T DD
= Re 121 52 B+ (k= D4+ At ) [P b; 2P DOFDF ()

2POID 32 5% B2(k—1)+j+ )" [22FDa; 2 B-DO+DTOHD)
(D)2, %2 aB(2(k—1)+5+A)" 2|2k = Db 1 2(B-DOFDFOES)
>0.

The above required condition must hold for all values of z in U. If we choose the values
of z on the positive real axis, where 0 < z=r < 1, we must have:

(1—0) =37 2, BC2(—1)+j+0) ™. 2(k—1)+j+A—a)a, fr2F =D~
=12 B+ )" (2(k—1) +j+A+a)b; pr2k-DHi—1
1=300 1 252, B(2(k—1)+j+X)"a; pr2k—D+i-1
2 h o1 521 BR(E=1)+5+A) by 2D+ 1

>0

If the condition (3.1) does not hold, then the numerator in the last inequality is negative

for r sufficiently close to 1. Hence, there exists zg = ro in (0, 1) for which the quotient in

the last inequality is negative.

This contradicts the required condition for F# € TBHg(n, B, @) and the proof is complete.
O
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Theorem 3.3. Let FP = HP + G® be given by (2.5). Then FP € TBHY(n,B3,«) if and
only if

Fﬁ*ZZ XjHjr(2)? +Y;.Gi0(2)7)

k=1j5=1
where
Hia(z) = 2P0
1—a) ;
Hoo()f = B0+ ( 2(k=1) , (B=1)(A+1)+(3+7)
) = 2 Bh-D+iTA-ak-D1+ 0
j=23- 1<k<?2
-1 -0o) —1), (8- ;
Gl = SBO+D ( 2(k-1) (8- O+ (9)
5#(2) : TS T R TS
j=1,2,--- 1<k<2
Proof.
F(2)f = X11H11(2)" +Y11G1,1(2) +ZZ XjuHjk(2)? + Y 6Gjk(2)?)
k=1j=2
11—«
— x. LBOHD Ly B0 L (_q)n BO1)
1,17 + 1,1[2 +( ) (()\—l—l—i—a)()\—i—l)"z ]
1-a) ;
ST [P0 _ , L2061 (B O+ k)
;jzz RO+ r—a)E-Dtjt A" ]
1—a) .
+ Y; BOHD) 4 (1 : ( : 2(k=1) (B—1) (A1) +(A+7)
;; #lz R 7y gy ey wrape 1o T s v YL I ]

2 oo 2 o0
_ Xl,lzﬂ()\Jrl)_’_Yl,lzﬁ()\Jrl)_}_ZZXj,kzﬁ(/\Jrl)_i_ZZYj,kzﬁ()\Jrl)

k=1j=2 k=1j=2
_ZZ L (1-a) ‘ |2[205= 1) L (B=D O+ D+ ()
== D+j+A—a)2k -1 +j+N)"
(1*04) B(A+1)
+(=1)" Y;
(=1) ()\—i—l—i—a) A+ 1yn 17
1 -«
Yk 20k —1)+j |5 2k=1) L (B=D) A+ 1)+ (A +7)
;Z M ) ok = D )20
Jj=2
1_
= Yk )Y p2POHD
ST (i Y3+ (D) e
k=1j=1
n l-« . n
+(=1)"( J2(k —1)+7+A)

2k —1)+j+ A +a

XZZ E—1)+j+ A"zt D,-DO+D)+0+)Y; .
k=175=2
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Then,

S o { LA k- 1) 4 A gl +

- 11—«
k=1j=1
{2(k1)+j+>\+a
+
l1—«

} 2k =1)+ 7+ N"|bjxl

_ ZZB{Q(k_l)JFjJF)\_a}(2(k—1)+j+)\)"

k=1j=1 l1-a

(170[)Xj1k
2k —1)+7+X—a)p2(k—1)+j+ )
{Q(k—l)—i—j—i—)\—i—a}(Q(k_1)+j+)\)n

l1—«
(1 - )Xk
k-1 +7j+r2—)p2Kk-1)+j+A)"

2 oo 2 oo
= YD X+ Y Vie=1-Xi1 <1

k=1j=2 k=1j=1

X

+

X

Conversely, suppose F# € TBH)(n, 3, ), by setting:

2k — 1) +j+A—a e .
Xjk = ( ( )1730[ )5(2(7f—1)+3+)\) |ajk;0 < Xjp <15 =2,3,-
20— 1) +j+ A+« n .
Vi = (PEEEELEAEL) o - 1) 43 Ia 0 < Vi S 1= 1,20
and
2 oo 2 oo
Xii=1-3 3 Xjx=2 > Yik-
k=1j=2 k=1j=1
Therefore,
2 oo
F(z)B = B+ _ BZZ|Z|2(k—1)|ajk|z(,6—1)()\+1)+()\+j)
k=1j=2

2 oo
(=183 D[22V 4 [2B-DOFDFOE)
k=1j=1
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1—«a X; ;
— LB _ 7.k 2(k=1) ,(B=1)(A+1)+(A+7)
;]ZZ< k-1 +j+)\—a> Ch=D+ e
ZZﬂ < — > Yk 12|20 D B-D O+ D+ )
i —I—j—l—)\—i-a 2k —1)+j+ )"
Jj=1
2 oo
— LB ZZ(HJk _ Zﬁ(/\Jrl))ijk + ZZ(GM _ BN
k=1j=2 k=1j=1
2 o 2 oo
= S Hu(2) X + ZZGJ, )PY; g + 2P0 ZZX K= DY Vi
k=1j=2 k=1j=1 k=1j=2 k=1j=1
- X11zm+”+zz BX;0+Gin(2) Yik) .
k=1j=2
as required. ([

Corollary 3.1. Let F = H+G. If Yool = a)lagl 4 ( + a)lbs]] < 2(1 — ) where
a1 =1,n€Ny and 0 < a < 1, then f(z) € BHJ(0,1,a) = Si(a).

Proof. The proof of the corollary follows if we put 5 =1, k=1, A=0and n = 0 in
Theorem 3.1. [l

Remark 3.1. This is the result obtained by Jahangiri, [3].

Corollary 3.2. Let F(2)? = H(z)? + G(2)?, where H(2)?, G(2)? are given by (2.2). If

Z;’Ol[( a)laj| + (G + a@)|b]]18i™ < (1 + B)(1 — @) where ay =1, n€ Ny, 8>1 and

0<a<1,then F(2)? € BHY(n,a,B) = ®(n, 3, ).
Proof. The proof of the corollary follows if we put £k =1, A = 0 in Theorem 3.1. O
Remark 3.2. This is the result obtained by Al-shagsi et.al. [4].

Corollary 3.3. Let F(z)? = H(z2)" + G(2)8, where H(2)?, G(2)? are given by (2.5). If
Y5l = a)laj| + (G + )b (185" < (1 + B)(1 - a) where ay = 1, m € N, B > 1 and
0 <a<1,then F(2)? € TBHf(n,a,B) = ®(n, B, a).

Proof. Put k=1, A =0 in Theorem 3.2. O
Remark 3.3. This is the result obtained by Al-shagsi et.al. [4].

Corollary 3.4. Let F(2)? = H(2)? + G(2)8, whereH(2)?, G(2)? are given by (2.2). If
Shai gl A = alajil + (G + A+ @)lbillBG + A" < (L+B8)(1 = a), then f(2) is
univalent, sense preserving and f € BHY(n,«a, ) = ®x(n,a, ).

Proof. The proof of the corollary follows if we put £ = 1 in Theorem 3.1. O

Remark 3.4. This is the result obtained by Fadipe-Joseph et. al.[2].
Corollary 3.5. Let F(z)? = H(z2)" + G(2)8, where H(2)?, G(2)? are given by (2.5). If

Sr Xl A = a)lajkl + (G + A+ a)|bikllBG + N < (14 B)(1 - ), then
f S TBHg(nvavﬂ) = q)/\(n,oz,ﬂ) .
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Proof. The proof of the corollary follows if we put £ = 1 in Theorem 3.2. O
Remark 3.5. This is the result obtained by Fadipe-Joseph et.al.[2].
Corollary 3.6. Let F? = HP + GB. If

SN I@UE=1)+j+A=a)|ajkl+ 20k —1)+5+ A+ a)[bjrlJ2(k—1)+5+A)" < 2(1—a)
k=1j=1

where a1p =1, n € Ng and 0 < a < 1, then F(z) is in the class BH{(n,1, ).
Proof. The proof of the corollary follows if we put 5 =1 in Theorem 3.1. O
Corollary 3.7. Let F = H +G. If

D> 12k = 1)+ 5) (Jajul + 20k = 1) + 5)[bj])] < 2

k=1j=1

where a1 1 =1, n € Ny, then F(z) is univalent and sense preserving in U and

F(z) € BH{(0,1,0) = BH(U).

Proof. The proof of the corollary follows if we put S =1and a=0and A=0and n =10
in Theorem 3.1. O

Remark 3.6. This is the result obtained by Qiao and Wang, [7).
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