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THRIAD GEODESIC COMPOSITION IN FOUR DIMENSIONAL
SPACE WITH AN AFFINE CONNECTEDNESS WITHOUT A
TORSION AND ADDITIONS

MUSA AJETI

ABSTRACT. Let A4 be an affinity connected space without a torsion. Following [7]
we introduce the affinors a.g, bg and ’Eg = icg = —ia.gbg (42 = —1) which define the
compositions Xz x Xz, Y2 X Y3 and Z3 X Z3, respectively. The first two composition
are conjugate. The composition Us X Up generated by the affinor df( = af( + bg + cf(
is considered too. We have found necessary and sufficient condition for any of the
above composition to be of the kind (g — g).

Four dimensional spaces with a symmetric affine connection and additional struc-
tures p (paracontact, semi-cyclic) are investigated. The spaces which contain such
structures are defined. Nonsymmetric affine connections so that the affinors of the
structures continue to translate paralelly along the lines of the space are introduced
and investigated.

1. PRELIMINARY

Let Ay be a space with a symmetric affine connectedness without a torsion, defined
by I‘zﬁ. Let consider a composition X,, x X,, of two differentiable basic manifolds X,
and X,, (n+m = N) in the space Ay. For every point of the space of compositions Ay
(Xn X Xp) there are two position of the basic manifolds, which we denotes by P(X,)
and P(X,) ([3]). The defining of composition in the space Ay is equivalent to defining
of a field of an affinor ah that satisfies the condition [2] and [3].

(1.1) abal =65,
The affinor a2 is called an affinor of the composition [2]. According to [3] and [5] the
condition for integrability of the structure is agViaqes) — aqVsez] = 0. The projective

(22 o (22 g
affinors ga and Z‘a ([3],[4]), defined by the equations Za = %(55 +db), Tcrtla = %(65 —af)

B
satisfy the condition 3a+ a, =0q,0,— 0, = al. For every vector v* € Ay (X, X X)) we

x (o7 n m n o m (e
have v® = Zﬁvﬁ—f—gﬂvﬁ =V*+V?*, where V* = Zﬁvﬁ € P(X,),V*= gﬂvﬁ € P(Xm) [4].
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The composition X, x X,, € Ay (n+m = N) for which the position P(X,,) and P(X,,)
are paralelly translated along any line X,, and X,,, respectively is called composition of
kind (g — g) ([3]) or geodesic composition [6]. According to [3] the geodesic composition
is characterized with the equality

(1.2) agVea, +agVsa, = 0.
Let A4 be a space with affine connectedness without a torsion, defined by I', 87 (o, 8,0 =

1,2,3,4). Let v, v, v, vf are independent vector fields in A4. Following [7] we defined

the convectors {';a by the equalities

(1.3) WP =6 o gﬁi';ﬁ =49,
According to [6] and [7] we can define the affinor

(1.4) a”Z = 'lljﬁ'll}a + 12"512101 - gﬁga - 'Zﬁgay

that satisfies the equations (1.1). The affinor (1.4) defines a composition (X, x X,,) in
A,. The projective affinors of the composition (X, x X,,) are ([7]):

1P 1 2 2B 3 4
a, = zlzﬁva + 'zz;ﬁ'ua, a, = gﬁva + gﬁva.

Following [7] we choose the net (111, v, Y, 'Z) for a coordinate one. Then we have

(1.5) ?L}a(l,O,O,O), 1210‘(0, 1,0,0), 1310‘(0,0, 1,0), 1}0‘(0,0,0, 1),
11/a(1,0,0,0), ga(O, 1,0,0), ga(0,0, 1,0), ga(0,0,0, 1).

Let consider the vectors ([7]):

I LI ST T i S e

We define the convectors w, by the equalities
(L.7) Wi, =6 o wlh, = 6P
o o4
From (1.3) and (1.7) follows
b= t(erd), dasllard), dacl(dl), da-l(h-d)
[o 2 2 o o bl o 2 o3 x ) a 2 o o bl o 2 o3 x N
Let consider the affinor
(1.8) b = 1{/’51}@ + wPw, — wPw, — auﬁwa,
which according to [7] satisfies the equality b5b2 = 65, Therefore the affinor (1.8) defines

a composition Yy x Y5 in Ajs. According to [7] the composition X5 x X5 and Yy x Y5 are
conjugate. By (1.3), (1.6), (1.7) and (1.8) we obtained

(1.9) b = vﬁga +v'373a —vﬂf;a —vﬁga.
1 3 2 4
Following [7] let consider the affinor c’g = —a’z b$, which satisfies the equality c’g el = —65.
With the help of (1.3), (1.4), (1.9) we establish
(1.10) o

1 3 2 4
o= gﬁva —vPu, + X'Bva - gﬁva.
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The affinor & = icg, where 7° = —1, defines a composition Z, x Z5 in A,.
2. GEODESIC COMPOSITION IN SPACE A4

According to [8] we have the following derivative equations

[ g
(2.1) Vagﬁ = TP, V.05 = —3;'5/5.

a v

Let consider the composition X, x X, and accept: «, 8,7, 0, v, 7 € {1,2,3,4}; ¢,5,k,s €
{1,2},4,5,k,5 € {3,4}.

Theorem 1. The composition Xy x X5 1s of the kind (g — g) if, and only if, the
coefficients of the derivative equations (2.1) satisfy the conditions

(2.2) Tv*=0 and Tv*=0.

ko s 5ES

Proof. According to (1.4) and (2.1) we have

T o1 1 r T .2 2 T
Vgas = Ty — TV Vs + TV Ve — TV Vo
9 3) 18T B 28T B2
( ) T 3 3 T T .4 4 T
— Tv Vs + TV, — TV Vs + TV V.
38T B 48T B84
Taking into account the independence of convector U, and using (1.2), (1.3), (1.4) and

(2.3), we find the equalities

3 4 3 4
o0 (68 + a3) <11:§’ +17:§'>:0’ (65 + af) (11:3 +f’:2>:0

o _ .0 1 o 2 v\ _ o _ o 1 v 2 v\ _
(65 aﬁ) (31:1:%} +37;”Z —O, (6/3 aﬁ) g'g 47:3.{ =0.

Because of the independence of vectors v? it follows an equivalence of (2.4) to the following
o

equalities.

3 3 4 4 3 3 4 4
T+agT =0, T+oagT =0, T+oagT =0, T+oagT =0,
18 i 18 i 26 20 26 20
1 1 2 2 1 1 2 2
T—agT =0, T—ogT =0, T—-0ogT=0, T—-oajT=0.
38 3e 38 3e 45 4e 4k 4o

(2.5)

Now it is easy to see that equalities (2.2) follow after contraction by 1115 and 121'5 for the
first four equalities of (2.5) and by gﬁ and 1}’3 for the last four equalities of (2.5). Let’s
note that the equalities (2.5) are proved in [6] by another approach. O

Corollary 1. If the net (111,12), Y, 1}) 18 chosen as a coordinate one then the composition

X, x Xy form the kind (g — g) characterized by the following equalities.

(1) The coefficient of the derivative equations

(2.6) T=0 T=0.
kS

=g,
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(i1) The coefficient of the connectedness

(2.7) [y =0, Ti =0

Proof. Let choose the net (v,v,g, ) for a coordinate one. Then by (1.5) and (2.2) we

12
find (2.6). According to [1] and (2.1

(1.5) we obtain

<

~—

. B v .
we can write 8,vf +'5,v# = Tv? from where using
a o a’ v

B
(2:8) rf,=T.
av

The equalities (2.7) follow from (2.6) and (2.8). Let’s note that the equalities (2.7) are
obtained in [3] when the coordinates are adaptive with composition X5 x X,. This
happens so, because the chosen coordinate net raises adaptive with the composition
coordinative. O

From (2.7) and R?

afo o

= 20"y, — 2I7[al'G;, [1] we establish the validity of the fol-
lowing statement:

Fact 1. When the composition X, x X3 is of the kind (g — g) then the parameters of

the coordinate net (111, v,v, 2) the tensor of curvature satisfy the conditions Rj g, = 0 and
5
RE}E =0.

Theorem 2. The composition Y, x Y, is of the kind (g — g) if, and only if, the
coefficient od the derivative equations satisfy the condition:

1 3 1 3 1 3 1 3
(T—T)v"+(T—T)v":0, (T_T>'UU+<T—T>’UU:0,
19 39 /1 37 1/ 3 19 30/ 3 30 1 1
1 3 1 3 1 3 1 3
T—-T)v+|T-T)v =0, T-T|v+|T-T)v =0,
1o 39/ 2 39 1/ 4 1 39/ 1 39 1/ 2
(2.9)
2 4 2 4 2 4 2 4
(T—T)v”+(T—T)v”:0, (T—T)v"—l—(T—T)v”:O,
10 39/ 1 30 1/ 3 10 39/ 3 30 1 /1
2 4 2 4 2 4 2 4
<T - T) UU + (T B T) va B O’ (T - T) IUU + <T - T) UU - O
10 30/ 2 39 1/ 4 10 30/ 4 30 1/ 2

Proof. Because of equalities (1.9) and (2.2) we have

v 3 v 1
ngg = Tvﬁz?;a — Tvﬁzija + Tvﬁzlza - Tvﬁza
(2 10) 1o vl 39 ve 3
: v ,54 4 BY v ,62 2 gY
+ Tv v, — TV v + TV v, — TV V,.
30 v o 2 4o v vo 4
Transforming the condition b3 Vgby + b3V,by, = 0 with the help of (1.3), (1.9), (2.10)
and using the independence of convector v® we obtain the following equalities:
g
13 oo L 3 2 4 o2
211) 18 36 ¥, 1F, 18 38 38 1%,
(2. 1 3 oL 3 2 4 o2 4
18 4f 4F, 2P, 98 4B 4P, 2P,

Now, after contraction by v it is easy to see the equivalence of (2.11) to (2.9). O
o
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Corollary 2. If the net ('111,121,1;,'{4)) 1s chosen as a condition one then the composition

Y x Y, form the kind (g — g) characterizes by the following equalities for:

(7) the coefficients of the derivative equations

13 3 1 2 4 4 2
p-f-f-1 f-f-f-1
« 3% & a% « e e g%

(212) 1 3 3 1 2 4 4 2
T-T=T-T, T-T=T-T;
2« 4« oo 4o 2« 4 o 4o

(i1) the coefficient of the connectedness
(2.13) IY +Tg =2, T +T3 =205, I +T8 =20 +I%,

as when a accepst consecutively the values 1,2,3,4, then a accepts the values
3,4,1,2, respectively.

Proof. Let choose the net (
(2.9) we find (2.12). Then by (2.

Md
OOc.oe

’}1}) for a coordinate net. With the help of (1.5) and
) and (2.12) we obtain (2.13). O

N

Theorem 3. The composition Zy x Zo is of the kind (g — g) if, and only if, the
coefficients of the derivative equations (2.1) satisfy the conditions

1 3 o 1 3 o 1 3 o 1 3 o
(T—T)W =(T+T), (T-Th =(T+T)

10 30”1 30 1073 10 3072 30 104

(2 -0 = (L+D)e (L -D = (T +D
(2.14) 5 8o s >
(T - T) = (T + T, (7; T) =(T+T)1”

19 37 19°3

(T - Tw — (T + Ty, (T- Tw — (T + T)v°

3¢ 3 3¢ o1 4o 4 3¢ o2
Proof. By the equalities (1.10) and (2.2) we obtain
1 1 3 3
Vech = Qv’vﬁva — Tvﬁfla — Qv’vﬁva + Tvﬁ%}/a
30V v 3 lov vo 1l
(2.15)
v /32 2 ﬁy v /32 4 ﬁy
+ Tv vy — TV vy — TV vy — TV V,.
40 v po 4 20U vo 2

Transforming the condition ¢ Vgcy + czV,cg = 0 with the help of (1.3), (1.10), (2.15)
and using the independence of the convectors vo, we obtain the following equalities

3 1 4 2 o 2 4
T—-T+ (T+T) 0, T—-T+cg(T+T)=0,
38 18 39 19

(2.16) o ¥
3 4 2 2 4
T — T+cﬁ(T+T)—O T—T+c§(T+T)=0.
48 40 48 28 4o 20
Now, after contraction by v® it is easy to see the equivalence of (2.16) to (2.14). O
g

Fact 2: If two of the compositions Xo x Xa, Yo X Yo, Zs X Zo are from the kind
(g — g) then the third composition is also of the kind (g — g).
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Since from (2.7) and (2.13) follows
Iy = 1"% =0, I'Yy=T5 =0, I +T23*=0,
we can formulate

Fact 3: When the compositions Xy x X3, Yax Y, Zo x Z are of the kind (g—g) then
in the parameters of the coordinate net (v v, Y, v) the tensor of curvature satisfies

the conditions

S a _ pa _ px _ pa _ pox _ pa _ pax  _ po o _
Rz]k_R;;E’ R133_R244_R311_R422_R143_R234_R321_R412_0'

Let consider the affinor

(2.17) df =af + b8 + B
According to (1.3), (1.4), (1.8) and (1.10) we have
(2.18) afb2 +0Pa% =0, BB + P2 =0, cPaZ+alc® =0.

From (2.17) and (2.18) it follows dgdf;‘ = agag‘ + bgbg‘ + cgcg‘ =8P 168 5P = 65, which
means that the affinor dg defines a composition U, x U, with the positions P(U,) and
P(Us).

Theorem 4. The composition Uy xUs is of the kind (9—g) if, and only if, coefficients
of the derivative equations (2.1) satisfy the conditions

(2.19) 5 dg
A
S K 52 ) - s S S—2
(2.20) T+ T —T -2 T —I—dﬁ T+ T — T | =0
kP kt2P kB k+2P ke k+2° ko

Proof. According to (1.2) the composition U, x U, will be of the kind (g — g) if, and only
if,

(2.21) doVpd, +dgV,dy, =0

With the help of (1.4), (1.8), (1.10) and (2.17) we find

1 2 ;
(2.22) dy =ay +2 (v”vg + v”va) = 0"V, — ¥ Uy +2 v V.
3 4 1 7 2+1
Then (2.21) can be written in the form
i P8 v$
dz Tvvc, Tv v, — T’U’Ug—l—T’U’Ug—I—ZT’U’UU—ZT’U Vg
B §B 1 B3 243808 §82+1

(2.23)

5 4 i s v6
-|—dg Tv“iljc, — ’Jz"vvvc, Tv vg + Tv vg +2 T 7k vg — 2T v Vv, | =0.
iBS §B1 o 241498 §92+1

The equalities received from (2.23) after contraction by v and v are contracted once
k

again by v, and 15/1,. As result of these operations we reach (2.19) and (2.20). O
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Corollary 3. If the net ('11), v, 7, 1}) 1s chosen as coordinate one then the composition

Uy x Uy from the kind (g — g) characterizes by the following equalities for:

(7) the coeffictents of the derivative equations

(2.24) T =0,
?1

5 g 5 52 5 5 5-2
T+ T -T—- T+ T+ T —T =0
ki k2t k' k42t kR2 gg2it2 g2
(i1) the coefficients of the connectedness
s —
(2.25) Is.- =0,
5 5 5-2 52 5-2 5—2 52
e+ Tese — T —Tinfe +Mise + Tiaiee —Tipan =0
Proof. Let choose the net (g,g,g,g) as coordinate one. Then taking into account (1.4),

(1.5) and (2.22) we find the following presentation of the affinor d3,

1 0 2 0
01 0 2
8y —
00 0 -1
From (2.19), (2.20) and (2.26) we obtain the equalities (2.24), from where according to
(2.8) follows (2.25). O

From [2] and the first equations of (2.24) it follows the validity of the statement:

Fact 4: If the composition U x Uy is of the kind (g — g), then the composition X5 x Xy
is of the kind (X, — g), i.e., the positions P(X5) are parallel translated along any line of
Xs.

3. SPACES A; WITH ADDITIONAL STRUCTURES.

Let us consider the following affinor

(3.1) 1§ = vPha — v 00

From (1.1) and Corollay 2(z) we obtain Lng =45 — 'i)ﬁ'?)a, which means that the affinor

(3.1) defines a paracontact structure in A4. According to (1.5) and (3.1) in the parameters
of the coordinate net {v} the matrix (L5) has the following presentation:
a

(3.2) (Z8) =

N = R
N =)
|
—_
o o oo
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Theorem 5. The equality VULE, = 0 s fulfilled if, and only if, the coefficients from
the derivative equations satisfy the conditions

B i 3 4
(3.3) T=T=T=T=0
SU Sa 40' 30

Proof. By (2.1) and (3.1) we write the equality
(3.4) LiV.L5 =0

in the following way

v 3 % I3 v 3 3 v
Tvﬁva — Tz_;ﬁva — Tvﬁva + Tvﬁva =0.
oV V9 1 717’1) vo 3

Using the contraction of the last equality with v and v and reading the independence

of the vector fields vﬁ we obtain the equlvalence of (3. 3) and (3.4). O

From the Theorem 5 and (2.7) it follows

Corollary 4. In the parameters of the coordinate net {v} the equalities (3.3) accept
a

the presentation

(3~5) Ffrs = P;E = F34 = 1_“;3 =0.

Corollary 5. If the affinor Lf satisfies the condition LgVaLg = 0 then the compo-
sitions Xy x Xo and X3 x X are of the type (g — gl).

Let us consider in the space A, with an additional paracontact structure L5 the fol-
lowing new nonsymmetric connection

(3.6) Ty =Top +' Sus,
where Sﬂlﬁ} is the tensor of the torsion in the new connection. Denote by 'V and 1Rgﬁa

the covariant derivative and the tensor of the curvature for the connection 11"3/5, respec-
tively.

Theorem 6. If V,L2 =0, then 'V,LE = 0 if, and only if, the tensor 'Sys satisfies
the conditions

(3.7) gt =lgi =183 =1g¢ =0

in the parameters of the coordinate net {g}

Proof. Let the equalities (3.4) and

(3.8) WV,L8 =0

are fulfilled. From (3.4) and (3.6) it follows 1V, L5 = K7, = 0 are equivalent. Let choose
the net {g} as a coordinate one. From (3.2) and (3.8) we find for the components of the
tensor K{?a, which are different from zero, the following presentation

(39) 1Kzi; = )\132‘;, Ki =M Sa]r K24 = vl‘Sa47 K:JL:S = t S

a3
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where A, u,v,t = £1, £2. Now from (3.9) it follows (3.7).

(3.

By (3.5), (3.6) and (3.7) we establish

10) o=, M- =T0-=0, T3, =T3,=0, T4 =T =0
By (3.7) and (3.10) we find for the components of the tensors R,f0" and Rg,:
1pi  _pi  _1p' _pi _1p3 _ p3  _1pt _ pa  _
R, 57 = Bo5; = Rapj = Rapj = Raps = Raps = Raps = Raps = 0.
O
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