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PROPERTIES FOR ANALYTIC FUNCTIONS DEFINED BY FRACTIONAL CALCULUS

SHIGEYOSHI OWA

ABSTRACT. There are many results for analytic functions in the open unit disk U con-
cerning with fractional calculus of f(z). A subclass P(«, \) of analytic functions in U is
introduced using fractional calculus of f(z). The object of the present paper is to consider
some interesting properties of functions f(z) belonging to this class. Further, some partial
sums for f(z) are also considered.

1. INTRODUCTION

Let A be the class of functions f(z) of the form
flz)=z+ Zanz"
n=2

which are analytic in the open unit disk U = {z € C : |z|] < 1}. Let f(z) and g(2)
be alalytic in U. Then f(z) is said to be subordinate to g(z) if there exists an analytic
function w(z) in U satisftying w(0) = 0, |w(z)] < 1 (z € U) and f(z) = g(w(z)). We
denote this subordination by

f(z) <g(z)  (z€0).

The subordinations are applied for many papers for the univalent function theory by
Breaz, Owa and Breaz [1], Rogosinski ([7], [8]), and Singh and Gupta [9].
Let us consider a function g(z) given by
o —z

1.1 = —
(1.1 9(2) a(l —z)
for some real a (0 < « < 1). Then, ¢(z) is analytic in U and ¢(0) = 1. If we take
z = re? € U for g(z), then we have that

(z € 1)

a—r a+r a+1
—— <R < 0 1).
a(l—r) = eg(z)_a(1+r)< 2a (0<a<l)
Therefore, if p(z) is analytic in U with p(0) = 1 and satisfies
1
(1.2) Rep(z) < ;raa (z€U)
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for some real a (0 < a < 1), then

a—z
(1.3) p(z) < ol —2)
Conversely, if p(z) is analytic in U with p(0) = 1 and satisfies the subordination (1.3),
then p(z) satisfies (1.2).

In view of the above, we say that if a function p(z) which is analytic in U with p(0) = 1
satisfies the subordination (1.3), then p(z) € P(«). We note that if p(z) which is analytic
in U with p(0) = 1 satisfies Rep(z) > 0 (z € U), then p(z) is said to be Carathéodory
function in U (see [2], [10]).

For f(z) € A, Owa [5], Owa and Srivastava [6] consider the following fractional
calculus (fractional integrals and fractional derivatives).

Definition 1.1. The fractional integral of order ) is defined, for a function f(z) € A, by

.Y _ 1 ©f®)
DA = 75 J, T

where A > 0 and the multiplicity of (z — t)*~! is removed by requiring log(z — t) to be real
when z —t > 0.

Definition 1.2. The fractional derivative of order X is defined, for a function f(z) € A, by
d 1 d [7 )
A _ % pr-1 — Bl A
D2f() = g, (D=71() T(1—\) dz/o Gt
where 0 < X\ < 1 and the multiplicity of (z — t)~* is removed as in Definition 1.1 above.

(z €U).

Definition 1.3. Under the hypotheses of Definition 1.2, the fractional derivative of order
n + A is defined by

d’ﬂ
Dn-i-/\ _ _D/\
() = T D)
where0 S A< landn=0,1,2,---
From Definition 1.2, if f(z) is given by (1. 1) then we have that

n + 1 Zn—/\

A
Dz f(2) = I‘n+1—

for 0 < A\ < 1. Therefore, we say that f(z) € P(a, A) if f(z) € A satisfies
z o —z
T2-N2D (2) all-2)
forsomereala (0 <a<1l)and A (0 A < 1).

(z€U)

2. SOME PROPERTIES FOR THE CLASS P(a, A)
We first derive the following coefficient inequalities for the class P(a, A).

Theorem 2.1. If f(z) € A satisfies

2 T(2-ANI(n+1) o
2.1 Z Fn+1-2X) |"|_1+a

n=2
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forsomea (0 < a<1)and A (0 < X < 1), then f(z) € P(a, A). The equality holds true for
f(2) given by

a)l'(n+1—ANe "
(2.2) =zt Z (14 a)n(n — DHT(2 — \I(n + 1)Z ’

where |e] = 1.

Proof. Let us consider the function

_ Fnt1l)
g(z) =T(2 = N)2*D f( +Z n—l—l—) anz

for f(z) € A. Then we see that f(z) € P(a, ) 1f g(z) satisfies

z z
that is, that
1
l9(2) = 2| <|—g(2) — 2 (z € ).

This gives us that

S L@ NI+ .,
D Tntl_n °

1 I =T@2-NI(n+1) .,
< (a*)*az Thri—n % |

n=2 n=2
Therefore, if f(z) satisfies that
T2 -N(n+1) I'(n+1)
7;2 Tmi1—n = Z n+1 N el
that is, that
~T(2-\T 1
1+ L@ AL oy

— Tn+1-2)

then g(z) satisfies (2.3). This implies that if f(z) satisfies the coefficient inequality (2.1),
then f(z) € P(a, A).
Furthermore, we cinsider f(z) given by (2.2). Then we have that

~T2-Nl(n+1), | <« -«
7;2 Fn+1-X) |an|_n§2n(n71)(1+a)
l-a 1 1 -«
- 1+ozn¥2(n1 5) Tl+a
Thus, f(z) given by (2.2) satisfies the equality in (2.1). O

Letting A = 0 in Theorem 2.1, we have

Corollary 2.1. If f(z) € A satisfies

o0 17
> Janl £
! 1+«

for some o (0 < a < 1), then f(z) € P(«,0), that is
z a—z

f(2) = a(l —2)

(z € ).



52 SH. OWA

3. APPLICATIONS OF MILLER AND MOCANU LEMMA

For considering the next properties of f(z) for the class P(«, \), we have to recall
here the following lemma due to Miller and Mocanu [4] (also, due to Jack [3]).

Lemma 3.1. Let w(z) be analytic in U with w(0) = 0. Then, if |w(z)| attains its maximum
value on the circle |z| = r < 1 at a point zg € U, then we have that

zow' (20) = kw(z0),
where k = 1.
With the above lemma, we derive
Theorem 3.1. If f(z) € A satisfies 2* D) f(z) # 0 (2 # 0) and

3.1
2172 A 1A 1+ 3a
forsome o (0 < v < 1)and A (0 = X\ < 1), then f(z) € P(a, A).
Proof. Let us define a function w(z) by
1-x _
z a—w(z) (ze D).

T@-NDXf() ~ a(l - w(2)
Then w(z) is analytic in U and w(0) = 0. It follows that
2D f(2) 2w’ (2) 2w’ (2)

L=A- DZ/\ (2) :1—w(z)7a—w(z)'

Therefore, we have that

Zlf/\

T2 —-XN)D2f(z)

z

1— A+ (1-T(2-X)2*DIMf(2))

_ a—w(z) zw'(z)  2w'(z)

all —w(z) 1-w(z) a—w(z)
We assume that there exists a point zg € U such that

Ma), <. [w(2)] = |w(zo)| = 1.
Then, Lemma 3.1 gives us that

20w’ (20) = kw(zo) (k=1).
Writing that w(zp) = €% (0 < 0 < 27), we have that

Zl—/\
Re {(1 “N+ o ;’)Déf(z()) (1-T2- A)ZSDi“f(ZO))}

Y w(zp) zow' (20) B zow' (20)
=R {a(l —w(zp)) 1—w(z0) a—w(zo)}

R a — e N ket ket
= Re . — — .
a(l —e?)  1—e? o—e¢if

1+ < 1—acosf 1)
= +k = .

2a 1+a2—2acosf 2
Let us define
1— ot

hit) = 1+ a2 —2at

(t = cos®).
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Then h(t) satisfies that

a(l - %) (1<)

gy —
h(t)_(1+042—204t)2 = =

that is, that 2'(¢) > 0 for 0 < a < 1. Therefore, we see that

1-A
20

Re {(1 - )‘) + 1—\(2 — )\)D;\f(zo) (1 - F(2 - A)Zé\DiJr/\f(ZO))}

1+« 1 1 143«
= + k -z
2 l+a 2 2a(1 4 «)

for 0 < a < 1. Since, this contradicts our condition (3.1) of the theorem, we say that
there is no zp € U such that |w(z)| = 1. Thus, w(z) satisfies |w(z)| < 1 for all z € U. This
implies that

Zl—)\
all - =————
(=) = e 2/ ) <1 Gew),

[2—-NDX(z)

l1—«

that, is that

z 1+«
R (Teme) < e U

Consequently, we obtain that f(z) € P(a, ). O

Taking A = 0 in Theorem 3.1, we have
Corollary 3.1. If f(z) € A satisfies

1+ 3«

1 [ —
Re< + <2a(1+a)

- f’(z») (z V)

for some o (0 < o < 1), then f(z) € P(«,0), so that

Re(f(zz)><1;;a (z €U).

1
If we take oo = B in Theorem 3.1, then we have

Corollary 3.2. If f(z) € Asatisfies 2> D} f(2) # 0 (2 # 0) and

Zl—k

Re{l A Te D)

(z € )

W ot

(1-T(2- )\)z’\D;J”\f(z))} <

forsome A (0 £ A < 1), then

z 3
R (ra—worm) < GEU
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4. PARTIAL SUMS

Let a function g(z) be given by (1.1). Then g(z) has

g(z)%lnL(lé)iz" (0<a<),

For this function g(z), we consider a partial sum g2(z) of g(z) which is given by

92(2)1+<1$)z+<1é)z2.

Taking z = re’® (0 <r < 1,0 < 6 < 27), we obtain that

11—« 11—«

Rega(z) =14 r—

rcosf (2rcosf + 1).

Consider a function h(t) given by
h(t) =t(2rt +1) (t = cosb).

—_

Ifogrgz,then
2r —1 < h(t) £ 2r+1.

This shows us that

1 1
—(1-1-a)yr—21-a)®) SReg(z) £ = (1+ (1 —a)r —2(1 —a)r?).
(0% (6%
Let us consider the radius r such that
1 1+«
—(1+@1- —2(1—a)r?) 2 .
— (1 (1 —a)r—2(1-a)?) 2~
It follows that
472 —2r —1 0.
Therefore, if we consider r such that
1 5
0sr< +4\/_ =0.8090...,
then -
(0%
Rega(2) £ Y
«
Therefore, we see that
1+«
R U
eg(x) < 5 (z€U)

for g(z) given by (1.1), but
Rega(z) # o (ogr§ 1”3>

2«
With this fact, we consider a function f(z) € P(a, ).

Since
P 2 L2 2 , 3 )y
T2 - N2DM(z)  — 2-A*Tax\2-a" " 3-2%)"

we consider a function F; (z) given by

2

F1(2)21—27)\

asz (z € U).
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For this function F(z), we have

Theorem 4.1. If ay satisfies

(1—a)(2-2X)
|a2| < 4ox
with0 < a<land 0 < )\ < 1, then
1
“.1) ReF (2) < 220‘ (z € 1),

Proof. Writing that z = 7¢'® and ay = |az|e’®, we see that

ReFi(z)=1-— 5 )\|a2|rcos(9 +é) S 1+ 5 )\|a2|r.
Therefore, if F(z) satisfies
(1—a)2— N
|a/2| < 4@ )
then f1(z) satisfies (4.1). O

Next, we consider F5(z) which is given by

2 2 2 3
Fg(z):1—2>\agz+2)\(2>\a§— )\ag)zQ.

Then, we have

Theorem 4.2. If Fy(z) satisfies

2 5 3 (1—a)(2-X)
(4.2) Jaz] + 5= laaf? + 5 lag] < =
with0<a<land 0= )\ < 1, then
1
4.3) ReFa(z) < =% (zeU).

0

Proof. Taking z = re'? ay = |as|e’® and a3 = |as|e’?, we obtain that

2 2 \?
ReFy(2) =1— 5 |az|r cos(0 + ¢) + (m) laz|?r? cos 2(0 + ¢)
2.3 )
- < )
CESVEESY las|r* cos(26 + p)
2 2 \? 2.3
§ 1+ 5 _ )\|a2|7" =+ <m) |(12|2T2 (2 COSQ(Q + ¢) — 1) + m|03|7’2

<1ttt (2 el 2R ey

2 AT TN 1R T T yE o et

Therefore, if ay and as safisfy the inequality (4.2), then we obtain (4.3). O

Letting a3 = 0 in Theorem 4.2, we see that
Corollary 4.1. If F»(z) satisfies ax = 0 and
(1—a)(2—=XN)(3 =)
12«

las| <

with0 < a<land 0 < )\ < 1, then
14+«

RGFQ (Z) < 2%

(z € U).
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Finally, we derive
Theorem 4.3. If F,,_1(z) satisfies as = a3 = +-+ = a,—1 = 0 and

1=l =)

<
] 2amn!

with0 < a<1land 0 < )\ < 1, then

1+«
2c

Proof. Foras = az = --- = a,_1 = 0, we can write that

4.4) ReF,_1(2) < (z € ).

n!
I[N

Thus, it is clear that F,_;(z) satisfies (4.4) if a,, satisfies

F,_1(z)=1- anz" "t (z € U).

n! 1—a
M=o v ™= e
This completes the proof of the theorem. O
From Theorem 4.3, we give

Problem 4.1. Find some conditions for as, as, - - - ,a, such that F,,_1 € P(«a, A).

REFERENCES

[1] D. BREAZ, S. OWA, N. BREAZ: Some properties of general integral operators, Adv. Math. Sci. J., 3(2014),
9-14.

[2] C. CARATHEODORY: Uber den Variabilitdtsbereich der Fourier’shen Konstanten von positiven harmonischen
Funktionen, Rend. Circ. Mat. Palermo, 32(1911), 193 - 219.

[3] I. S. JACK: Functions starlike and convex of order alpha, J. London Math. Soc., 3 (1971), 469 — 474.

[4] S. S. MILLER, P. T. MOCANU: Second-order differential inequalities in the complex plane, J. Math. Anal.
Appl., 65(1978), 289 — 305.

[5] S. OWA: On the distortion theorem, I, Kyungpook Math. J., 18(1978), 53 - 59.

[6] S. OwA, H. M. SRIVASTAVA: Univalent and starlike generalized hypergeometric functions, Canad. J.
Math., 39(1987), 1057 — 1077.

[71 W. ROGOSINSKI: On subordinate functions, Proc. Cambridge Philos. Soc. 35(1939), 1 - 26.

[8] W. ROGOSINSKI: On the coefficients of subordinate functions, Proc. London Math. Soc., 48(1943), 48 —
82.

[9] S. SINGH, S. GUPYA: A differential subordination and starlikeness of analytic functions, Appl. Math. Lett.,
19(2006), 618 — 627.

[10] D. YANG, S. OwA, K. OCHIAIL: Sufficient conditions for Carathéodory functions, Comp. Math. Appl.,

51(2006), 467 — 474.

DEPARTMENT OF MATHEMATICS

FACULTY OF EDUCATION

YAMATO UNIVERSITY

KATAYAMA 2-5-1, SUITA, OSAKA 564-0082

JAPAN

E-mail address: owa.shigeyoshi@yamato-u.ac.jp



