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ON THE DETERMINATION OF JUMP BY THE DIFFERENTIATED CONJUGATE
FOURIER-JACOBI SERIES

SAMRA SADIKOVIC

ABSTRACT. In the present paper we prove a new result on determination of jump discon-
tinuities by the differentiated conjugate Fourier-Jacobi series. Further, we establish Cesaro
summability of the sequence of partial sums of the conjugate Fourier-Chebyshev series, a

special type of Fourier-Jacobi series which are obtained for o = 8 = 5

1. INTRODUCTION AND PRELIMINARIES

Conjugate Fourier-Jacobi series was introduced by B. Muckenhoupt and E. M. Stein,
see [6], when « = 3, and by Zh.-K. Li, see [4], for general « and §. "Conjugacy” is an
important concept in classical Fourier analysis which links the study of the more funda-
mental properties of harmonic functions to that of analytic functions and is used to study
the mean convergence of Fourier series, see [11].

Let P{*% (z) be the Jacobi polynomial of degree n and order («, ), , > —1, normal-
ized so that P{*"” )(1) = ("**). They are orthogonal on the interval (—1, 1) with respect
to the measure dy, g(7) = (1 — 2)*(1 + )P dx.

Define R\ (x) = };’E%;Ef;, and denote by L,(«, 3), (1 < p < oo) the space of func-

tions f(x) for which || f{|,(a,5) = {fil |f(a:)|pdua7ﬂ(x)}% is finite.
For functions f € L;(«, ), its Fourier-Jacobi expansion is

Fa)~ 3 Fn)ute? RO (@),
n=0

where

fn) = / PR )it 5(0)
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are the Fourier coefficients and
wih) = {/11 [RED ()P dpta,s(y)} " ~ n®FL
With 2 = cos 6,6 € (0,7), in an equivalent way Fourier-Jacobi expansion is given by
1.1 £8) ~ 3 Flmle® B cos),
n=0
where

F(n) = / " F@RED (cos 0)dpta s (),

(1.2) WP = {/ (RSP (cos @) P dpia,s(0) )~ ~ n®H,
0
and correspondingly dji, 5(0) = 20T+ sin>* ! £ cos?A+1 £4g.

To the Fourier-Jacobi series of the form (1.1), its conjugate series is defined by

(1.3) FO) ~ 5= Do nf (mel PR (cos ) sin.
(6%
n=1

Denote by Sfla’ﬁ)(f,m) the n—th partial sum of (1.1), and by S‘fla’m(f,x) the n—th

1
partial sum of (1.3), where x = cosf. If « = 8 = —3 the corresponding Fourier-Jacobi

series becomes Fourier-Chebyshev series, so by Sr(f%’*%) (f,x) we denote the n-th partial
sum of the Fourier-Chebyshev series of f.

Also, throughout this paper we use the following general notations: L[a, ] is the space
of integrable functions on [a,b] and Cla, b] is the space of continuous function on [a, b
with the uniform norm || - [|¢[q,,)- Wa, b] is the space of functions on [a,b] which may
have discontinuities only of the first kind and which are normalized by the condition
f@) = 5(f(z+) + f(z-)).

In this paper first we give a review of the results on determination of jump discontinu-
ities for functions of generalized bounded variation by the differentiated Fourier series,
and then we prove new results on the determination of jump discontinuities by the dif-
ferentiated conjugate Fourier-Jacobi series. Further, we prove that the sequence of the
conjugate partial sums of Fourier-Chebyshev series is Cesaro summable to 0.

2. JUMP OF A FUNCTION AND DIFFERENTIATED FOURIER SERIES

The knowledge of the precise location of the discontinuity points is essential for many
of the methods aiming at obtaining exponential convergence of the Fourier series of a
piecewise smooth function, avoiding the well-known Gibbs phenomenon: the oscillatory
behavior of the Fourier partial sums of a discontinuous function.

If a function f is integrable on [—m, 7], then it has a Fourier series with respect to the
trigonometric system {1, cos nz,sin nxz}2 ;, and we denote the n-th partial sum of the
Fourier series of f by S, (z, f), i.e.,

ag

STL('T7 f) =

éf) + kzi:l(ak(f) cos kz + by(f)sin k),
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where ai(f) = % [ f(t)cos ktdt and by(f) = % [ f(t)sin ktdt are the k—th Fourier

coefficients of the function f. By S, (z, f) we denote the n—th partial sum of the conjugate

series, i.e.,
n

S, (x, f) = Z(ak(f) sin kxz — by (f) cos kzx).
k=1

The identity determining the jumps of a function of bounded variation by means of
its differentiated Fourier partial sums has been known for a long time. Let f(x) be a
function of bounded variation with period 2, and S, (z, f) be the partial sum of order n
of its Fourier series. By the classical theorem of Fejer [11] the identity

S (x, 1

2.1 lim M:—(f(w—i-())—f(:c—o))

n—o0 n ™

holds at any point x.

Obviously, Fejér’s identity (2.1) is a statement about Cesaro summability of the se-
quence {kby coskx — kapsinkz}, ar = ar(f) and by = bg(f) being the k-th cosine
and sine coefficient, respectively. As it is well-known, a sequence s,, is Cesaro or (C,1)
summable to s if the sequence o, of its arithmetical means converges to s, i.e. o, =
So+81+...+ 8,

n+1
Analogously, the sequence s,, is (C, a),« > —1, summable to s, if the sequence

1 " n—k+a-1
o) = (") Z( n—k )S’“

n k=0

— §,n — 0.

converges to s.

The concept of higher variation was firstly introduced by N. Wiener, see [10].

A function f is said to be of bounded p-variation, p > 1, on the segment [a, b] and to
belong to the class V,[a, b] if

a,b [

where I, , = {a = zp < 1 < ... < ®, = b} is an arbitrary partition of the segment [a, b].
V2 ,(f) is the p-variation of f on [a, b].
B. I. Golubov, see [2], has shown that identity (2.1) is valid for classes V,,.

Theorem 2.1. Let f(z) € V,, (1 < p < 0) and r € Ny. Then for any point x one has the
equation
S£L2r+1) z, _1)
Jim @.f) Y —(f(x +0) ~ fa—0))

n—00 n2r+l (2r+1)

Another type of generalization of the class BV on everywhere convergence of Fourier
series, for every change of variable, was introduced by D. Waterman in [9].

1
Let A = {A\,} be a nondecreasing sequence of positive numbers such that Z "

diverges and {I,,} be a sequence of nonoverlapping segments I, = [a,,b,] C [a,]. A
function f is said to be of A-bounded variation on I = [a,b] (f € ABV) if

<0

b)) — flay,
Z\f( )/\nf( )|
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for every choice of {I,,}. The supremum of these sums is called the A-variation of f on I.
In the case A = {n}, one speaks of harmonic bounded variation (HBV).

The class H BV contains all Wiener classes. M. Avdispahi¢ has shown in [1] that H BV
is the limiting case for validity of the identity (2.1).

G. Kvernadze in [3] generalized Theorem 2.1 for ABV classes:

Theorem 2.2. Let r € Z, and suppose ABV is the class of functions of A-bounded variation
determined by the sequence A = (\;)32 ;. Then
(a) the identity
i (Salgi )+ (-1
is valid for every g € ABV and each fixed 6 € [—n, x| if and only if ABV C HBV.
(b) there is no way to determine the jump at the point 6 € [—m, 7| of an arbitrary
function g € ABV by means of the sequence ((S,(g;0))?"),n € N.

Here we also note the result from [3] for the conjugate Fourier series:

Theorem 2.3. Let r € N and suppose ABYV is the class of functions of A-bounded variation
determined by the sequence A = (\;)3 . Then

(a) the identity

- (Sa(g:0)® (-1t
1 = 0+) —g(0—)).
Jim 2R - —(9(6+) — 9(6-))
is valid for every g € ABV and each fixed 6 € [—x, ] if and only if ABV C HBV.
(b) there is no way to determine the jump at the point § € [—m,n] of an arbitrary

function g € ABV by means of the sequence ((Sy(g;0))+ n e N.

3. MAIN RESULTS
Theorem 3.1. Let r € N and suppose ABYV is the class of functions of A-bounded variation
determined by the sequence A = (\;)32,, and o > —5

8> —%. Then the identity

N 5 O 0) L G Ve
n—00 n2r 2rm

(1—2%) """ [f(z+0) - f(z —0)],

is valid for every f € ABV and each x € (—1,1), where Sles )( f,x) is the n-th partial sum
of the conjugate Fourier-Jacobi series, if and only if ABV C HBV.

Proof. Differentiating an obvious identity, see [8]
Si T (fi2) = Sulg,0),

where x = cosf, g(6) = f(cosf) one has

(5512712(5,2)) = 83(9,6) -

V1I—a?
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Continuing the differentiation of the last identity with respect to = (x = cos#), we
obtain by induction the following representation (r € N) :

(S5 ()] =

2r
3.1) = (1=2%) "3 (Su(g:0)*V = ) di(@)(Su(g:0)
for 6 € [0, x|, where d;, i = 1,2,...,2r, are infinitely differentiable functions on (—1,1).

In addition,

(32) HSn(ga '))(i)HC[fﬂ,‘n'] = O(n2r+1)
fori =1,2,...,2r,r € N,since g € W C L, see [3].
1

By Theorem 4.1 in [7] we have for a = 8 = —3

N N o " E(=1/2,—
lim [— (V271 (f,2)) = STV (fa)) = 0

n—oo n
thus taking that into account, dividing (3.1) by n?"*! and letting n — oo we get

S(=3,-3) 27‘)
. [S’ﬂ (f7 LC)]( . 1 r— T
lim lim ﬁ[(l—x )~ 2(5 g;6)) @Y E di( ;0]

n—o00 nQT n— 00 n2r

~ ~1
Using the well-known relation S,,(g,6) = TS;L (g,0), we have

lim - (1—2?) 772 (S, (g; 0)) ) - o Zd :0) D).

n—o00 n2r n—oo N4’
By Theorem 2.3 and (3.2) we have further

~(—1 _ 1
i [ST(L 2 2)(f7 x)](Qr) _
n—o00 n2r

Taking into account that f(z+) = g(0F), 6 € [0, 7], we get

_1)(r+1)
_(1 _ x2>—r—% ( 1) "

(9(0+) — g(6-)).

2rm

L (=1)r D

S P (g :
l. n 5 —(1— =1
e (=)

n—o00 n2r

Finally, using the equiconvergence formula

[f(z+0) = f(z - 0)].

1552 (f,2) = STH2TVD(f, 2) | oragw.e) = o(1),

1 1
where o > —3 and 8 > —3 proved in [7] (for an arbitrary function f € HBV and

afixed e € (0, ®45—"), v =0,1,2,..., M, where it is assumed that zo = —1, zp/41 = 1

and A(v;e) = [z, + ;2,41 — €],) we prove the result. O
1

For a« = 8 = —= the corresponding Fourier-Jacobi series becomes Fourier-Chebyshev

~(—L1 _1
series, so by S,(l 2 2)( f,x) we denote the n-th partial sum of the conjugate Fourier-
Chebyshev series of f. Further, we prove that the sequence of the conjugate partial sums
of Fourier-Chebyshev series is Cesaro summable to 0.
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Theorem 3.2.
p SUPTP G ST a4 4 ST ()
n—00 n ’

forevery f € Li(—1/2,—1/2) and each —1 < z < 1.
Proof. According to (1.3)

57(;%’7%)@, x) = Zk . f(k)w,if%’fé) -RE’?(COS@) sin 6.

The sum
§£71/2¢71/2)(f,$> + 5«571/2,71/2)(}0’ fL') + o + ~5l:11/2,71/2)<f7 .'I,')
can be written as
In—1)a; +2(n—2)ag + ...+ (n — Dla,_1,

where a; = f(z)wl( %’7%)}%5%’1%)@05 ) sin 0. First we will use the Stolz-Cesaro theorem,

o)
I(n—1 2(n—2 —1)-1-a,_ .
lim (n=Dart+2n=2az+.. . +n=1) @l — lim NGy

n— 00 n n— 00

In order to prove the equiconvergence we use (1.2), the approximation [8, Theorem
8.21.8]

PP (cos) = n2k(0)cos(NO+ ) 4+ O(n=3/2),
Loy b 4.1
k(®) = 2(sing) : 2(cos3) 2,
B a+p+1
N o= o,

1
—(a+) T 0<0<m,

i 272

and [5, Lemma 2.3.]

1
lim n@+%./m F) R (y)dpa,p(y) =0
-1

n— oo

fora, 8 > -1, f € Ly(min(o, /2 —1/4), min(8, 5/2 —1/4)), which is a direct generaliza-
tion of the Riemann-Lebesgue theorem. Finally we get

lim na, = lim nf(n)wfféﬁ%)]%fi%)(cosﬂ) sin @
n—oo n—oo
. (-1 ,;)P(%’lé)(cos 0)
= lim nf(n)w, 2" 2 n_(ﬁsinﬂ
n—oo Pn2_712 (1)

= O’

N
| vl
Nl

as P27 (1) ~ (n — 1)1/2,

S



ON THE DETERMINATION OF JUMP BY THE DIFFERENTIATED ... 69

REFERENCES

[1] M. AVDISPAHIC: On the determination of the jump of a function by its Fourier series, Acta Math. Hung.
48(3-4) (1986), 267-271.

[2] B. I. GOLUBOV: Determination of the jump of a function of bounded p-variation by its Fourier series,
Mat.Zametki, 12 (1972), 19-28 = Math.Notes, 12 (1972), 444-449.

[3] G. KVERNADZE: Determination of the jumps of a bounded function by its Fourier series, J. Approx. Theory,
92 (1998), 167-190.

[4] ZH. K. L1: Conjugate Jacobi series and conjugate functions, J. Approx. Theory, 86 (1996), 179-196.

[5] ZH. K. LI: Pointwise convergence of Fourier-Jacobi series, Approx. Theory and its Appl., Vol11, (1995),
58-77.

[6] B. MUCKENHOUPT, E. M. STEIN: Classical expansions and their relation to conjugate harmonic functions,
Trans. Amer. Math. Soc., 118 (1965), 17-92.

[7]1 S. SADIKOVIC: Determination of a jump by conjugate Fourier-Jacobi series, (submitted in Filomat, July
2017).

[81 G. SZEGO: Orthogonal polynomials, Amer. Math. Soc. Collog. Publ., Vol 23, 3rd ed., American Math.
Society, Providence, 1967.

[91 D. WATERMAN: On convergence of Fourier series of functions of generalized bounded variation Studia Math.,
44 (1972), 107-117.

[10] N. WIENER: The quadratic variation of a function and its Fourier coefficients, J. Math. Phys. MIT 3, (1924),
72-94.
[11] A. ZYGMUND: Trigonometric series, 2nd ed., Vol. I, Cambridge University Press, Cambridge, 1959.

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF TUZLA

UNIVERZITETSKA 4, 75000 TuzLA, BOSNIA AND HERZEGOVINA
E-mail address: samra.sadikovicQuntz.ba



