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THE POINT AND RHODIUS SPECTRA OF CERTAIN NONLINEAR
SUPERPOSITION OPERATORS

SANELA HALILOVIC! AND SAMRA SADIKOVIC

ABSTRACT. In this paper we consider the nonlinear superposition operator F in I, spaces
of sequences (1 < p < o0), generated by the function f(s,u) = a(s) + u%ﬂ We find
out the Rhodius spectrum o (F') and the point spectra o, (F') of these operators and the
spectral radius. We make comparison and give some conclusions about these spectra.

1. INTRODUCTION AND PRELIMINARIES

The nonlinear superposition operators arise in a large field of mathematics problems
and have various applications in mathematical physics, mathematical economics, mathe-
matical biology, discrete and continuous dynamical systems and so on. Hence, the eigen-
problem of such operators deserves a substantial attention. The spectral theories for
nonlinear operators on Banach spaces is now quite well-established research topic and it
is still in developing process ([5], [11]). The term spectrum for nonlinear operators, in
the beginning, was used just for the set of eigenvalues i.e. the point spectrum. Later it
became clear that the notion spectrum need to have wider meaning and more complete
description. The several nonlinear spectra and spectral theories have been introduced in
the literature by now (see [1], [2], [4], [7], [10], [13]). For the class €(X) of all con-
tinuous operators F' on Banach space X, the following definition has been introduced by
Rhodius in 1984. ([13]).

Definition 1.1. For the continuous operator F : X — X the set
pr(F) ={\ € K: A\l — F is bijective and (\[ — F)™* € ¢(X)}
is called the Rhodius resolvent set and
or(F) =K\ pr(F).
is the Rhodius spectrum.
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K is the field of real or complex numbers (R or C). We may notice that a point A € K
belongs to pr(F) if and only if A\I — F' is a homeomorphism on X. The Rhodius spectral
radius of F' € €(X) is the number

rr(F) =sup{|\| : A € or(F)}.

The Rhodius spectrum of some nonlinear superposition operators may be found in [2],
[8] and [9].

Definition 1.2. The set of all eigenvalues of the operator F
op(F) ={A € K: Fo = Xz for some z # 0}
is called the point spectrum of F.
It is known that if F' is a nonlinear operator F with F'(0) = 0 then
op(F) € or(F).

Let ) denotes an arbitrary set and f = f(s,u) be a function defined on Q x R and
taking values in R. For a given function = = z(s) on 2 one can define another function
y(s) = f(s,x(s)) for s € €. In this way, the function f generates an operator

(1.1 Fa(s) = f(s,x(s)),

This operator F' is usually called a nonautonomous superposition operator, Nemytskij
operator or composition operator ([3], [6]). Superposition operators on sequence spaces
are not studied so intensively as on spaces of functions (see [3]). We are going to observe
the operator of superposition, defined in the Banach spaces of sequences /,, (1 < p < o),
so we have s € Nin (1.1).

Dedagi¢ and Zabreiko in [6] have investigated the conditions for acting and continuity
of superposition operators on the sequence spaces /., ¢, and [, for 1 < p < oo (see also
[12]) and those conditions are given in the next two theorems.

Theorem 1.1. Let 1 < p,q < co. Then the following properties are equivalent:
(i) the operator F acts from [, to lg;
(ii) there are functions a(s) € [, and constants 6 > 0,n € N,b > 0, for which
| (s,w)l < a(s)+blult (s 2n,lul <6);
(iii) for any € > 0 there exists a function a. € l, and constants 6. > 0,n. € N, b, > 0,
for which [|ac (s)||, < e and

If (s,u)] < ac (s) +be|ul (s> ne, Jul <6.).

Theorem 1.2. Let 1 < p,q < oo and let the superposition operator (1.1), generated by the
function f (s,u), acts from 1, to l,. Then this operator is continuous if and only if each of
the functions is continuous for every s € N.

2. MAIN RESULTS
We consider the superposition operator F, generated by the function
f(s,u) = a(s) + 2%, where a = (a(s)) oy is a sequence from the space [,
(1 < g < p < o). We are going to show that this operator acts from the space /, to the
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space [,,.
If 1 < p < co we have
u u
0] = o) + | < ool + | -
For [u| < 1 we certainly have |5~ | < [u], so
@D £ (s, w)] < la(s)] + | 2Jr1|<d(8)+1-\ul,

where d(s) = |a(s)|. Since a € [, and I, C [, we conclude d € [,. Now we can see there
exists constants 6 = 1,n = 1,b = 1 such that Vs > n, |u| < 4, inequality (2.1) holds. From
the Theorem 1.1 it follows that F' : [, — [,,.
In case p = I, we have the following considerations.
a€ly Clo = Isupa(s) = A < 0.
seN
For arbitrary « = (x1, 22, ) € lo we have

1
sup |Fx(s)| = sup |a(s) + | <A + < o0.

sEN sEN z3+1
Here we have used the fact that 1 is the global maximum of the function
X

We see that for every = € I, it holds Fx € I, thus F acts from I, to .. For every s € N
the function f(s,u) = a(s) + %7 i
operator F' is a continuous one.

< sup|a + su
| < supla(s)| + sup| 5

Theorem 2.1. Let the superposition operator F : I, — [, be generated by the function
f(s,u) = a(s) + 42, where (a(s)), is a sequence from the space I, (1 < g < p < o0). Then
the Rhodius spectrum of F is or(F) = (-3, 1).

Proof. Denote x = (x1,%2,...) € [, and a = (a1, a2, ...) € l,.

X1 Xro
(l‘l,l‘g, ) (a1+$%+1’a2+$%+17 )
The operator A\I — F for \ = 0 becomes
T To
—Fz=(—a1 — ————, —as — ——2—,..).
r=(am x%+1’ a2 x%Jrl’)
From —Fz =—-Fy (z,y €l,), we have
(cap— — gy~ 2 Y= (ar — =2 —ay — 22 )
R I R - L R R
Ts Ys
_as—m:_as 2+1 Vs e N
Ts
x?—i—l +1

The function (2.2) is not injective, so from the last equation does not follow z; = ys, Vs €
N. That is why this operator —F' is not injective. This is neither surjective operator since

—as — 7557 € [~5 — as, 5 — as(s € N). Hence, the operator —F is not bijection and it
follows that

OEO'R(F).
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IfA#0then (\] — Flz = (A1 — a1 — 3, Ave —az —
1

M—-F)x=(\—-F)y (x,y€l,) =

— 5 — _ _Z2 = _ _ _y _ — Y2
(Ar1 —ay I%l,)\wz az I§+1u"') =y —a y%H,)\yz az y§+17-~)

Tg Ys
ATs —as — =My —as— —5——,¥VseEN=
Ts — Qs 33?4-1 Ys — Qs yg+1 S
T Ys
ALy — ——— = Ay — , Vs € N.
s x2+1 Ys y2+1 5
For the function .
fg(x):)\m—x2+1

it holds f>(0) = 0 and we are going to find if the equation f>(x) = 0 has any nontrivial
solutions.

€T
fg(x):)\x—ix2+1=0
1 1

It is easy to see that we have nontrivial solutions z = +/152 for A € (0,1). Thus, the

function f5(z) is not injective and AI — F is not an injective operator for A € (0,1). So,
we have
(0,1) € or(F).
The operator \I — F' is generated by the function
u

fa(s,u) = Au —a(s) — R

For arbitrary fixed s it may be considered as a function of one variable u and when we add
—a(s) to the function fy(u) we get the function f5(s,u). Therefore, the function f3(s, u)
is bijective for arbitrary s, if and only if the function f; is bijective. The function f, is
bijective for A = 1 and for A > 1 we have

AMa?2+1)2 —1+22 2222 +20+ 1)+ A1 -1

M(x) = = >0, Vx € R.
fa(z) (221 1)2 (22 +1)2 z
The function f> is continuous, strictly increasing for A > 1 and it also holds
2
i ) = i 00 = 557) G = T A = oo and
IEIPOO fa(x) = xglzloo(/\l‘ - m) P 5= xkl}lm Az = —00, S0 fo is a bijective function

for A > 1. We find that the function f3(s, u) is bijective for A > 1, for every s € N and it

implies that operator \I — F' is bijective for A\ > 1.
2

If A <0 then xll)rfoo fo(z) = xgrfoo(Aac — TH) P = xgrfoo Ar = —oo and
2
Jm @)= tm (o= 577) 5 =, lim Ae = oo

Consider the rational function that we get
, AMz2+1)2 —14+22  Xt+ @A+ D22+ 211
L@ == e~ (@2 +1)2
If we introduce the substitution ¢ = 22 then the numerator of this fraction becomes

A% 4 (2X + 1)t* + X — 1 and its discriminant is 8\ + 1, so for A\ < —% this biquadratic
function in numerator is always negative and since denominator is always positive, we
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get fi(r) < 0, Vo € R. We have that f, is a continuous, strictly decreasing function from
400 to —oo when A < —%, thus f; and f5(s,u) are bijective functions (for all s € N) and
it implies that operator A\ — F is bijective for \ < —%.

1 (:v2—3)2
T8 (7
_ 2_ _ 6__ .4 2_
§(@) = Tt fa(£V3) = 0, [ (@) = =i, f1(+/3) # 0. Hence, the
function f5(z) is continuous and always decreasing from +oco to —oc and we conclude that
f2 and f3(s,u) are bijective functions for A = —3, so the operator —%I — F is bijective.

For A € (—3,0) we will show that operator A — F is not injective.
M—-Flz=WMN—-Fy (z,yel,)=
I T2

——— ATy —ag — ————
2?2+ 1’ 22 +1’

For A = —§ we have f}(z) = and = = ++/3 are the points of inflection since

Y
>\92_02— 22

Y1
A\r1 —a; — L) =0y —a — ——, - ..
(A1 —a )=y —a 2T el

T Ys
ATy — 5 — ——— = gy —as — —>—, Vs € N =
Ts as x§+1 Ys a2 y3+1 S

Ts Ys
AT — = A\ys — , Vs € N.
x Y 2 S

Ts Ys
=\ s —
4 y2+1
Ts Ys
2+1 g+l
zs(ys +1) —ys(23 + 1)
(2 +1)(y2 +1)
(s —ys)(1 — 24ys)
(x2+1)(yz +1)

AT — Ays =

A(xs - ys) =

)‘(l's - ys) =

If s # y, then it follows A = @2}3‘%

2 + N2 + 2y + A2+ A —1=0

—Ts VD
(2.3) ys = M

2M(22 +1)
where D = 22 —4\(22 + 1)(Az2 + XA — 1) = —4X%22 + (1 + 4\ — 82\ H)z2 + 44X — 4N2 If
we take z, = 3 we get D = —400\2 + 40\ + 9 and then D > 0 for \ € (%‘éﬁ, ”T\SE).
Since (—3,0) C (%, l%olm), we get that for A € (—4,0) and z, = 3, the equation
(2.3) always has real solutions y;. For example, for A = —1—10 and z, = 3 from (2.3) we
get y, = 1 and y, = 2. It means that for \ € (—%, 0) the operator AI — F' is not injective

and we have shown:
(-;,0> Cogr(F).
1

For A > 1land )\ < —g operator A\l — F'is bijective and we need to research whether
(M — F)~!is a continuous operator. If A > 1, for arbitrary s € N function

f(s,u) = Au — a(s) — 4245 is bijective, increasing and continuous, so there exists its
inverse f~1(s,u) which is also bijective, increasing and continuous function ([14]). From
Theorem 1.2 follows that operator (Al — F)~!, generated by f~!(s,u), is a continuous
operator. That is why [1,+00) C pr(F). For A < —1, for arbitrary s € N, function
f(s;u) = Au — a(s) — 547 is bijective, decreasing and continuous, so there exists its

inverse f~!(s,u) which is also bijective, decreasing and continuous function ([14]). From
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Theorem 1.2 follows that operator (Al — F)~!, generated by f~!(s,u), is a continuous
operator. Therefore (—oco, —3] C pr(F).
After summerizing all above, we get that the Rhodius resolvent set is

() = (=00~ | UL 4o0)

and the Rhodius spectrum of F :

(2.4) or(F) = (—,1) .

We get that the Rhodius spectrum (2.4) of this considering operator F' is nonempty,
bounded, but not closed set and the spectral radius is

rr(F) =sup{|A|: A € or(F)} =sup{|A|: X € (—é, =1

Theorem 2.2. Let the superposition operator F : I, — [,, be generated by the function
f(s,u) = a(s) + 5%, where (a(s)), is a sequence from the space I, (1 < ¢ < p < o).
Ifa(s) =0, Vs € N, then the point spectrum of F is o,(F) = (0, 1).

If (3s € N)a(s) € [-3,0)U(0, 1], then 0,,(F) = R.If (Vs € N) a(s) = (—o00, —3)U(%, +00),
then o,(F) =R\ {0}.

Proof. We need to find out does the equation (A — F')z = 0 have any nontrivial solution.
For A\ = 0 we have
—Fx = (—a1 - 1 2

——a2 — —5—,...) = (0,0,...) =
x%—i—l’ az ,’E%+17 ) (aa )

Ls

2.5 —as —
(25 “ x24+1

=0,VseN.

If a(s) = 0, Vs € N, then equation (2.5) becomes ——7*= = 0 and it has only trivial

x2+
solution z; = 0,Vs € Nie. z = (0,0,...), so 0 ¢ o,(F). If there exists s such that
as # 0 then from (2.5) it follows as2? + x5 + as = 0. The discriminant is D = 1 — 4a?
and D > 0 for a, € [—%,1]. Thus 0 € 0, (F) if (3s € N)a(s) € [-1,0) U (0, 1] and if
(Vs € N)a, € (—o0, —3) U (%, 00) then 0 ¢ o, (F).
For A\ # 0 we consider the equation

X1 xro -
()\xl —ay — m,)\x2 — ag — W, ) = (0,0, )
Ts
Al’s—as—@:07v56N
(2.6) )\xi’ — asxi +A—1Dzs—a,=0, VseN

These are cubic equations and all cubic equations have either one real root or three real
roots; so every equation in (2.6) has at least one real solution.

Denote K (x) = Az3 —as2? + (A —1)x —as. If (3s € N), a5 # 0, then for such s is K(0) # 0
so there is (at least one) real solution z; # 0 of the equation K (x) = 0. It follows that
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equation (A — F)z = 0 has nontrivial solution z = (z1,z9,...) and R\ {0} C ¢, (F). If
a(s) =0, Vs € N, then
L T2

ALy — —5——, A\T2 — ——,...) = (0,0,...).
Ao = Aee = g ) = (00,)
Ts
Mg — —5—— =0,VseN.
x z§+1 s €
The equation A\zs — 2745 = 0 has one trivial solution x5 = 0 and for A € (0, 1) it has also

nontrivial solutions z, = +,/452. Hence, (0,1) C 0,,(F). O

From the Theorem 2.1 and Theorem 2.2 we see that if a(s) = 0, Vs € N, (F0 = 0) we
have

In other cases, when F0 # 0, we do not have this inclusion, i.e. ¢,(F) Z og(F). In fact,
if (3s € N)a(s) € [-3,0) U (0, 3], then we have even an opposite inclusion

0,(F) =R D og(F) = (—;, 1) .

These results of the point and Rhodius spectra for considering nonlinear superposi-

tion operators may be used in solving some nonlinear operator equations and eigenvalue
problems.
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