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THREE-DIMENSIONAL RIEMANNIAN MANIFOLDS WITH CIRCULANT
STRUCTURES

IVA DOKUZOVA!, DIMITAR RAZPOPOV AND GEORGI DZHELEPOV

ABSTRACT. We consider a 3-dimensional Riemannian manifold M with two circulant struc-
tures — a metric ¢ and an additional structure ¢ with ¢ = id. The structure ¢ is compatible
with g such that an isometry is induced in any tangent space of M. We obtain some curva-
ture properties of this manifold (M, g, q) and give an example of such a manifold.

1. INTRODUCTION

Circulant matrices occur in many areas of the applied mathematics. For instance, they
are particulary useful in the Vibration analysis, Linear codes, Geometry, Graph theory,
etc. (see [3], [4], [6], [8]). This motivates us to equip differentiable manifolds with
additional structures which are represented by circulant matrices.

In differential geometry, essential results are associated with the sectional curvatures
of some characteristic 2-planes of the tangent space of the manifolds with additional
structures, (for example [2], [5], [7]). Another important problem is the obtaining of
explicit examples of the constructed manifolds.

The main aim of the present paper is to study the differential geometry of 3-dimensional
Riemannian manifolds equipped with an endomorphism ¢ whose third power is the iden-
tity. Moreover, the metric g and the structure ¢ are represented by circulant matrices.

The paper is organized as follows. In Sect. 2, we consider a 3-dimensional Riemannian
manifold M with a circulant metric ¢ and a circulant structure g satisfying ¢> = id, i.e.
a manifold (M, g,q). Also we recall necessary facts about such manifolds and about a
g-basis of the tangent space T, M, p € M. In Sect. 3, we calculate the components of the
curvature tensor R with respect to the Levi-Civita connection of g. In Sect. 4, we consider
two special properties of R with respect to ¢ and the consequences for some sectional
curvatures. In Sect. 5, we obtain an explicit example.
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2. PRELIMINARIES

Let M be a 3-dimensional manifold with a Riemannian metric g. Let the components of
the metric g at an arbitrary point p(X*, X2, X?3) € M form the following circulant matrix

A B B
B B A

where A and B are smooth functions of X!, X2, X3.
We assume that

(2.2) A>B>0.
Then the conditions to be a positive definite metric g are satisfied:
A B
A>0, B A:(A—B)(A+B)>O7
A B B
B A B|=(A-B)*(A4+2B)>0.
B B A

Let ¢ be an endomorphism in the tangent space T, M, whose coordinate matrix with
respect to a basis {e;} of T,M is

_ 0 1 0
(2.3) (¢’y=10 0 1
1 00

Then
¢ =id.

We denote by (M, g, q) the manifold M equipped with the metric g and the structure
¢, which are defined by (2.1) - (2.3).

Further, x, ¥, z, u will stand for arbitrary elements of the algebra on the smooth vector
fields on M or vectors in the tangent space T, M. The Einstein summation convention is
used, the range of the summation indices being always {1, 2, 3}.

In [1] it is proved that the structure ¢ of the manifold (M, g,¢) is an isometry with
respect to the metric g, i.e.

2.4 9(qz,qy) = g(z,y).

Definition 2.1. A basis of type {x, gz, ¢*z} of T,M is called a g-basis. In this case we say
that the vector z induces a g-basis of T, M. Similarly, a basis {z, qx} of a 2-plane a = {z, qz}
is called a g-basis.

In [1] it is verified that
() Avector z = (2,22 23) induces a g¢-basis in T, M if and only if
3$1$2£L'3 # ((EI)B + ((EQ)B 4 ((ES)B;
(i) If a vector z induces a ¢-basis of T, M and ¢ = Z(z, qx), then

2T
Lz, qz) = L(qu,¢°x) = L(x,¢°x) = ¢, ¢ € (0, 3

(iii) An orthogonal ¢-basis of T),M exists.
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3. THE COMPONENTS OF THE CURVATURE TENSOR
The Levi-Civita connection on a Riemannian manifold is denoted by V. For the Christof-
fel symbols I';; of V it is well known that
(3.1 2T} = 9" (0igu + Okgei — Orgin),

where g% are the components of the inverse matrix of (g;;).
The curvature tensor R of V is defined by

R(z,y)2 =V,Vyz = VyViz — Vg 12
and the local components of R are
(3.2) Rl =0Tl — 0T + T — TLTH.
The corresponding tensor R of type (0,4) is determined as follows
R(z,y,z,u) = g(R(z,y)z,u).
For (M, g,q), we denote D = (A — B)(A + 2B) and

0A OB
3) di=ox P axn
where A and B are the functions from (2.1).
The inverse matrix of g is

B | (A+B -B -B
(3.4) (g¥) = ) -B A+B -B
-B -B A+B

Then by direct calculations, having in mind (2.1), (3.1), (3.2), (3.3) and (3.4), we obtain

Theorem 3.1. The nonzero components of the curvature tensor R of type (0,4) of the man-
ifold (M, g, ) are

1
Ri212 = 5(2321 — A1 — Ag)

A+B

+ =5 (2,4332 — A2+ (By — By — B3)(By + By — 33))
2B

-5 ((A1 ~ Bo)(Bi + By — Bs) — A1 As + AgBQ),

1
Riziz = 5(2331 — A1 — Ass)

A+ B
4D

2B
-= ((A1 — B3)(By — Bo+ Bs) — A1 Ay + A233>7

+

(214233 — A3+ (=By + By + B3)(—B1 + By — 33))

1
Rozz3 = 5(2323 — Agp — As3)

A+ B
4D

2B
-= ((A2 — B3)(Bo — By + B3) — AjAs + A133>,

+ (233A1 — A? +(By — By + B3)(By — By — B3))
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1
Rizi3 = 5(321 + B31 — Bi1 — Aa3)
A+ B
4D

B
- = (A% + A2+ A2+ 24, (Ay — Bs) — 24585

— 2A4(By — Bs) + (By — By — B3)(By + By — Bg)),

(41(Bs — By + B1) + 2B3(Bs — Bz — By) + A2 43))

1
Ryoo3 = 5(322 — Bia — Baz + Ai3)

A+ B

4D
B
- (Ag — A2 4 A2 1 2A,(By + Bs) + 2A5(By — Bs)

+245(Bs — By) — 4BoBs + (By + By — B3)(By — By — Bg)),

(A2(32 + By — By) — (2B; — A,)(2Bs — A3))

1
Rigo3 = 5(323 — Bss + Byz — A12)
A+ B
4D

B
- E(/ﬁ — A3 — A3 — 2A1(By + Bs) + 243(By — Ba)

+2A3(By — Bs) + 4B3Bs + (—B1 + Bs + B3)(B1 — B2 + 33))-

((2132 — A)(2Bs — As) — Ay(—By + By + Bg)

The rest of the nonzero components are obtained by the properties

Rijkn = Rinijy Rijkn = —Rjin = —Rijnk -

4. SOME SECTIONAL CURVATURES
In [1], for (M, g, q) it is proved that V¢ = 0 implies
“4.1 R(z,y,qz,qu) = R(z,y, z,u).
Therefore it follows the identity

(4.2) R(q,qy,qz,qu) = R(x,y, z,u),

which defines a more general class of manifolds (M, g, ¢) than the class with the condition
Vq=0.

Let {z,y} be a non-degenerate 2-plane spanned by vectors =,y € T,M, p € M. Then
its sectional curvature is

R(z,y,z,y)
g(z,2)g9(y,y) — g*(z,y)

Proposition 4.1. Let (M, g,q) be a manifold with property (4.2) and a vector x induce a
g-basis. Then

(4.3) w(w,y) =

w(z, qz) = plgz, ¢*x) = p(z, ).
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Proof From (4.2) we get

(4.4) R(¢*z, 4%y, 4%z, ¢*u) = R(qx, qy, 4z, qu) = R(x,y, 2, u).
In (4.4) we substitute ¢z for y, x for z and gz for u and we find

(4.5) R(¢*z,r,¢°x,x) = Rlqx, ¢*x, qr, ¢*x) = R(x, qx, x, ¢x).
Then, from (2.4) and (4.3) it follows (4.3).
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O

Let z induce a g¢-basis of T, M and ¢ = {z,qz} be a 2-plane. It is easy to see that
ify € o0 and y # z, then qy ¢ 0. Consequently, o has only two g-bases: {z,qx} and
{—z, —qgax}. That’s why the sectional curvature u(z,qz) depends only on ¢ = /(x, qx).

So, we denote u(x, gx) = p(p).

Theorem 4.1. Let (M, g,q) be a manifold with property (4.2). If a vector u induces a

g-basis, then

1—2cosp /m 3cos T
46 Lo Zeosg (my Beose ()
(4.6) Hig) 14 cosp K 2 * 1+cosg0u 3

where p = Z(u, qu).
Proof. In (4.4) we substitute gx for y, ¢« for z and z for v and we get

4.7) R(¢°z,z,qz,¢*z) = R(qz, ¢*x, 7, qz) = R(z, gz, ¢z, 7).

Let a vector z induce an orthonormal g¢-basis. If v = ax + Bqz + y¢?z, where o, 8,7 € R,
then qu = vz + agr + Bg%x. Due to the linear properties of the curvature tensor R, we

obtain

2

R(u, qu,u,qu) = (&* — B7)*R(z, qz, z, qx)

+(v* — ap)’R(z, ¢*x, x, ¢*x)

+ (8% — av)*R(qz, ¢°x, gz, ¢°x)

+2(a® = ) (v* — af)R(x, gz, ¢*x, x)

+2(v* — apB)(B* — ay)R(¢*z, z, qx, ¢*)
+2(a® - B7)(8? — ay)R(z, qx, gz, ¢*x).

Having in mind (4.5) and (4.7) we find

R(u, qu,u,qu) = ((a? = B7)?

+(* —ap)? + (8% - 07)2)3(% gz, x, )
+2((a? = B1)(* — aB) + (42 — aB)(8* — )

+ (& = BY)(B* - av))R(ﬂc, 9z, >z, ).

Since {x, qx, ¢?z} is an orthonormal ¢-basis, we have

(4.8)

g(u,u) = glqu,qu) = o + B2+ 2, g(u,qu) = af + By + v

We suppose that g(u,u) = 1. From (2.4) and (4.3) we get

(4.9) 1) = R(u, qu, u, qu)

1 —cos?
and
o+ 52492 =1, af+By+ya=cose.
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We express «, 3,7 by cos ¢ as follows:
(cosp)? —cosp = (o = B7)(v* — aB) + (v* = af) (5 — av)
+(a® = B7) (8% — a),
1 - (cosp)? = (a® = B7)* + (v* — aB)? + (B — ay)*.
Then, from (4.8) and (4.9), we obtain

T 2cos

In (4.10) we substitute g for ¢ and we find

Rnane) =3 0(3) - 5)):
The last result and (4.10) imply (4.6). O

Corollary 4.1. Let (M, g,q) be a manifold with property (4.1). If a vector u induces a
g-basis, then

_l—cosyp (w)

(4.11) () = s\

2
where p = Z(u, qu).
Proof. Since (4.1) is valid, we find
R(z,y,2,u) = R(x,y, qz,qu) = R(x,y,¢*2, ¢*u).
In the latter equalities we substitute gx for y, = for z and ¢z for v and we get
(4.12) R(z,qz,r,¢°c) = —R(x, qz,, qx).

If we suppose that {z, gz, ¢>x} is an orthonormal g-basis, then from (4.10) and (4.12) it
follows (4.11). O

5. AN EXAMPLE OF (M, g, q)

In [1] it is proved that, the structure ¢ is parallel with respect to the Levi-Civita con-
nection V of ¢ on a manifold (M, g, q) if and only if the gradients of A and B satisfy the
following equality:

-1 1 1
(5.1) gradA=gradB| 1 -1 1
1 1 -1

In this section we discuss an example of a manifold (M, g, ¢) which satisfies (4.2), but
doesn’t satisfy (5.1).

Theorem 5.1. The property (4.2) of the manifold (M, g, q) is equivalent to the conditions
(5.2) Ri212 = Ri313 = Ragas,  Rio13 = Rizaz = —Rioas,

where R; i, are the local components of the curvature tensor R of type (0, 4).
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Proof. The local form of (4.2) is

m

(5.3) Ristm@{ 43 0kar = Rijkn-
From (2.1) and (5.3) we find
Ri212 = Rases, Rizi3 = Ra2iaa,
(5.4) Roso1 = Ri213,  Rasz1 = Riaos,
Ro131 = Rizas,  Rsi31 = Rasos,
which implies (5.2).
Vice versa, from (5.2) it follows (5.4). Having in mind (2.1) we get (5.3). O

Let (M, g, q) be a manifold with
(5.5) A=2X' B=2X'+ X%+ X3,
where
2X'+ X2+ X3>0, X?2+X3<o.
Obviously, the condition (2.2) is satisfied. Due to (2.1), (3.4), (5.5) and Theorem 3.1 we
obtain

B
R = R = R = — s
(5.6) 1212 1313 2323 (A—B)(A+2B)

Ri213 = Ri323 = Ry203 = 0.

We check directly that the conditions (5.2) are valid, but the conditions (5.1) for the
functions A and B are not valid.
Consequently, we obtain the following

Theorem 5.2. The manifold (M, g, q) with (5.5) satisfies the curvature identity (4.2). Fur-
thermore, the structure q is not parallel with respect to the Levi-Civita connection V of g.

The Ricci tensor p and the scalar curvature 7 are given by the well-known formulas:
p(y’ Z) = g”R(eu Y,z 6_1)’ T = gijp<ei7 6])

We obtain the components of p and the value of 7:

B2
P12 = P13 = P23 = (A—_B)2(A+2B)?"
(5.7)
o 2B(A+ B)
P11 = P22 = P33 = (A—B)2(A+2B):?"
AB
(5.8) T = 6

(A—B)3(A+2B)? "
Therefore, we arrive at the following

Proposition 5.1. For the manifold (M, g, q) with (5.5), the following assertions are valid:

(i) The components of the curvature tensor R are (5.6), i.e. M is not a flat manifold;
(ii) The components of the Ricci tensor p are (5.7);
(iii) The scalar curvature 7 is (5.8).
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