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COMPOSITIONS IN AFFINE SPACE WITH TWO MANIFOLDS

MUSA AJETI

ABSTRACT. Let us consider the compositions of two basic manifolds which will complete
the condition of tangent that are parallelly with two manifolds lines. Compositions with
two manifolds are completed with symmetric affinors, affine connections in nets spaces,
with Chebyshevian and geodesic compositions.

Let us take A, symmetric affine space. In space A, the compositions X, X X,
Xn X Yo, Xn X Zp and X X Xn, Yn X Xn, Zn X Xp are defined. Each of these
compositions have its basic manifolds. Spaces with these products are distinct. Some of the
curve tensor components with non-symmetric connections are computed with coordinative
compositions. Two special cases of compositions with basic manifolds affinors and tensor
are discussed as they are Weyl connections and affine connection, see [2, 3, 4, 5, 6, 9, 10].

1. INTRODUCTION

The spaces As,, of compositions of two basic manifolds are presented with symmetric
affine connections, see [1, 3, 4, 7]. Types of compositions X,, x X,,, X,, x Y,, X,, x Z,, and
X, x X, Y, x X, Z, x X,, are obtained by using the conditions of space connections
translated parallelly and quasi-parallelly with positions P(X) and P(X,), as well as the
space compositions of Weyl’s are presented in [4, 5]. These spaces have been studied in
[1], and last spaces we consider as spaces in net forms with symmetric affine connections,
with two types of compositions with two basic manifolds. In the first case we know that
composition is completely defined by affinor field a” which complete the condition, see
[2, 4,5, 6,10]:

al -al = 6P,

The affinor af is called an affinor of the composition [2].

In the second case we compute some of the curve tensor components, with connections
that are presented in a way as adapted with coordinated compositions. So, we denote the
two special cases about symmetric connections which are mentioned above.
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2. PRELIMINARIES

Let take the space Ay with the symmetrical affine connections, which we define with
ry 5, where a, 3 and ~ are connection coefficient. In Ax we consider the compositions
X, x X (n4+m = N), of two basic variable manifolds. The positions (plans tangents)
of the compositions are defined with P(X,,) and P(X,,), see [1, 2, 4, 7].

In the first case the composition is defined by the affinors field o which completes the
condition given in [1, 2].

B B

) 1 2

are defined with a,, = $(65+af) and a, = 3(65—a?)
. .. 1 2 8 18 9f 8

and satisfy the conditions a,, + a, = % and a, — a, = af.

In the second case for the usual coordinates u® (o = 1,...,n) in Ay we define (u?, u?)
where : = 1,...,n) and (4 = n+1,n+2,...,n+m) which fit the compositions X, x X,
see [3, 6].

For each vector V%, we have

o , 19 2/
The projective affinors a,, and a

a’

1,3 Qﬁ 1@ 2¢
V@=a, Vo +a,V° =V +V ,
10/

1,8 ¢ Qﬂ
where: V =4a,V? € P(X,,) and V =a,V? € P(X,).
nB

mB
In the coordinates of the adopted compositions, the affinor matrices a2, a, and a,,
have the form (2.1):
mB [ 65 0 nf |0 0
%= lo o] T o —a |

The compositions of the type (Chebyshev, —) or (ch, —) or the compositions (—, ch) for
which the positions P(X,,) and P(X,,) are parallelly translated along any basic manifolds
X, and X, are characterized by the following conditions:

50

B — -
2.1 a0 = | | _(%

[e%

o4V B T oV B
(2.2) o, Vo, =0 OF a5V ya, = 0.
The composition of type (ch, ch) for which the positions P(X,,) and P(X,,) are trans-
lated parallel every line of manifolds X,, and X,,, respectively are characterized by condi-
tion (2.2) and as a result we have:

V[aag] =0.
The compositions of the type (G, —) or compositions (—, G) for which the compositions
of positions P(X,,) and P(X,) are parallelly translated along every line of manifolds X,
and X, are characterized by the condition:
Y% B Y% B
(2.3) a5V, =0 of a,a5Vod, = 0.
The compositions of the type (G, G) for which the positions P(X,,) and P(X,,) are par-

allelly translated in the basic manifolds X,, and X,, are characterized by two conditions
of the relation (2.3) or by:

2.4 aSVya? + a2V al = 0.

According [3] positions P(X,,) and P(X,,) are translated in queasy parallelly along
the lines of basic manifolds X,,, and X, respectively, if the projected affinors complete
the condition:

201V _ 18 1928 1927 _ 9B 2015
(2.5) ay,a;Vea, —Ysasa, =0 or a,a;V,a, —saza, =0.
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In [3] it is proved that by the compositions coordinates which are denoted below with
components ¢ and ¢y for the vector ¢, = %agvaa?j differ from vectors ¢k and ¢
with only one constant.

Let the space n-dimensional be A, formed with the symmetric affine connection. Let
Ilfﬁ (. = 1,2,...,2n) be the independent vector field, whereas the reciprocal convector

1?5 is defined by:

VOV =6 & VOV, =6

The coefficients of connection in the following are:

a)ﬁv’Y,é,V,-.-:l,Q,...,Qn
i7j737ka~~~=1,2,...,n
g’jagaEa“-:n+1,n+2,...72n_

The projected affinors of composition X,, x X, are in the form (see [2, 3, 4, 5, 6, 8]):

lﬁ o 7 Qﬁ 8 i
a, =V*WVao and a, =V"Vq,.
i i

According to [2] the variable equations:

(2.6) Vov? =T,v? and V,Vs=-T,V".
hold. If we take the vectors /,V/,..., V to be a coordinating net, we have :
1 2 2n
2.7 v“(l,o,o,...,0,0);12/(*(0,1,0, ..,0,0);... ;2\/&(0,0,0,...,0,1)
1 n

1 2 2n
Va(1,0,0,...,0,0);V4(0,1,0,...,0,0);...:V4(0,0,0,...,0,1).
In this case V', V, ...,V defines the system with adopted coordinates compositions in
1 2 2n
space X, X X, .

According to equations (2.5), (2.6) and (2.7), we see the parameters of connected
coordinative net and it holds:

or
k k
(2.9) rf, =T% =0
The curvature tensor R, fo in space Ay ([2]) is defined as usual:
(2.10) Rlﬁg = 01, — 00, + P;pl“ga 15,00

3. THE CREATION OF CONNECTIONS
Let the coefficients connections noted by 'T'7 ; is defined with
1
where A7 ; is called a deformed tensor.

In the following we have to consider 'V and 'R, , the deformed covariant as the
curvative tensor and considering 'I'? 5
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3.1. The connections on the Chebyshev compositions. Let the space As,, be endowed
(with a net) with compositions X,, x X,, of type (ch, ch). We have the following theorem:

Theorem 3.1. Let the composition X,, x X,, be Chebyshev composition. Then 1V[aag] =0
if and only if in the adopted to the compositions coordinates, the deformation tensor Ay,
satisfies the condition:

k _ Ak _ Ak _ Ak _
(3.2) AZ.3 = A;j = A[ij] = Aﬁ?] =0.
Proof. We know that by (2.10) we have:

1 o o o
(33) v[uaﬂ] = v[aaﬁ] + Aaﬁ’
whereas:
(3.4) ap = Lugay — Ljyal, — Ly gay — LG, ay.

According to (2.1) and (3.3) in the adopted coordinates, for the components of the
tensor Ay, ; we get:

AF —ork Ak = ok Ak — _opk
1] Je 1] 1] 1] Jt

k _ork E _ k Eo_ k
(3.5) Afy=ork, AY =4Lf,, AL = —ALE-,
Ak = AL = 0.
ij

According to (3.3) we conclude that V[aag] = 0 and lv[aaﬁa] = 0 if and only if
AZB = 0 by (3.4), we obtain that the last condition is equivalent to (3.2) which proves
the theorem. In the case of V[aag] =1 V[aag} = 0 by (2.8), (2.9) and (3.1) we obtain the

components 'T'? , as follows:
1k k k 1k k k 1pk _1 1k
Y =Tf + Afj, 'TE =T+ 45, ') ='T)

1k 1 1k
i g Li= 153

iv
Tk — gk ATk — gk APk 1Tk _
1] 7] 1] 1] 1] )
We consider the curvature properties of the connections using (2.10) and (3.5) , 'T'Y 5
with the following adapted component ' R}, ;, and we have :

1 _ps 1 _ k k P
Rny = Rf}k =0 and R;E = 28[1'143]3 + 24 [i\p\A]*-]s

Then we take the Weyl connections I' ; with the fundamental tensor g, and the addition

form of convector w,, where w, satisfies the condition V,g,3 = 2w,gas. According

[2, 4, 7,8, 10] thereis :
Ios = {af} — (wadf +wpd — wog”") - gap-

g
We know that g,z - ¢°7 = §7{a3} are Christophes symbols g,s.
For the curvature tensor R 5, it stands the equation:

R, = —2PV]

afo awg]:

We have:
(3.6) 'Rig, = Rl + 2PV a50

We take the deforming tensor Ag,; which is :
3.7) Agﬁ = waag.
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For the adopted coordinates we have:

(3.8) AE = w, ok, AR =k AR = et AR = w8k,
1] z] J

AR i 1777
Ak = AF = AF = Ak — .
1] ) (%] 17
The equations (3.8) with A% satisfy the condition as well as the Theorem 3.1, for the
adopted coordinate holds (3.7) and (3.8),

'R, =" R: ='RY =0.

ijo ija ija

O

3.2. The compositions with basic manifolds of geodesic compositions. Let us take
the space Ay of the type (G, G) with the compositions X,,, x X,,, we have to consider the
space connections I' 5 defined in (2.8).

Theorem 3.2. Let the composition X, x X, be geodesic agVsay + azVsap, = 0 with
conditions of the adoptive coordinates, then the deforming tensor gy, ; satisfies the conditions:

k k
95 = 95 = 0.
Proof. Considering af - af} = 63 and defined connections 'T'% ; as 'T'% ; = T ; + g% 5 then
we have:

3.9 al'Vgal + aglvga; = agVay +ayVeag +hig
where
(3.10) hep = Gho — ggaagaz + 95,0003 — ghoayaf,

with adopted coordinates according to (3.10) we evaluate the components of connection
hg, s of the following

kE _ 4k E _ 4.k k _ 3k _ 3k _ 1k _ 1k _ 31k _
(3.11) hij—4gji, hgj—zl hij—hgj—hij—hzj—hﬁ—hﬁ—o.

v
The equations in two relations (2.4) and (3.9) are adapted with compositions X,,, x X,
which is geodetic, then holds:

ag'Vgay +af'Vay =0,
if and only if is Ay, 5 = 0.
By the equation (3.11), the last condition holds if g% = gfj = 0 which satisfies the

condition of proofing the theorem.
By the conditions

(3.12) agVgay +azVea, =0 and aglvﬁa; + aglvgag =0
and by applying (3.1) we obtain the following equations:
lrfj = ny + gfj]? 11_%3 = ny + ggv IF% = Ffj + g%’ lrfj = Ffj + g%a
1k _ 1k k  1pk _ pk k itk _ Tk k  1pk _ 1k k
(3.13) UG =T5+95 Ti;=Ti+e; T5=15+9%, T5=T5+a;
Pk _ 1k ko ipk _1pk _
P =T 4 g, 'Tf ='TE =0,
By the equations (2.10) and (3.13) for the adapted components of tensor ' RY, 5, We have

1pS__ _1pS _
Rijk_ Rijk_o'
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We consider that I') 5 there is a connection that is called equafinne:

I'%g = Ok lne.

Equals affinors with density “e” is equivalent with:

I%;=0klne & RYg =0.

Then: X,,, x X, is geodetic-geodetic (G, G) if

ijﬁﬁyva (RaﬁRgﬁ) + E(MTRBVVU (RﬂVRrYV) = O

We conclude according (3.6) and (3.12) 11‘3 5= grad if and only if:

(1]
(2]
[3]

[4]
[5]

)

[7]
(8]

[91

[10]

ghs =grad and 'RY; =0.
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