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COMPOSITIONS IN AFFINE SPACE WITH TWO MANIFOLDS

MUSA AJETI

ABSTRACT. Let us consider the compositions of two basic manifolds which will complete
the condition of tangent that are parallelly with two manifolds lines. Compositions with
two manifolds are completed with symmetric affinors, affine connections in nets spaces,
with Chebyshevian and geodesic compositions.

Let us take A2n symmetric affine space. In space A2n the compositions Xn × Xn,
Xn × Yn, Xn × Zn and Xn × Xn, Yn × Xn, Zn × Xn are defined. Each of these
compositions have its basic manifolds. Spaces with these products are distinct. Some of the
curve tensor components with non-symmetric connections are computed with coordinative
compositions. Two special cases of compositions with basic manifolds affinors and tensor
are discussed as they are Weyl connections and affine connection, see [2, 3, 4, 5, 6, 9, 10].

1. INTRODUCTION

The spaces A2n of compositions of two basic manifolds are presented with symmetric
affine connections, see [1, 3, 4, 7]. Types of compositions Xn×Xn, Xn×Yn, Xn×Zn and
Xn ×Xn, Yn ×Xn, Zn ×Xn, are obtained by using the conditions of space connections
translated parallelly and quasi-parallelly with positions P (X) and P (Xn), as well as the
space compositions of Weyl’s are presented in [4, 5]. These spaces have been studied in
[1], and last spaces we consider as spaces in net forms with symmetric affine connections,
with two types of compositions with two basic manifolds. In the first case we know that
composition is completely defined by affinor field aβα which complete the condition, see
[2, 4, 5, 6, 10]:

aσα · aβσ = δβα.

The affinor aβα is called an affinor of the composition [2].
In the second case we compute some of the curve tensor components, with connections

that are presented in a way as adapted with coordinated compositions. So, we denote the
two special cases about symmetric connections which are mentioned above.
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2. PRELIMINARIES

Let take the space AN with the symmetrical affine connections, which we define with
Γγαβ , where α, β and γ are connection coefficient. In AN we consider the compositions
Xn ×Xm (n + m = N), of two basic variable manifolds. The positions (plans tangents)
of the compositions are defined with P (Xm) and P (Xn), see [1, 2, 4, 7].

In the first case the composition is defined by the affinors field aβα which completes the
condition given in [1, 2].

The projective affinors
1
a
β

α and
2
a
β

α, are defined with
1
a
β

α = 1
2 (δβα+aβα) and

2
a
β

α = 1
2 (δβα−aβα)

and satisfy the conditions
1
a
β

α +
2
a
β

α = δβα and
1
a
β

α −
2
a
β

α = aβα.
In the second case for the usual coordinates uα (α = 1, . . . , n) in AN we define (ui, ui)

where (i = 1, . . . , n) and (i = n+1, n+2, . . . , n+m) which fit the compositions Xn×Xm,
see [3, 6].

For each vector V α, we have

V α =
1
a
β

σV
σ +

2
a
β

σV
σ =

1

V
α

+
2

V
α

,

where:
1

V
α

=
1
a
β

σV
σ ∈ P (Xm) and

2

V
α

=
2
a
β

σV
σ ∈ P (Xn).

In the coordinates of the adopted compositions, the affinor matrices aβα,
m
a
β

α and
n
a
β

α

have the form (2.1):

(2.1) aβα =

[
δij 0

0 −δi
j

]
,

m
a
β

α =

[
δij 0
0 0

]
,

n
a
β

α =

[
0 0

0 −δi
j

]
.

The compositions of the type (Chebyshev,−) or (ch,−) or the compositions (−, ch) for
which the positions P (Xm) and P (Xn) are parallelly translated along any basic manifolds
Xn and Xm are characterized by the following conditions:

(2.2)
2
a
σ

α

1
a
ν

σ∇σ
1
a
β

ν = 0 or
1
a
σ

α

2
a
ν

δ∇σ
2
a
β

ν = 0.

The composition of type (ch, ch) for which the positions P (Xm) and P (Xn) are trans-
lated parallel every line of manifolds Xn and Xm respectively are characterized by condi-
tion (2.2) and as a result we have:

∇[αa
σ
β] = 0.

The compositions of the type (G,−) or compositions (−, G) for which the compositions
of positions P (Xm) and P (Xn) are parallelly translated along every line of manifolds Xm

and Xn are characterized by the condition:

(2.3)
1
a
σ

α

2
a
ν

δ∇σ
1
a
β

ν = 0 or
2
a
σ

α

2
a
ν

δ∇σ
2
a
β

ν = 0.

The compositions of the type (G,G) for which the positions P (Xm) and P (Xn) are par-
allelly translated in the basic manifolds Xm and Xn are characterized by two conditions
of the relation (2.3) or by:

(2.4) aσν∇σaβσ + aσα∇σaβν = 0.

According [3] positions P (Xm) and P (Xn) are translated in queasy parallelly along
the lines of basic manifolds Xm and Xn, respectively, if the projected affinors complete
the condition:

(2.5)
2
a
σ

α

1
a
ν

δ∇σ
1
a
β

ν − ψσ
1
a
σ

δ

2
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β

α = 0 or
1
a
σ

α

2
a
ν

δ∇σ
2
a
β

ν − ψσ
2
a
σ

δ

1
a
β

α = 0.
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In [3] it is proved that by the compositions coordinates which are denoted below with
components ϕK and ϕK for the vector ϕν = 1

2a
σ
α∇σaαν differ from vectors ψK and ψK

with only one constant.
Let the space n-dimensional be A2n formed with the symmetric affine connection. Let

V
1

β (α = 1, 2, . . . , 2n) be the independent vector field, whereas the reciprocal convector
α

V β is defined by:

V
σ

α
σ

V β = δβα ⇔ V
σ

α
ν

V α = δνσ.

The coefficients of connection in the following are:
α, β, γ, δ, ν, . . . = 1, 2, . . . , 2n

i, j, s, k, . . . = 1, 2, . . . , n

i, j, s, k, . . . = n+ 1, n+ 2, . . . , 2n.

The projected affinors of composition Xn ×Xn are in the form (see [2, 3, 4, 5, 6, 8]):

1
a
β

α = V
i

α
i

V α and
2
a
β

α = V
i

β
i

V α.

According to [2] the variable equations:

(2.6) ∇σV
α

β =
ν

T
α
σV
ν

β and ∇σ
α

V β = −
α

T
ν
σV
ν

β .

hold. If we take the vectors V
1
, V
2
, . . . , V

2n
to be a coordinating net, we have :

(2.7) V
1

α(1, 0, 0, . . . , 0, 0);V
2

α(0, 1, 0, . . . , 0, 0); . . . ; V
2n

α(0, 0, 0, . . . , 0, 1)

1

V α(1, 0, 0, . . . , 0, 0);
2

V α(0, 1, 0, . . . , 0, 0); . . . ;
2n

V α(0, 0, 0, . . . , 0, 1).

In this case V
1
, V
2
, . . . , V

2n
defines the system with adopted coordinates compositions in

space Xn ×Xn .
According to equations (2.5), (2.6) and (2.7), we see the parameters of connected

coordinative net and it holds:

(2.8) Γσαβ =
σ

T βα

or

(2.9) Γki,j = Γk
i,j

= 0.

The curvature tensor Rναβσ in space AN ([2]) is defined as usual:

(2.10) Rγαβσ = ∂αΓνβσ − ∂βΓνασ + ΓναρΓ
ρ
βσ − ΓνβρΓ

σ
ασ.

3. THE CREATION OF CONNECTIONS

Let the coefficients connections noted by 1Γσαβ is defined with

(3.1) 1Γσαβ = Γσαβ +Aσαβ ,

where Aσαβ is called a deformed tensor.
In the following we have to consider 1∇ and 1Rσαβγ , the deformed covariant as the

curvative tensor and considering 1Γγαβ .
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3.1. The connections on the Chebyshev compositions. Let the space A2n be endowed
(with a net) with compositions Xn×Xn of type (ch, ch). We have the following theorem:

Theorem 3.1. Let the composition Xm ×Xn be Chebyshev composition. Then 1∇[αa
σ
β ] = 0

if and only if in the adopted to the compositions coordinates, the deformation tensor Aναβ
satisfies the condition:

(3.2) Ak
ij

= Ak
ij

= Ak[ij] = Ak
[i j]

= 0.

Proof. We know that by (2.10) we have:

(3.3) 1∇[αa
σ
β] = ∇[αa

σ
β] +Aσαβ ,

whereas:

(3.4) Aσαβ = Lναβa
ν
σ − Lνβσaσα − Lσαβaνσ − Lσβαaνσ.

According to (2.1) and (3.3) in the adopted coordinates, for the components of the
tensor Aναβ we get:

Ak
ij

= 2Lk
ji
, Ak

ij
= −2Lk

ij
, Ak

ij
= −2Lk

ji
,

(3.5) Akij = 2Lk
ji
, Akij = 4Lk[ji], Ak

i j
= −4Lk

[i j]
,

Akij = Ak
ij

= 0.

According to (3.3) we conclude that ∇[αa
σ
β] = 0 and 1∇[αaβσ ] = 0 if and only if

Aγαβ = 0 by (3.4), we obtain that the last condition is equivalent to (3.2) which proves
the theorem. In the case of ∇[αa

σ
β] =1 ∇[αa

σ
β] = 0 by (2.8), (2.9) and (3.1) we obtain the

components 1Γσαβ , as follows:

1Γkij = Γkij +Akij ,
1Γk

i j
= Γk

i j
+Ak

i j
, 1Γkij =1 Γkji,

1Γk
i j

=1 Γk
j i
,

1Γk
ij

= Ak
ij
, 1Γk

ij
= Ak

ij
, 1Γk

ij
=1 Γk

ij
= 0.

We consider the curvature properties of the connections using (2.10) and (3.5) , 1Γσαβ
with the following adapted component 1Rsαβσ and we have :

1Rs
ijk

= Rs
i jk

= 0 and 1Rs
ijk

= 2∂[iA
k
j ]s

+ 2Ak[i|p|A
p

j ]s

Then we take the Weyl connections Γσαβ with the fundamental tensor gαβ and the addition
form of convector ωσ, where ωσ satisfies the condition ∇σgαβ = 2ωσgαβ . According
[2, 4, 7, 8, 10] there is :

Γσαβ = {
σ

αβ} −
(
ωαδ

ν
β + ωβδ

ν
α − ωσgσν

)
· gαβ .

We know that gαβ · gβσ = δσα{
σ

αβ} are Christophes symbols gαβ .
For the curvature tensor Rγαβσ it stands the equation:

Rγαβσ = −2P∇[αωβ ].

We have:

(3.6) 1Rναβσ = Rγαβσ + 2P∇αAσ
β
σ

We take the deforming tensor Aσαβ which is :

(3.7) Aσαβ = ωαa
σ
β .
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For the adopted coordinates we have:

(3.8) Akij = ωαδ
k
j , Ak

i j
= ωiδ

k
j
, Ak

ij
= ωiδ

k
j , Ak

ij
= ωiδ

k
j
,

Ak
ij

= Akij = Ak
ij

= Ak
i j

= 0.

The equations (3.8) with Ak
ij

satisfy the condition as well as the Theorem 3.1, for the
adopted coordinate holds (3.7) and (3.8),

1Rαijα =1 Rα
ijα

=1 Rα
ijα

= 0.

�

3.2. The compositions with basic manifolds of geodesic compositions. Let us take
the space AN of the type (G,G) with the compositions Xm×Xn, we have to consider the
space connections Γσαβ defined in (2.8).

Theorem 3.2. Let the composition Xm × Xn be geodesic aσα∇βaνσ + aνβ∇σaνα = 0 with
conditions of the adoptive coordinates, then the deforming tensor gναβ satisfies the conditions:

gk
i j

= gkij = 0.

Proof. Considering aσα · aβσ = δβα and defined connections 1Γναβ as 1Γναβ = Γναβ + gναβ then
we have:

(3.9) aσα
1∇βaνσ + aνβ

1∇σaνα = aσα∇βaνσ + aνσ∇σaνα + hναβ

where

(3.10) hναβ = gνβα − g
ρ
βσa

σ
αa

ν
ρ + gνσρa

ρ
αa

σ
β − gρσαaνρaσβ ,

with adopted coordinates according to (3.10) we evaluate the components of connection
hναβ of the following

(3.11) hkij = 4gkji, hk
i j

= 4gk
j i
, hkij = hk

ij
= hk

ij
= hk

ij
= hk

ij
= hk

i j
= 0.

The equations in two relations (2.4) and (3.9) are adapted with compositions Xm×Xn

which is geodetic, then holds:

aσα
1∇βaνσ + aσβ

1∇σaνα = 0,

if and only if is hναβ = 0.

By the equation (3.11), the last condition holds if gk
i j

= gkij = 0 which satisfies the
condition of proofing the theorem.

By the conditions

(3.12) aσα∇βaνσ + aσβ∇σaνα = 0 and aσα
1∇βaνσ + aσβ

1∇σaνα = 0

and by applying (3.1) we obtain the following equations:
1Γkij = Γkij + gkij ,

1Γk
ij

= Γkij + gk
ij
, 1Γk

ij
= Γkij + gk

ij
, 1Γkij = Γkij + gk

ij
,

(3.13) 1Γk
ij

= Γkij + gk
ij
, 1Γk

i j
= Γkij + gk

i j
, 1Γk

ij
= Γk

ij
+ gk

ij
, 1Γk

ij
= Γk

ij
+ gkij ,

1Γk
i j

= Γk
i j

+ gk
i j
, 1Γkij =1 Γk

i j
= 0.

By the equations (2.10) and (3.13) for the adapted components of tensor 1Rναβγ we have

1R
s
i j k = 1R

s
ijk = 0.
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We consider that Γγαβ there is a connection that is called equafinne:

ΓSKS = ∂K ln e.

Equals affinors with density “e” is equivalent with:

Γναβ = ∂K ln e ⇔ Rναβγ = 0.

Then: Xm ×Xn is geodetic-geodetic (G,G) if

RσνRβν∇α(RαβR
σβ) +RασR

βν∇σ(RβνR
γν) = 0.

We conclude according (3.6) and (3.12) 1Γναβ = grad if and only if:

gναβ = grad and 1Rναβγ = 0.

�
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