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A NEW MULTIPLIER DIFFERENTIAL OPERATOR

DEBORAH O. MAKINDE

ABSTRACT. In this paper, we obtain a new multiplier differential transformation for the
analytic univalent functions of the form z + >~7° , an 2™ and we give some inclusion prop-
erties for the operator so obtained using the principle of subordination between analytic
functions.

1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of normalized univalent functions of the form:
(1.1) 24 a22® +asz® +agzt + ...
which are analytic in the unit disc U = {z : || < 1}.
Definition 1.1. Let g(z) be analytic and univalent in U and f(z) is analytic in U, then, f

is said to be subordinate to g if there exists a Schwartz function w(z) which is analytic in U
with w(0) = 0 and |w(z)| < 1 for all z € U such that f(z) = g(w(z)).

This is expressed as f < g. Moreover, suppose g is univalent in U, then the following

equivalence holds [1, 4, 5, 8]:
f=g < f(0)=g(0) and f(U) C g(U).

For the function f of the form (1.1), the following results are well known: f is said to be
starlike respectively convex with respect to the origin, if, and only if,

2f'(2)

Re
S

2f"(2)
f'(z)
f is said to be starlike, respectively convex, of order ~ if and only if
2f'(2)

Re
{f@

f"(2)
f'(z)
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Remark 1.1. From the above, it is clear that f is convex if and only if z f'(z) is starlike.
Definition 1.2. Let f € A and g is starlike of order v i.e.g € S*(), then f € K(B,7), if,
and only if, Re{ z;c (/S)} > 3, z € U. This functions are called close-to-convex function of
order 3 type 7.

For f € A, the following subclasses of starlike, convex and close-to-convex functions
S*(&,¢),C(&, ¢) and K (&, p; ¢, @) of order &, are studied by several authors [5, 7, 8] and
are respectively defined by:

St () = {fe e (JJ:;(? )<1/}()26U}

3
[reassty(or F-0) oo

+
ki, Gibg) = {feA 2UC c)w<>zev,g<z>es*<u,¢>}

C(u,v)

—_
\_/kh

1—C<9(Z)

For the function of the form (1.1),we have
(F(=) = ( + ) a1
n=2
-1
= 2%+ a4 (aag + O‘(O‘)ag) 2212

ala—1 «
+ (aa4 + ¥2a2a3 +

2! 3
+ (aa5a(a2!_1)(2a2a4 +a3) + W&Lgag +6
afa = 1)(a4!— 2)(@=3) aé) 22T de finition
We represent (f(z))* by :
(1.2) [ =) =2+ i aan 2"t

n=2
Thus as o — 1, we obtain:

o0
z)zz—i—Zanz"

n=2
Now, using (1.2) we define a new differential operator D" f:

Definition 1.3. Let 0 < A < 1, > 1,m € NUO. Then for f € A, we define the operator
Dmf:A— Aby:
D f(z) = f(2)

(1.3) Dof(z) = (1 =N f(2) +2A2f'(2)
(1.4) DI f(2) = Da(D 1 f(2))
(1.5) DI f(2) = (1= A)D7 f(z) + 2A(DL f(2))".
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From equation (1.5) we have:
(1.6) ZNDTf(2) = Dt f(z) — (1= NDF f(2) .
From (1.3) and (1.4), we obtain:

o0

1+ A(n+a—2)
D™ f(z) = L2
f(z Z+Z ( T A(a—1) ) anz

We denote by #, the class of all functlons 1) which are analytic and univalent in U for
which ¢(U) is convex such that ¢(0) = 1 and Re(y(z)) > 0,z € U.

In this paper, we introduce a new multiplier differential operator in relation to (1.1)
and (1.2) and we shall employ the principle of subordination between analytic functions
to introduce the subclasses of starlike, convex and close-to-convex functions S*(u, %), C(u, %)
and K(u, ¢; p, ) of order p respectively,for the function v, ¢ € H which are defined by:

Sa' () = {feA:Df(z) € S (n)},
Ca (ny ) {feAd:Df(z) e Clp,¥)}
Ko (n,Gop) = {feA:Dlf(z) € K(u, (o)}
Next, we give the preliminary results that we shall employ in the proof of the main results
of this paper.

Lemma 1.1. [3, 2, 6, 8] Let ¢ be convex, univalent in U with ¢(0) = 1 and Re{kd(z)+~} >
0,k,v € C. If p is analytic in U with p(0) = 1, then

p(2) + k;(i)(?v < ¢(2),z € U, implies p(z) < ¢(2), z €U

Lemma 1.2. [5, 8] Let ¢ be convex, univalent in U and w be analytic in U with Re(w(z)) >
0. If p is analytic in U with p(0) = ¢(0), then

p(2) +w(2)zp'(2) < ¢(2),2z € U implies p(z) < ¢(z), z € U.

In what follows, we give some inclusion properties of the operator D7 f, using the
principle of subordination.

2. MAIN RESULTS

Theorem 2.1. Let f belongs to the analytic function of the form (1.1) and let v) € H with
Re((1— p)¥(2) + p+ 152) > 0. Then,

Sa T () € S (1))
Proof. Let f(z) belongs to the class S™"!(z) and let
1 (2(Dgf(2) )
2.1 z) = ( - — .
PO o) "
Applying (1.6) in (2.1), we obtain:

Dy f(2) = Dy f(2) + ADg f(2)
ADg f(2)

= (1 —pp(z) + p.

Now we have:

1D f(z) 1-A
(2.2) XW_(l_“)p(Z)J”H'T’
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and from (2.2), we obtain:

03 (OrvIE) _(DRIEY,  -pp)
' DI f(z) Dpf(z)  (1—pwp(z) +p+i52°

On the other hand:

(Da'f(2)) _ (L= pp(z) + 1

@4 D)
Using (2.3) and (2.4), we obtain:
m !/
(2.5) - ! (Z (D;‘:f(z)) —u) = p(2) + A I
—p\ DI f(2) (I=pwp(z) +p+ 52
Applying Lemma 1.1 to (2.5) shows that:
p(z) < W(2).ie.f € DYTLf(2).
Thus,
Sar ) € S (i)
proving the theorem. O

Theorem 2.2. Let f belongs to the analytic function of the form (1.1) and let v) € H with
Re{((1 — p)¥p(2) + p+ 152)} > 0. Then,

Ca ™ (u,9) € CF () -

Proof. From Remark 1.1, we have:
f e (ny) & 2f € Syt (nv),

and from Theorem 2.1, we have:

FeC T (m)(wy) & zf € STt ST (u,)
= z2f € Sg ()
= feCy(mY) (1, v).
Thus,

Ca ™ (u,v) € CF (s ) -
O

1—
The function ¢(z) = T Bz is analytic and satisfies ¢/(0) = 1. Thus, we have the
z

following corollaries:

1+ A
Corollary 2.1. Let f € Aand ¢ = T + Bz’ —1< B< A<1inTheorem2.1. Then:
— z
St (u, A, B) C S (1, A, B) .
1+ Az .
Corollary 2.2. Let f € Aand ¢ = ;) ,—1 < B < A<1inTheorem 2.1. Then:
— z

K2 (1, A, B) € K2(11, A, B).
Theorem 2.3. Let f € Aand let ¢, € H with Re{(1 — p)y(2) + p+ 152} > 0. Then:
K3 (u, G o) © K (s G, ) -
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Proof. Let f € K™+ (u,(;, @), then there exist a function g € S7+1(y,) such that:

(DRt f(2)
RG{W}><, zeU.
That is, we should have:
1 (2(Dg*f(z))
1—<< Tg(2) _C> GRS
Let
_ 1 (2Dg f(2))
20 w0 = (Mo <)

From (1.6), we have:

z(D(";f(z))’: Dgl+ f(Z)—()\l—A)Dglf(Z) )

Now, from (2.6) we have:

S8 = (57) (D2 + (1= 0ne) +.6) D2ala).

This implies that

L2 @) = (F52) 208 + (- O 0) (Dala)

+ (1 = Op(2) + Q)2[Dg'g(2)]-
Also, by Theorem 2.1, g € S™ 1 (u, ) = g € S™(u, ).

2.7

Now, let
1 Dm /
(2.8) ) =1, <Z(DSL§((;)) u) :
Using (1.6) in (2.8), we obtain:
1 DIHg() -
(2.9) X Drglz) (1—M)Q(Z)+N+Ta

and further, from (2.7) and (2.9), we obtain:
2 (DI f(2))
Ditg(z)
Algebraic manipulation in (2.10) gives:
/
¢\ DItlg(z) (1= ma(z) + u+ (57)

Thus, making

(1=9)zp'(2)

(2.10) (1—maz) +u+ (52)

=(1=Qp(2)+(+

— =w(z).
1= pa(z) + p+ (152)
and apply Lemma 1.2, we have that p(z) < ¢(z) which implies that f € K™ (u, (59, 9),
proving the theorem. O
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