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A NOTE ON CESARO OF ORDER K SUMMABILITY
OF DILUTED P-FABER SERIES

NAZLIM DENIZ ARAL! AND TUNCAY TUNG

ABSTRACT. In this study, some relationships between the overconvergence of p-Faber series
and the existence of an elongation of the sequence of the partial sums of the p-Faber series,
whose Cesaro means of order k is convergent, are investigated.

1. INTRODUCTION

Let G C C be a Jordan domain, that is, its boundary G := L is a Jordan curve, and
® be the conformal mapping of the domain 2 := C, \ G where C, := C U {0}, onto
A :={w: |w| > 1} with the usual normalization at infinity:

(1.1) wz@(z):az—i—ao—l—ﬂ—i—---, a>0, ze€.
z
Let ¥ := & ! : A — Q denote the inverse conformal map. Then,
b
z:‘ll(w):ﬁw+bo+i+-~-, |w| > 1,

where § = 1/« gives the capacity cap(L) of L.
Let 0 < p < oo. The p-Faber polynomials F,, ,, associated the domain G are defined as
the polynomial part of the Laurent expansion of

" (2) (¢ (=), n=0,1,2,---,

in a neighborhood of the infinity. Therefore, from (1.1), we have the p-Faber polynomial
of degree n
Fup(2) = o™ /P 2% 4

Also, the p-Faber polynomials associated with G can be defined by the generating function

(W' (w))' /P i Fop(2)

= = 1.
sw)i= Spy = <Gl
If p tends to infinity the p-Faber polynomials coincide with the usual Faber polynomials

F,.
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For every R > 1, the level curve Ly := {z : |®(z)| = R} is a Jordan curve. We denote
the interior of Lr by Gg, and the exterior of Lg by Qg. A p-Faber series

n—oo

> 11
(1.2) flz)= Z anFy p(2) with lim sup |an|’11 =—, and R>1
n=0 R

is uniformly convergent to the holomorphic function f on each compact subset of G and
divergent for all z € Qg. On the other hand, given a function f which is holomorphic in
Gr with R > 1, then the representation (1.2) holds with the p-Faber coefficients

1 FU (w)) (W' (w)) /P
a, = 9 /FS dw,

S 1<s<R.

Let us denote the partial sums of (1.2) by

(1.3) Su(z) = 3 akFip(2):
k=0

oo
n=0

From the above results, it is easily seen that the sequence {S,,} converges compactly

in G, and for every z € Qg, we have

(1.4 lim sup |Sy, (2) "= [2(2)] > 1.

n— oo R

For more details on p-Faber polynomials, we refer the reader to ([4], [12] and [13]).

It is known that it can be constructed such a Faber series with the property that a
certain subsequence of {S,,} converges to f on the sets in Q, where the function f is
regular. This is the phenomenon of overconvergence. A Faber series in (1.2) is called
compactly overconvergent if there exists an open set U C {2z and a monotone increasing
sequence of positive integers {n;} such that {S,,, } converges on every compact subset of
U. Examples of overconvergent Faber series are given in ([5], [8], [14]).

Let m = {m,},., be an arbitrary sequence of positive integers. It is called that a
sequence {s, }, -, is being elongated with respect to the sequence m if for each n the term
sy, is listed m,, —times, i.e. if it is written by the following way:

(1.5) (80580 <3 805 815 81y ey STy eey Sty Smay oevs Sy ovv)-

mo—times my —times m,, —times

The sequence (1.5) is called m—elongation of {s,,}. It is obvious that the sequence {s,,}
is convergent if and only if any m—elongation of {s,, } is convergent with the same limit.

Let A = (an)(n,k =0,1,2,3,...) be an infinite matrix of real (or complex) numbers.
A sequence {s, } of real (or complex) numbers is said to be summable to a number S by
the method A = (a,, %), shortly A-summable to S, if the limit relation

o0
lim E CLmkSk =5
n—oo

k=0

holds, and it is written as A — lim,,_, S, = S. The matrix A = (a, ) is called regular
if it transforms convergent sequences to convergent sequences with the same limit. It is
well known that the matrix A = (ay, ) is regular if and only if it satisfies the following
Silverman-Toeplitz conditions (see [7, p. 142], also [9]):

o0
(i) There exists a constant M > 0 such that > |a, x| < M, foreachn =1,2,3,..;
k=1
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(ii) For each positive integer k,

(1.6) lim a, ;= 0;
n— oo

o0
(i) limy oo Y. ang = 1.
k=1

Here, we mainly deal with a special regular method, namely with the Cesaro means
(C, k) of order k € N which transforms the given sequence {s,, } into the sequence

I & (n—i+k-1

(k) . = ,

In’ = (n-i-k) Z ( n—i )Sl'
n 1=0

For k = 1 we especially obtain the arithmetical means

n

1
op 1= 0y, ] ;:0 S;

o0
If {o,(f)} , k € N, converges, then {S—Z} tends to 0, as n — oo [3].
n=0 nw
In this paper, our aim is to investigate the equivalence between the overconvergence
of the p-Faber series (1.2) and the existence of an elongation of {S,,} the sequence of the

partial sums of (1.2), whose (C, k) transformation converges. The obtained results can
be used in the theory of universal series.

2. MAIN RESULTS

Let f be a p-Faber series as in (1.2) with partial sums {S,} as in (1.3), and let
A = (an,x) be any regular matrix transformation. The matrix A transforms the sequence
{Sn(z)} defined by (1.3) into the sequence {A,(z)}, where

An(2) =Y anxSi(2).
k=0

By the regularity of the matrix A, the sequence {A,,} converges compactly to f on Gg.
Especially, for the matrix transformation (C, k), k € N, of the sequence of the partial sums

{Sn},

1 < (n—i+k-1

(k) () — ,

Un (Z) T (nJrk) Z ( n—i )51(2)7
n =0

it is well known that {J,(f)} converges to f on every compact subsets of G and diverges

for all z € Qg. But, it is also known that, there may be convergent subsequences of

{o(2)} in QR (see e.g. [2], [10]).

The following two theorems extend the results of Luh and Nief3 in [6] on the overcon-
vergence of Faber series.

Theorem 2.1. Let A = (a, ) be any regular matrix transformation and U C Qg be an
open set. If the p-Faber series (1.2) is compactly overconvergent to a limit function F in U,
then there exists an elongation of the sequence (1.3) which is compactly A—summable on U
to the function F.
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Proof. 1t is known that there exists an increasing sequence of compact sets { K, } with the
property that if K C U is a compact set, then there exists a positive integer ng = no(K)
such that K C K, since U is an open set in complex plane [11, p. 267].
Assume that there exists a monotone increasing sequence {n;} of positive integers

such that {S,,, } is compactly convergent in U to a limit function F, that is,

lim sup [Sp,(2) —F(2)] =0 for all m € Np.

k=00 ze K,
Let {my} be a sequence of positive integers which will be determined later. We now
elongate the sequence {S,} to the sequence {gn} where the terms S, for £ > 1 are
listed my, + 1 times while the others remain unchanged, i.e.

{Sn} - (507 Sl) ccy STL()—17 Snoa STL07 b S’n(n Sn0+17 e Snk—17 Snka Snka b S’nk7 )
N—— ~—_————
mo—+1—times my+1—times

If we denote the nth term of the transformation of the elongated sequence {5, } under
the matrix A by A, then

oo _ no no+mo
An(z) = Zanﬂ;Si(z) = Zan,isi(z) + Z An,iSn, (2)
i=0 i=0 i=ng+1
ni ni+mi
+ Z n,itmoSi(2) + Z nitmoSny (2) + ...
i=ng+1 t=ni1+1
ng nE+mrg
+ Z an7i+2\1k71si(z) =+ Z a’n»i"l‘]\/jk—lsnk (Z) + .
i=ng_1+1 i=ng+1

= Z Z Qn,it+My_1 (SZ(Z) - Snk (Z)) + Z anﬂ-gi(z),
=0

k=0i=np_1+1

k
where M, = > m;, k € N,n_; := M_; := 0 and {g¢;} is an elongation of {S,,, }, that is
i=0
{gi} = (SngsSngs s Snos Sngs Snys s Snrs vy Snps Snps eees Snpy 3 ev)-

no-+mo—times ni—no+mi—times Nk —ng—1+my—times

Since the subsequence {5, } of {S,} converges compactly to the function F' on U, then
the r—elongation of {S,,}, {gx} is so, where r = {ry} = {nx — nx—1 + my}. By the
regularity of the matrix A = (a, k), the sequence {h,,} defined by

B (2) i= Z an,igi(2)

converges compactly to the function F on U. If we prove that

Z Z Qi+ Mj,_ 1 (Si(z) — Sny (Z))

k=0i=npr_1+1

tends to zero on each compact subset K}, when n — oo, the assertion follows.
Let {~,} be a sequence of nonnegative numbers which tends to zero. By the Silverman-
Toeplitz conditions for the regularity of matrix transformations, we can choose the natural
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numbers my, k € Ny, such that the inequality
nk

Tn
(21) 4 Z |a7L,i+Mk,1| S Nk?k )
i=ng—1+1

holds, where

N = max sup |5;(2)].
F nr_1+1<i<nyg Ze}I{)k| l( )|

Consequently, by the inequality (2.1) it is obtained that

nk

oo Nk oo
I > anian, (Si(2) = Su ()] < DY 2Nk > faniian |
k=0

k=0i=np_1+1 i=ngp_1+1
no oo
< 2N, Tn
< olan,i| + k-1
i=0 k=1

no

= Z2N0‘an,i| + Yn-
i=0
Using the fact that -,, tends to zero, when n — oo and (1.6), we have proven the theorem.
O

The other result gives a partially converse of the above-mentioned theorem.

Theorem 2.2. Let U C Qi be an open set and k € N. If there exists an elongation of the
sequence (1.3) such that its sequence of (C, k)-means converges compactly to a function F in
U, then, the p-Faber series (1.2) is compactly overconvergent to the function F in U.

Proof. Suppose that there exists an m = {m,}>2, elongation of the sequence {S,(z)}
whose the (C, k)-means converges compactly in U, that is, the sequence {5,@ (2)} defined

by
=) L ~(n—it+k—1 30,
06 =2 (s

n =0

where
{Sk(Z)} = (So, 507 ceny So, Sl, 51, ceey Sl, cony Sn, Sn, cony Sn, )7

mo—times mq —times m,, —times

is convergent uniformly on every compact subset of U.
Let us consider a special subsequence of the sequence {&ff) ()} which has the form

_ 1 < SN My —jtk—1
on(z) = 05\2(2) - (Mn-&-k) Z Z ( MiJ_rj ) Si(2)

M, ) i=0 \j=M,;_1+1
where
k
Mk:Zmi, M_1 =M =0.
i=0
If we set

M
: M, —j+k—1\ | M, +k
Bi= Y < M, - > j=0,1,2,... and Bn:< M, >
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n
then, we have B,, = > 3;, and therefore the relation
7=0

5u(z) = %{on@) a1 (2)} + 0na(2).

n

holds. If we show that the sequence { ?

n

result will be clear. Let us now show that.
For any z € U, the (C, k)-means of {S,(z)} is convergent; hence we obtain, as already

} has a bounded subsequence, then the desired

Sh . . > .
mentioned in section 1, that n(k;Z) is bounded. Since Sp,(z) = S,(z), there is a
constant ¢ > 0 with
(2.2) S (2)| < By,

n

B B,
for every n € Ny. Assume that {} does not have a bounded subsequence, i.e. — —

00, as n — oc. This implies
Bn—l Bn - Bn ﬁn

B, = B, :173—71%1, as n — oo,

thus

From (2.2), we get
limsup | S, (2)|* <1,

n— oo

which contradicts (1.4). This completes the proof of the theorem.

Combining these two theorems we get the following:

Corollary 2.1. Let U C Qg be an open set and k € N. There exists an elongation of the
sequence (1.3) that (C, k)-convergent compactly to a function F in U iff the p-Faber series
(1.2) is compactly overconvergent to the function F in U.

Remark 2.1. For the case k = 1 and G is an open disc, we obtain the results of Drobot [1]
and Gharibyan and Luh [2] from Corollary 2.1 when p tends to infinity.

Remark 2.2. For the case k = 1, we obtain the result of Luh and Niefs in [6] from Corollary
2.1 when p tends to infinity.

Remark 2.3. In [15], it was obtained the similar result to Corollary 2.1 with the power
series instead of p-Faber series and regular Riesz means instead of (C, k)-means.
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