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Abstract:Let D(p, q) be a digraph. A function f:V — {1,2,3,...,p + q} is said to be a prime
pair labeling of Dif it is both an in and outdegree prime pair labeling of D. This paper
introduces some new digraphs and includes the results of checking the existence of prime pairs
labeling of various digraphs.
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1. Introduction

A directed graph or digraph D consists of a finite set V of vertices (points) and a collection
of ordered pairs of distinct vertices. Any such pair (u,v) is called an arc or directed line and will
usually be denoted by uv. The arc uv goes from u to v and incident with u and v, we also say u is
adjacent to v and v is adjacent from u. A digraph D with p vertices and q arcs is denoted by D(p, q).
The indegree d™~(v) of a vertex v in a digraph D is the number of arcs having v as its terminal vertex.
The outdegree d* (v)of v is the number of arcs having v as its initial vertex [1].A labeling of a graph
G is an assignment of integers to either the vertices or the edges or both subject to certain conditions.
The notion of prime labeling for graphs originated with Roger Entringer and was introduced in the
paper by Tout et.al[7] in the early 1980’s and since then it is an active field of research for many
scholars. In & Outdegree prime pair labeling in digraphs were introduced by K.Palani et.al[4,5]. Let
D(p,q) be a digraph. For ue€V(D),N (u) ={w e V(D)lwu e A(D)}. A function f:V -
{1,2,3,...,p+q} is said to be an indegree prime pair labeling of D if at each ue
V(D) gcd[f(w),fw)] =1, Vvwe N~ (u).For ueV(D),N*(u)={weV(D)luw e A(D)}.A
function f:V - {1,2,3,...,p + q} is said to be an outdegree prime pair labeling of D, if at each u €
V(D), gcd[f(w),f(w)]=1, Vv,w € N*(u). Prime pair labeling of directed graphs were
introduced by K.Palani et.al[6]. Let D(p, q) be a digraph. A function f:V — {1,2,3,...,p + q} is said
to be a prime pair labeling of D if it is both an in and outdegree prime pair labeling of D.The comb
P,®K; [3] is obtained by joining a pendent edge to each vertex of P,.In this paper, we introduce
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some new digraphs depending upon the orientation of the corresponding simple graphs. Also,
investigate the existance of prime pair labeling of those digraphs. The following facts are from[6]:

1.1 Observation: If G is a graph such that N* (u)&N ~ (u) are either ® or a singleton set for every u €
V(G)then, G admits prime pair labeling.

1.2 Definition: A comb graph P,©K; in which the path edges are directed in one direction and the
pendent edges are oriented towards the end vertices is called a downcomb and is denoted as

DownP, ©OK;.

1.3 Definition: A comb graph P,©K; in which the path edges are directed in one direction and the
pendent edges are oriented alternatively is called an alternating comb and is denoted as AP, ©OK;.

1.4Definition: A comb graph B,®K; in which the path edges are oriented alternatively and the
pendent edges are oriented away from the end vertices is called an alternating upcomb and is denoted

as AUpP, ©OK;.

1.5 Definition: A comb graph B,®K; in which the path edges are oriented alternatively and the
pendent edges are oriented towards the end vertices is called an alternating downcomb and is denoted

as ADownP,, ©OK;.

1.6 Definition: A comb graph B,®K; in which both the path edges and the pendent edges are oriented
alternatively is called a double alternating comb and is denoted as DAP, ®Kj.

The following facts are from[2]:

1.7“Gcd of any two consecutive integers is 1”.

1.8*Gcd of any two consecutive odd integers is 1”.
2. SOME NEW DIGRAPHS

In this section we define some new digraphs. In[6], we introduced Double alternating comb.
Now, we find the existence of two kinds of Double alternating combsdue to the alternative directions
for the pendent edges. We call them as sole-Double alternating and Di-Double alternating combs, as
in one type the vertices of the path in a comb have either indegree or outdegree as zero and in the
other type all the vertices of the path have both indegree and outdegree non zero. Hence we have the
following definitions.

2.1Sole-Double alternating comb(SDAPR,(®K;):Consider a comb graphP,®K;. Orient B,
alternatively. Next, orient the pendent edges so that either d*(v) = 0 ord~(v) = 0¥ v € V(B,).

The resulting graph is called Sole-Double alternating comb and is denoted as SDAP, ©Kj.

2.2 Di-Double alternating comb(DDAP,®Kj;): In a comb graphP, ®K;, orient B, alternatively. Now
orient the pendent edges so that neither d*(v) = 0 nor d~(v) = 0¥ v € V(B,). The resulting graph

is called Di-Double alternating comb and is denoted as DDAP,, ®OK;.

3. Main Results
3.1 Theorem:Downcomb(DownP, ®K;) admits prime pair labeling.

Proof:Let V(DownP,®K;) = {u;, v;|1 < i < n} be the vertex set where u;’s and v;’s represents the
vertices of the path and the i** copy of Kj.



Then A(DownPB,®K;) ={uu, ;111 < i <n -1} U {wy,|1 < i < n}is the arc set.

1 3 5 7 2n-3 2n-1
(V1 up us l]4 __________________ Un-1 Un
\1 \'Z V3 Va Vn-1 Vn

2 4 6 8 2n-2 2n

The digraph has 2n vertices and 2n-1 arcs.

Define f:V = {1,2,3,...,.4n—1}by f(w;)) = 2i—1for1 <i<nand f(v;) =2iforl <i<n
Now, N~ (uy) =@ ;N (u;) ={u;_1}for2<i<n; N (v;) ={uy;}forl<i<n

~ NT(w) contains atmost one element M w eDownﬁ(D_K{

~ f is an indegree prime pair labeling - — — — — — — m

Now, N*(u;) ={v; ,u;4,}for1 <i<n-1

Further, N*(u,) ={v,} ;N*(v;)=®for1 <i<n

Hence gcd[f (v;), f(u;41)] = gcd[2i,2i+ 1] =1for1 <i<n-—-1

~ged[f(v),fw)]=1Mvwe NT(y)fori<i<n-1 —————— (8]
Also, INt*(uy)|=1and INT(v) |=0for1<i<n —————— )
From (1) & (2) f is an outdegree prime pair labeling — — — — — — — (m

By (1) &(11), f is a prime pair labeling of DownP, ®K;
Hence DownP,, ®K; admits prime pair labeling.
3.2 Theorem:Alternating comb (AP, ®K;) admits prime pair labeling.

Proof:Let V(APR,©OK;) = {u;, v;|1 < i < n} be the vertex set where u;’s and v;’s represents the
vertices of the path and the i** copy of K;.

Case(i): nis odd

Here, A(AP,OK,) = (il1]1 < i <n— 13U T 1tpi1 11 < § < 3 U {051 < i < s
the arc set.

The digraph has 2n vertices and 2n-1 arcs.

2 5 4 9 8 13 2n-6  2n-1  2n-2



Define a function f:V — {1,2,3,...,.4n — 1} by (uy) =1; f(vy) = 2;

2iifiisodd
2i—1 ifiiseven

_(2i—2 ifiisodd
andf (v;) = {Zi +1 ifiiseven

For2 <i<mn,f(u) ={
Now, N~ (u,) = {v{} andN~(v,) =0

Forodd i, suchthat 3 <i <n,N~(u;) = {u;_y,v;} and N~ (v;) =0

Further for eveni, suchthat2 <i<n—1, N~ (w;) = {u;_1}yand N~ (v;) = {u;}
Hence, IN"(uy)|=1and [IN"(v;) | =0 — ————— (1)

Let3 <i<mnandiisodd.

Then ged[f (u;—1).f (v;)] =gcd[2i — 3,2i — 2] =1

« ged[f(v),f(w)] = 1M vw € N~ ()= — — — — — @)
AdIN"(v) | =0 —=———~ (3)

Let2<i<n-—1landiiseven.Then [N~ (u)l=IN"(v)| =1 ——————— (4)
From (1), (2), (3) & (4) f is an indegree prime pair labeling— — — — — — — (1)

Foroddi,suchthat1 <i <n—2,N*(u;)={u;+1}and N*(v;) = {u;}

Further foreveni,suchthat2 <i <n—1,N*(u;) = {v;,u;+1} and N*(v;) =@
Further, N*(u,) =®and N*(v,) = {u, }

letl1<i<n-—2andiisodd.Then |N*(u)| = |N*(v)|=1 —————— (5)
Let2<i<n-—1andiiseven.

Then ged[f (v;) , f(uiz1)] =gcd[2i + 1,2i + 2] =1

« ged[f(v),fw)] = 1Mvw e N (u)— — — — — — — (6)
And IN*(v)| =0 ——————— (7)

Also, IN*(up)|=0and [IN*(v,)) =1 ——————— (8)

From (5), (6), (7) & (8) f is an outdegree prime pair labeling — — — — — — — )

By (D&(II), f is a prime pair labeling.

Case(ii): nis even

Here, A(AP,OK;) = (Ut 1|1 < i S n— 13U T 115,111 S i ST} U (U051 < i < 7} s the
arc set.

The digraph has 2n vertices and 2n-1 arcs.



2n-3  2n-4
Define f:V —» {1,2,3,....4An—1}by f(uy) =1, f(vy) =2 ; f(up) =2n—1; f(v,) = 2n

2iifiisodd
2i—1 ifiiseven

_(2i—2 ifiisodd
andf (v;) = {Zi +1 ifiiseven

For2<i<n-—1,f(u) :{
Now, N~ (u,) ={v,}and N~ (v,) =@

Foroddi,suchthat3 <i<n-—1,N"(u;) ={u;_1,v;} and N~ (v;) =0
Further for eveni, suchthat 2 <i <n,N~(u;) = {u;_1}and N~ (v;) = {u;}
Hence, IN"(u)|=1and [IN"(v;) | =0 —————— 9)

Let3<i<n-—1andiisodd.

Then ged[f (u;—1).f (v;)] =gcd[2i — 3,2i — 2] =1

=~ ged[f(v),fw)] =1¥vwe N~ (u)— ———— — (10)

And IN"(v) [=0 —————— (11)

Let2 <i<nandiisevenThen [N~(u)| = IN"(v)| =1 ————— (12)
From (9), (10), (11) & (12) f is an indegree prime pair labeling — — — — — — — (1)

Foroddi,suchthat1 <i<n—1,N*(u;) ={u;+1}and N*(v;) = {u;}

Further foreveni,suchthat2 <i <n—2,N*(u;) ={v;,u;+1}and N*(v;) =@
Further, N*(u,) ={v,} and N*(v,) = ®

Letl <i<n-—1andiisodd.

Then IN*(w)| = INT ()| =1 —————- (13)
Let2<i<n-2andiiseven.

Then ged[f (v;) , f(uiz1)] =gcd[2i + 1,2i + 2] =1

= ged[f(v), fw)] = 1¥vw e N*(u)— — — —— — (14)

And [IN*()| =0 ——————— (15)

Also, IN*(up)|=1and [N*(v) | =0 ——————— (16)

From (13), (14), (15)& (16) f is an outdegree prime pair labeling— — — — — — — (1V)

By (I1)&(1V), f is a prime pair labeling.



From case(i) & case(ii), f is a prime pair labeling of AP, ®K;
Hence AP, ®K; admits prime pair labeling.
3.3 Theorem:Alternating upcomb (AUpP,®K;) admits prime pair labeling.

Proof:Let V(AUpB,®K;) = {u;, v;|]1 < i < n} be the vertex set where u;’s and v;’s represents the
vertices of the path and the i*" copy of Kj.

Case(i): nis odd

Here, A(AUPP,OK;) = {ilpi1tin|1 < | =3V {1 S i S =3 U Bl < i <n} s
the arc set.

The digraph has 2n vertices and 2n-1 arcs.

(2222

iifiisodd

Define f:V — {1,2,3,...,.4n — 1} byf (u;) = {n + (L) ifiiseven and
2

n+ (nTH) ifiisodd

iifiiseven

for1 <i<n.

f) ={

Foroddi,suchthat1 <i <n, N~ (u;) = {v;}

Further foreveni, suchthat2 <i<n—1,N"(u;) = {uj—1, v, Uj+1}
Further, N (v;)=®for1 <i<n
Letl1<i<nandiisodd.Then|[N"(u)|=1 —————— (D
Let2<i<n-—1andiiseven.

Then ged[f (u;—1).f (vy), f ()] = ged[i = 1,4,i + 1] =11

~ ged[f(u), f(v),fw)] =1MuvweN"(u;)) —————-— (2
AlsoIN"(v)) |=0forl1<i<n —————— 3
From (1), (2) & (3) f is an indegree prime pair labeling— - — — — — — ()

Now, N*(uy) ={u,} ; N*(v;) ={u;}fori1 <i<n

Foroddi,suchthat3 <i<n—2,N*(u;) ={uj—1,Ui+1}



Further foreveni,suchthat2 <i<n-1,N*(y;) =@
Further, N*(u,) ={u,_1}
Hence, INt*(u)) | =1;|N*(v) |=1for1<i<n ——————— 4)
Let3<i<n-2andiisodd.
i+1

Then ged[f (ue-1).f (g1 = ged[n + (57) n + (57)1 = 1

2

~ged[f(v),fw)] =1M¥vwe Nt (y)—-—————— (5)
Let2<i<n-1landiisevenThen |[N*(x))|=0 ——————— (6)
Also, INF(up) | =1 ——————— (7

From (4), (5), (6) & (7) f is an outdegree prime pair labeling— - — — — — — (1)

By (D&(I), f is a prime pair labeling.
Case(ii): nis even

Here, A(AUPPR,OK;) = (il 11l 11 < i < 53U {ilpilzg |1 < 1 <=0 a1 < i < n} s the
arc set.

The digraph has 2n vertices and 2n-1 arcs.

iifiisodd
n+ (%) ifiiseven and

Define f:V — {1,2,3,...,4n — 1} byf (w;) = {

flvp) = {" + (57 ifisodd (i

iifiiseven
Foroddi,suchthat1 <i<n-1,N"(w;)={v;}
Further foreveni,suchthat2 <i<n—2,N"(u;) = {ui—1, v, Ui41}
Further, N~ (u,) ={up_1, v} ;N (v;))=@for1 <i<n
letl<i<n-1landiisodd.Then|[N"(y)|=1 —————— (8)

Let2<i<n-—2andiiseven.

Then ged[f (ui—1).f (), f (gDl = ged[i = 1, 4,0 + 1] =11



~ ged[f(u), f(v),fWw)] =1MuvweN (y;)) —————— (9)

Also ged[f (up-1).f ()] =gcd[n -1, n]=1-——— — — — (10)
Also|[N“(v))|=0for1<i<n —————-— (11)
From (8), (9), (10) & (11) f is an indegree prime pair labeling— — — — — — — (mn

Now, N*(u;) ={u,} ;N*(v;)) ={u;}for1 <i<n

Foroddi,suchthat3 <i<n—1,N*(u;) ={u;j—1,Ui+1}

Further foreven i, suchthat2 <i < n,N*(u;)=®

Hence, INt(u) |=1;|IN*(v)|=1forl1<i<n ——————— (12)

Let3<i<n-—1andiisodd.

~ged[f(v),fw)] =1M¥vwe Nt (u)——————— (13)
Let2<i<nandiiseven. Then [N*(u;)) | =0 ——————— (14)
From (12), (13) & (14) f is an outdegree prime pair labeling— — — — — — — (V)

By (I1)&(1V), f is a prime pair labeling.

From case(i) & case(ii), f is a prime pair labeling of AUpI—?n@—K{

Hence AUpm admits prime pair labeling.

3.4 Theorem:Alternating downcomb (ADownm) admits prime pair labeling.

Proof:Let V(ADownP, ®K;) = {u;, v;|1 < i < n} be the vertex set where u;’s and v;’s represents the
vertices of the path and the i** copy of ;.

Case(i): nis odd

Here, A(ADOWNE, OK;) = {ilzi 1,1 < i < U (il |1 S i S = U @ml1 < i <n}is
the arc set.

The digraph has 2n vertices and 2n-1 arcs.
Define f:V = {1,2,3,... 4n — 1} by () = 1; f(v;) = 2

n+ (%) ifiisodd i+1 ifiisodd

FWZSiSwf@9={ wdf@)={ me)
L i+1 ifiiseven ' n+ (T) ifiiseven




Foroddi,suchthat1 <i <n,N~(y;)=®

Further foreveni,suchthat2 <i<n—1,N"(u;) = {u;j_1, 41}

Further, N~ (v;) ={u;} for1 <i<n

Letl1<i<nandiisodd. Then [N~ (y))|] =0 —————— (D

Fori =2, N~ (uy) = {uy ,u3}. Then ged[f (u1),f(uz)] =ged[1, n+2]=1—————— (2)

Let4 <i<n-—1andiiseven.

Then ged[f (wi—1).f (uis )] = ged[n + (5), n+ (52)1=1

- ged[f(v) W) = 1M vwe N~ () —————— 3)
AlsoIN"(v) |=1forl1<i<n —————— (4)
From (1), (2), (3) & (4) f is an indegree prime pair labeling — — — ———— (D

Now, N*(u;) ={v,,u,} ; N*(v;)) =0 for1 <i<n

Foroddi,suchthat3 <i <n,N*(u;) = {uj_1, Vi, U1}

Further foreveni,suchthat2 <i <n-—1,N*(y;) = {v;}

Hence, ged[f (v1),f (uz)] =gcd[2,3] =1; IN*(v,)) | =0for1 <i<n ————— 5)
Let3 <i<nandiisodd.

Then ged[f (u;—1).f (vy), f ()] = ged[i, i + 1,0+ 2] = 11

~ ged[f(u), f(v),fw)]=1Muvwe Nt(u)——————— (6)
Let2<i<n-—1andiiseven. Then [N*(u)|=1 —————— (7
From (5), (6) & (7) f is an outdegree prime pair labeling— — — — — — (11

By (I) & (I1), f is a prime pair labeling.

Case(ii): nis even

Here, A(ADOWNP,OK;) = {11511 < i < 3 U {ilgili |1 S i S U @p|1 < i <} s
the arc set.

The digraph has 2n vertices and 2n-1 arcs.




Define f:V - {1,2,3,...,.4n— 1} by (wy) =1 ;f(vy) = 2;
i+1 ifiisodd

n+ (Hl) ifiisodd )
n+i\ . ..
n+ (T) ifiiseven

ForZSiSn,f(ui)={ z and f(vi)z{

i+1 ifiiseven
Foroddi,suchthatl1 <i<n—1,N"(u;)=®
Further foreveni,suchthat2 <i <n—2,N"(w;) ={u;_1,ujs+1}
Further, N~ (uy,) ={up—1} ;N " (v;) ={u;} for1 <i<n
letl1<i<n-—1landiisodd. Then [N~ (u))| =0 —————— (8)
Fori =2, N"(u;) = {uy,usz} Thenged[f (uqy),f(uz)] =ged[1,n+2]=1— — — — — —

Let4 <i<n-—2andiiseven.

Also, IN"(up) |=1;IN"(v) |=1forl1<i<n —————— (11)

From (8), (9), (10) & (11) f is an indegree prime pair labeling — — — — — — — (n
Now, N*(uy) ={v, ,u,} ; NtT(v;)) =0 for1 <i<n

Foroddi,suchthat3 <i<n—1,N*(u;) = {u;j—1, v;, Uis1}

Further for even i, suchthat 2 < i <n,N*(y;) = {v;}

Hence, ged[f (v1).f (uz)] =gcd[2,3] =1; IN*(v)) | =0for1 <i<n — ————— (12)
Let3<i<n-1andiisodd.

Then ged[f (ui—1).f (v, f (D] = ged[i, i + 1,0+ 2] =11

=~ ged[f(u), f(v),fw)] =1Muvwe N (u)——————— (13)
Let2<i<nandiiseven. Then [IN*(u)|=1 —————— (14)
From (12), (13) & (14) f is an outdegree prime pair labeling — — — — — — — (V)

By (1) & (IV), f is a prime pair labeling.

From case(i) & case(ii), f is a prime pair labeling of ADownP,, ©K;

10



Hence ADownP, ®K; admits prime pair labeling.
3.5 Theorem:Sole-Double alternating comb(SDARB, ©K;) admits prime pair labeling.

Proof:Let V(SDAP,®OK;) = {u;, v;|1 < i < n} be the vertex set where u;’s and v;’s represents the
vertices of the path and the it* copy of K;.

Case(i): nis odd

=" B L on-1y e
Then A(SDAR,OK;) = {uz—1up |1 < i < nT} U{uzuz1l1 i < nT} U {uz, 1021

1<i< nTH} Uf{ruyll<i< nT_l} is the arc set.

The digraph has 2n vertices and 2n-1 arcs.

1 n+2 3 n+4 5 n+6

n+(n-2) n-1 n+n

iifiisodd

Define f:V - {1,23, ... 4n — 1} byf (w;) = {n + tifiiseven Y

n + iifiisodd

g fori<i<n
iifiiseven

ORY
Foroddi,suchthat1 <i <n,N~ (y;) =®and N~ (v;) ={u;}

Further foreveni,suchthat2 <i<n—1,N"(v;) ={u;_1,v;, ujs1yand N~ (v;) = @
Letl1<i<nandiisodd. Then [N~ (u;))|=0and |[N"(v)) | =1 —————— (D
Let2<i<n-—1andiiseven.

Then ged[f (u;—1).f (vy), f ()] = ged[i = 1,4,i + 1] =11

~ ged[f(u), f(v),fw)] =1Muvwe N (u;)————— — ()
AdN"(v) =0 —————— (3)
From (1), (2) & (3) f is an indegree prime pair labeling — — — — — —— m

Now, N*(u;) ={v, ,u,}and N*(v,) = @

Foroddi,suchthat3 <i<n—2,N*(u;)={uj—1,v;,ujs1yand N*(v;) = @
Further foreveni,suchthat2 <i <n—1,N*(u;)=®and N*(v;) = {u;}
Further, N*(u,) = {u,,—1, v, yand N*(v,) = @

Hence, ged[f (v1),f (uz)] = gcd[n+1,n+2] =1and [IN*(v)) | =0 — ————— 4)

11



Let3<i<n-—2andiisodd.

Then ged[f (u;—1).f (), f(uip)]=gcdn+i—1,n+i,n+i+1]=1

- ged[f(u), F(v),FW)] = LM uv,w € N* ()~ — — — — — )
And INT(v) | =0—-———— (6)

Let2<i<n-—1landiiseven Then |N*(w)|=0and [N*(v)|=1 —————— )
Also ged[f (un-1).f (vn)] = ged[n+(n-1), n+n] = ged[2n-1, 2n] =1 — — — — — — (8)

AlsO IN* (1) [ =0 —————— 9)

From (4), (5), (6), (7), (8) & (9) f is an outdegree prime pair labeling — — — — — — ()

By (1) & (I1), f is a prime pair labeling.

Case(ii): nis even

Then A(SDAP,®K}) = (i3 11iz|1 < i < 53U {iiptiz|1 < i < =2} U {1007
1<i s%}u{mu <i sg} is the arc set.

The digraph has 2n vertices and 2n-1 arcs.

1 2n-1 3 2n-3 5 2n-5 2n-(n-3) n-1 2n-(n-1)

2n 2 2n-2 4 2n-4 6 n-2 2n-(n-2) n

iifiisodd

Define f:V — (1,23, ... 4n — 1} byf (u;) = {Zn a2 iiseven

2n—(i—1) ifiisodd

e fori<i<n
iifiiseven

fon =1
Foroddi,suchthatl1 <i<n-—1,N (y;)=®and N~ (v;) ={u;}

Further for eveni,suchthat2 <i <n—2,N"(v;) ={u;_1,v;,ujs1yand N~ (v;) = @
Further, N~ (u,,) ={uy,_1 , v,y and N~ (v,) = @

Letl<i<n-—1landiisodd. Then [N~ (u)|=0and IN"(v)|=1 —————— (10)
Let2<i<n-—2andiiseven.

Then ged[f (ui—1).f (v, f (i D] = ged[i = 1, 4,0 + 1] =11

12



Also ged[f (up—1) , f(v)]=gcd[n—1,n]=1land IN"(v,) | =0 ——————— (13)
From (10), (11), (12) & (13) f is an indegree prime pair labeling — — — ———— D)
Now, N*(u;) ={v, ,u,}and N*(v;) = @

Foroddi,suchthat3 <i<n—1,N*(w;) ={uj—1,v; , ujs1yand N*(v;) = @

Further for even i, such that 2 < i < n, N*(y;) = ® and N*(v;) = {u;}

Hence, gcd[f (v,),f(uy)] =gcd[2n,2n-1] =land [N*(v)) | =0 — ————— (14)
Let3<i<n-1andiisodd.

Then ged[f (u;—1).f (vy), f (u;4+1)] = ged[2n-(i-1-1), 2n-(i-1), 2n-(i+1-1)]

= gcd[2n-i+2, 2n-i+1, 2n-i] =1

Let2 <i<nandiiseven.

Then [IN*(w))|=0and [IN*(v)|=1 —————— 7

From (14), (15), (16) & (17) f is an outdegree prime pair labeling — — — — — — — (V)
By (1) & (IV), f is a prime pair labeling.

From case(i) & case(ii), f is a prime pair labeling of SDAf’nO—K{.

Hence SDAW admits prime pair labeling.

3.6 Theorem:Di-Double alternating comb(DDAm) admits prime pair labeling.

Proof:Let V(DDAPR,®K;) = {u;, v;|1 < i < n} be the vertex set where u;’s and v;’s represents the
vertices of the path and the i** copy of Kj.

Case(i): nis odd
A(DDAP,OK;) = {1z |1 < i <23 U {ilpalpag |1 < i S S5 U T i1 < i < 223U

U1 <i < nT_l} is the arc set.

The digraph has 2n vertices and 2n-1 arcs.

ntl  n+2 n+t3  n+4  ntb  n+6 n+(n-2) n+(n-1) n+n

13



i+1, ..
_ Tlfusodd
Define f:V - {1,2,3,..An = 1} byf(w) =9 i\ i .
(T) + Elfuseven

and

fw)=n+ifor1<i<n

Foroddi,suchthat1 <i <n,N~(y;) ={v;} and N~ (v;) =0

Further foreveni,suchthat2 <i<n—1,N"(u;) ={u;_1, w41} and N~ (v;) = {u;}
Let1 <i<nandiisodd.

Then |[IN"(u)|=1and [N"(v)) | =0 —————— (D
Let2<i<n-—1andiiseven.

i it+2

Then god[f (ui—1) f (1] = ged[s , 2] =1

~ged[f(v),fw)] =1MvweN (u)—————— (2)
And [N"(v) =1 —=———— 3)
From (1), (2) & (3) f is an indegree prime pair labeling — — — — — — — ()

Now, N*(u;) ={u,} and N*(v;) ={u,}

Foroddi,suchthat3 <i <n—2,N*(u;) = {u;—1, uj+1} and N*(v;) ={u;}
Further foreven i, suchthat2 < i <n—1,N*(u;) ={v;} and N*(v;) =@
Further, N*(u,) = {u,,—,} and N*(v,,) ={u,.}

Hence IN*(u) | = INtT(v)|=1 —————— 4

Let3<i<n-—2andiisodd.

Then ged[f (ug-).f (i) = ged[(%2) + 22, (B2) + Bhjmgea?, 22 =
~ ged[f(v),fw)] =1¥vweNT(u)—————— (5)
And |[NT(v)|=1 —————— (6)

Let2<i<n-1andiisevenThen [N*(w;))|=1and [N*(v)|=0 ——————
Also, INT(up) | = INT(v) | =1 —————- ®)

From (4), (5), (6), (7) & (8) f is an outdegree prime pair labeling — — — — — — )

By (I) & (I1), f is a prime pair labeling.

Case(ii): nis even

14



A(DDAP,OK;) = {uy,_quz |1 <i < %} Uf{uu |1 <i < "T_z} Uf{vy, Uy 41 <i < g} U
{uvy |1 <i < %} is the arc set.

n+(n-2) n+(n-1)

The digraph has 2n vertices and 2n-1 arcs.

i+1, ...
—ifiisodd
Define f:V - {1,2,3, ...,4n — 1} byf (u,) = z and

(g) +%ifiiseven

f;)) =ntifor1 <i<n

Foroddi,suchthat1 <i<n-—1,N (;) ={v;} and N~ (v;) =@

Further foreveni,suchthat2 <i <n—2,N"(w;) ={u;_1,u;s1 3 and N~ (v;) = {u;}
Further, N~ (u,,) ={u,—1}and N~ (v,,) = {u,,}

Letl1<i<n-—1andiisodd. Then|[N"(u))|=1and [N (v;) | =0 —————— 9

Let2<i<n-—2andiiseven.

Then godLf (us—1).f (ui1)] = god[; , 2] = 1

« ged[f(v),fw)] = LM vw e N~ (w)— — — — — — (10)

AdIN-(v) =1 —————— (11)

Also, IN"(up)|=1land [IN"(v) |=1—-————— (12)

From (9), (10), (11) & (12) f is an indegree prime pair labeling — — — — — — — (nn

Now, N*(u;) = {u} and N*(v;) ={u,}

Foroddi,suchthat3 <i<n—1,N*(u;) = {u;—1, uj+1} and N*(v;) ={u;}
Further for even i, such that 2 < i < n, N*(y;) ={v;} and N* (v;) =0

Hence IN*(uy) |=IN*(v)|=1 —————— (13)

Let3<i<n-—1andiisodd.

Then god[f (ui—1).f ()] = god[(3) + 5=, (3) + 2= ged o=, 225 =1

2 2 2

15



And IN*(v)|=1 —————— (15)
Let2<i<nandiiseven. Then |[N*(w))|=1and [IN*(v))|=0 —————— (16)
From (13), (14), (15) & (16) f is an outdegree prime pair labeling — — — — — — — (V)

By (1) & (IV), f is a prime pair labeling.

From case(i) & case(ii), f is a prime pair labeling of DDAP,®K;.

Hence DDAP, ®K; admits prime pair labeling.
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