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Abstract: In this paper, we define Split Total strong (weak) domination in Bipolar Fuzzy
Graph and its various classifications. Size, Order and Degree of Split Total strong (weak)
domination in Bipolar Fuzzy Graph is derived with some examples. Some basic parametric
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are discussed.
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1. Introduction

The concept of fuzzy graph was proposed by Kaufmann, from the fuzzy relations introduced by
Zadeh[8]. Although, in 1975, Rosenfeld introduced another elaborated concept, including fuzzy
vertex and fuzzy edges and several fuzzy analogues of graph theoretic concepts such as paths, cycles,
connectedness and etc. In the year 1998, the concept of domination in fuzzy graphs was investigated
by A. Somasundaram, S. Somasundaram.[2] In the year, 2004 A.Somasundaram investigated the
concepts of domination in fuzzy graph - 1l. In the year 2003, A.NagoorGani and M. Basheer Ahamed
[9] investigated Order and Size in fuzzy graph. In 2010, C.Natarajan and S.K.Ayyasamy[10]
introduced on strong (weak) domination in fuzzy graph. In 2011, Muhammad Akram[1] introduced
Bipolar fuzzy graphs. In the year 2012, Muhammad Akram was proposed regular bipolar fuzzy
graphs. In 2012, P.J. Jayalakshmi[7] et.al introduced total strong (weak) domination in fuzzy graph.
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2 Preliminaries
In this section, some definitions are given.
2.1 Definition [1]

A fuzzy subset 4 on a set X is a map H:X—[0,1]. A map v:Xx X — [0,1] is called a fuzzy
relation on X if v(x,y) < min(u(x),u(y)) for all x,yeX. A fuzzy relation v is symmetric if

v(x,y) = v(y,x) for x,ye X.

2.2 Definition [1]
Let X be a non-empty set. A bipolar fuzzy set B in X is an object having the form
B={(X, 1 (X), 1y (X)) / xe X}where uf: X —[0]1] and ' : X — [-1,0] are mappings.

We use the positive membership degree ,ug (X) to denote the satisfaction degree of an element x

to the property corresponding to a bipolar fuzzy set B, and the negative membership degree ,uBN (x)to
denote the satisfaction degree of an element x to some implicit counter-property corresponding to a
bipolar fuzzy set B. If x5 (X) #0 and g} (X) =0. It is the situation that is regarded as having only
positive satisfaction for B. If £ (x)=0and  (X) #0, it is the situation that x does not satisfy the
property of B but somewnhat satisfies the counter property of B. It is possible for an element x to be

such that £ (X) =0 and " (X) # 0. When the membership function of the property overlaps that of
its counter property over some portion of X.

For the sake of simplicity, we shall use the symbol Bz(yBP,,uBN), for the bipolar fuzzy set
B={(x, 45 (x), 45" (X)) / x X}
2.3 Definition [1]

A bipolar fuzzy graph, we define a pair G = (A,B) where A =(,u: ) ,u,'f) is a bipolar fuzzy set in
Vand B =(uf, 8 )is a bipolar relation on EcVxV such that £ ({X, y}) < min (u, (X), 5 (Y))
and 28 ({X, y}) = max (up (X), un (y)) for all {x,y}e E. We call A the bipolar fuzzy vertex set of
V, B the bipolar fuzzy edge set of E, respectively. Note that B is a symmetric bipolar fuzzy relation on
A. We use the notation xy for an element of E. Thus, G = (A, B) is a bipolar graph of G = (V,E) if

g (% yP < min (uy (%), 1 (y)) and pg (%, ¥} = max (uy (X), 5 (¥)) ¥V xy € E

2.4 Definition [13]

Let G = (A,B) be a bipolar fuzzy graph where A =(u;, 1, )and B =(uf , g ) be two bipolar
fuzzy sets on a non-empty finite set VV and ECVxV respectively. The positive degree of a vertex
xeG is deg(uy (X)) = D uf(xy).Similarly, the negative degree of a vertexxeG is

xyeE

deg(x, (X)) = Z e (Xy). The degree of a vertex X € G is defined as the set of positive degree of
xyeE
a vertex and the negative degree of a vertex.
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2.5 Definition [12]
Let G = (A,B) be a bipolar fuzzy graph. The order of a bipolar fuzzy graph G is

O(G) :(Z,u;’(x),Z,u,T(x)). The size of a bipolar fuzzy graph G s
xeV xeV

5() z[zugwx 5 <xy>]

xyeE xyeE

2.6 Definition [12]

Let G = (A,B) be a bipolar fuzzy graph. If each vertex of G has same closed neighbourhood
degree, then G is called a totally regular bipolar fuzzy graph. The closed neighbourhood degree of a
vertex x is defined by deg[x]= (deg®[x] + deg"[x]), where deg”[x]= deg® (x)+ i (X),

deg" [x]= deg" (x) + 4, (X)

2.7 Definition [11]
The number of vertices, the cardinality of V is called the order of the bipolar fuzzy graph G=
1+ g0 (%) + 4t (X)

(A,B) and denoted by [\/| = Z 5

2.8 Definition [11]

The number of edges, the cardinality of E, is called the size of a bipolar fuzzy graph G=
1+ g (xy) + g (Xy)

5 .

(A,B)and denoted by |E| = >’

2.9 Definition [3]
Let G be a bipolar fuzzy graph. The neighbourhood of a vertex x in G is defined by

N(X)=( N#(X), N, (X)). where N#(X) :{y eV uf(xy) < min(ul (x), 12 (y)) and N, (x) =
{y eV :/ng (xy) = maX(:uE (x), an (¥))

2.10 Example: Consider the Graph G have the vertices such that V={a,b,c} and edges set
E={ab,bc,ac}contains the positive and negative membership values are given by

#n(8) =0.5, 41, (b) = 0.3, 41 () = 0.4, 1 (2) = ~0.2, p1 (b) = 0.4, 1,y (c) =—0.3
ug (ab) = 0.2, uf (bc) = 0.1, uf (ac) = 0.3, up) (ab) = -0.1, 1y (ac) =-0.2, it (bc) =-0.2

a(0.5.-02)

(04.-03)c &

b(03.-0.4
(0.1.-0.2) ( )

G

2.11 Definition
In a Bipolar Fuzzy Graph G, an edge is said to be an effective edge(Strong arc) if the
positive membership value and negative membership value of the vertices (v;,V;) is equal to the

minimum of the positive membership value of the vertices (Vi,vj) and the maximum of the negative

membership value of the vertices (v;,V;).
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2.12 Example:

C(06,-01) (04,-0.1) ®EB(0.4,-.03)

G

2.13 Definition
In a Bipolar Fuzzy Graph G, the weight of the graphWSTh (G) is defined as the cardinality of

the dominating set.

3. Total strong (weak) dominating bipolar set of G
3.1 Definition [11] A bipolar fuzzy graph G = (A,B) is called strong bipolar fuzzy graph, if
pg (xy) = min(ug (X), 1, (¥)) and g (xy) = max(uy (X), 0 (y)) forall xye E.

3.2 Definition [14] A subset S of V is called a dominating set in G if for every veV — S, there exists
u€S such that u dominates v.

3.3 Definition Let G be a bipolar fuzzy graph. Let A and B be any two vertices. Then A totally
strong dominates B (B totally weak dominates A) if

i) a1 (xy) = min(a, (), 4 (¥)) and pzg (xy) = max(uy (x), 1 (y)) forallx,ye E.
i) deg,(A) >deg,(B)and
iii) every vertex in G dominates A.

3.4 Definition Let G be a bipolar Fuzzy Graph. T, is said to be total strong (weak) dominating
bipolar set of G if

i) deg,(A)=deg,(B) forallAeT, BeV-Tsand

N . N N
i) g (xy) = min(uy (%), 15 (Y)) and #5 (xy) = max(zey (X), 1 () for all x,y E.
iii) T, is the total dominating bipolar set.

3.5 Definition Total strong (weak) dominating bipolar set T, of a fuzzy graph G is called minimal
total strong (weak) dominating bipolar set of G, if there does not exist any total strong (weak)
dominating bipolar set of G, whose cardinality is less than the cardinality of T,

3.6 Definition The minimum fuzzy cardinality among all minimal total strong (weak) dominating
bipolarset G is called total strong (weak) dominating bipolar set of G and its total strong (weak)

domination bipolar number is denoted by v (G)

3.7 Example: Let the graph G with vertices V={a,b,c,d,e) and Edges E={ab,bc,cd,de,ad,ae) with
values are
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(@) =05, 1) (0)=0.4, 1) (c)=0.6, 1, (d) =0.4, 1 (e) = 0.6,

ul (@) =02, Y (b) = 0.3, 1} (¢) = 0.1, 1l (d) = ~0.2, i) () = 0.1,

4y (@b)=0.4, 1 (ae) = 0.5, 1 (ad) = 0.4, 1§ (bc) = 0.4, wf (cd) = 0.4, 11 (de) = 0.4,

e (@b) =-0.2, 11 (ae) = -0.1, g} (ad) = —0.2, 14 (bc) = -0.1, yp (cd) = 0.1, z} (de) = 0.1,

a(0.5.-0.2)

(0.6.-01)e b(04.-03)
= =
< =
= e
- c(0.6.-0.1)
(0.4.-0.2)d 0401
G

Here the total strong (weak) dominating set is {a,d}.

4, Main Results

4.1 Definition: A Total strong (weak) dominating set of a Bipolar fuzzy graph G is a split Total
strong (weak) dominating set if the precipitated subgraph < V- St > is not connected.

4.2 Definition: A Split total strong (weak) dominating set St of a fuzzy graph G is called minimal

split total strong (weak) dominating set of G, of there does now not exist any total strong (weak)
dominating set of G, Whose cardinality is less than the cardinality of St .

4.3 Definition: The Minimum fuzzy cardinality among all minimal split total strong(weak)
dominating set is called split total strong(weak) dominating set and its split total strong(weak)

. L 7, G)
domination number and it is denoted by

4.4 Example: Consider a Graph G such that the set of vertices be V= {V1 ,VZ,V3,V4,V5,V6} and

set of edges be E={V, V,,V,V3, V,Va, VoV, VVs, V Ve, VeV |

Here 1, (v,) = 0.9, 1 (v,) = 0.4, i1, (v;) = 0.8, 15 (v,) = 0.4, 1 (V) = 0.8, ;. (v ) =0.7

fn (V) ==0.1, g1y (v,) = 0.2, g1 (V) = =0.2, g1 (v,)) = 0.1, 1 (V) = 0.1, pa (v¢) = —0.1;

Hg (V) = 0.4, g (Vyvs) = 0.8, g (V,V;) = 0.4, g (Vav, ) = 0.4, 115 (VVg) = 0.4, p15 (VeVg) = 0.7, pag (V) = 0.4
ty (VV,) = 0.1, 12 (viv;) = —0.1, gz (V,V5) = 0.1, 28 (vov,) = —0.1, 2 (V,V5) = —0.1, 1 (VgVg) = —0.1, 28 (v,V5) = 0.1

The Split total strong(weak) dominating set S; = {V3,V4},V -5 = {Vl’VZ’V57V6} by the usual

computations we have the vertex cardinality ,Edge cardinality, weight of a dominating set, maximum
degree, minimum degree and the cardinality of dominating set respectively as

V|=4.6|E|= 49,w, =(12,-03),A, =(1.6,-02),5, =(08,-03)&y, =145
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v1(0.9.-0.1) v(0.7.-0.1)

o =
3 %
o« S
S
04-0.1 04.-0.1
. : ( : vs(0.8.-0.1)
2(04.-02) v3(08.-0.2)

4.5 Example:

In this graph G, The split total strong(weak) dominating set St -{a,e, g} v-St, ={b,c,d, f,h},

p=5.05q=71w, =(L-0.6)A, =(16-03),5, =(0.5-06)&y, =16

4.6 Theorem Every split minimal Total strong(weak) dominating set in a Bipolar fuzzy graph has
at least one pendent vertex.

Proof:
Let STb =(x,y)Be the Split minimal total strong(weak) dominating set in a Bipolar fuzzy

graph G, by way of the definition of Split Total Strong (weak)) dominating set, the triggered subgraph
(V- STb ) is not connected. Therefore, there is no path between the subgraphs and there exist at least

one pendent vertex may be arise. Hence the proof.

4.7 Theorem
For the Split Total strong(weak) bipolar fuzzy graph, Vs, < [\/| < |E|

Proof: Let G be a Total robust(vulnerable) bipolar fuzzy graph. Let (G) be a split general robust
(susceptible) domination quantity of G and its miles minimal dominating set. p and g be the sum of all
vertex cardinality and edge cardinality of split total Strong (Weak) domination of G respectively.
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Which now not at least split Total strong(Weak) domination quantity of G then the cardinality of
dominating set will now not exceed. Hence Vs, < |V| S|E| .

4.8 Theorem: For the Split Total strong(weak) bipolar fuzzy graph, the domination number is at most
half of the sum of vertex cardinality and edge cardinality. (i.e) Vs, < %(p+ q).

Proof: Proof is true from the above theorem and it is perceivable.

4.9 Theorem: For the Split total strong(weak) BFG,
i) 5P5Tb < WPsT,, < APsTb
ii) 5N5Tb < WNsTb < APSTb
Proof: Consider the Example 4.5, The minimum and maximum degree of total strong(weak) bipolar
fuzzy graphis 0,(G) =A(d ,(v,) /v, €V) =05, 5,(G) =(d,(v,) /v, €V)=-0.6. The minimum
degree of a STS(W)BFG is 5% is the minimum of degrees of the all the positive membership values

and the negative membership values that is (0.5,—0.6) , The maximum degree of the total strong
(weak) bipolar fuzzy graphis A (G)=v(d,(v;)/v, eV)=16, A (G)=v(d, (v;)/v,eV)=-0.3
then the maximum degree of a STS(W)BFG is ASTb (G) is the maximum of degrees of all the positive

membership values and the negative membership values that is (1.6,—0.3) . The weight of the
STS(W)BFG is the cardinality of the dominating set and it is by the usual calculation we have
W, = (1,—0.6) . Hence the proof.

4.10 Theorem: In a Split total strong(weak) bipolar fuzzy graph, G=(V.E, u, p), the following
inequalities holds:

(i) O (G) =S (G)

(ii) o;jb (G)< s;jb (G)

Proof: Let G be a Split Total Strong (weak) bipolar fuzzy graph. By the definition 2.5 we have
o;b G)= D up(¥) = ug(xy) = s;’b (G) . This implies the inequality (i). Similarly, we have by

xeV xyeE

the same definition, O:h (G) =D ()< D 4 (xy) = SS“T‘b (G) . Hence the inequality (ii) holds.

xeV xyeE

4.11 Theorem: In a Split total strong(weak) bipolar fuzzy graph, G=(V,E, u, p), the following
inequalities holds:
) O (G)+ A, (G)=S, (G)+ 4 (G)

(ii) o;“h (G) +A2b (G) > S:h (G)+5§h (G)

5. Conclusions
In this paper, the split total strong(weak) domination in a bipolar fuzzy graph was introduced and

some theorems are examined. Based on these ideas, we can extend our research work to other areas of
bipolar fuzzy graph.
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