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Abstract. Let (𝐺𝐺,𝐷𝐷) be a graph. For any two vertices𝑢𝑢 and 𝑣𝑣 the detour distance is a longest 
𝑢𝑢 − 𝑣𝑣 path.  A subset 𝐷𝐷 ⊆ 𝑉𝑉 is called a detour set of 𝐺𝐺 if every vertex in 𝑉𝑉 − 𝐷𝐷 lie in a detour 
joining the vertices of 𝐷𝐷.  A subset  𝐷𝐷 ⊆ 𝑉𝑉 which is both a detour set and dominating set is 
called a detour dominating set of 𝐺𝐺 and the cardinality of a minimum detour dominating set is 
called the detour domination number of 𝐺𝐺.  This paper evaluates the detour domination number 
of Corona product of some standard graphs. 
Keywords: Domination, Detour Domination, Corona Product. 
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1.  Introduction 

We consider finite graphs without loops and multiple edges.  For any graph𝑮𝑮, the set of vertices is 
denoted by 𝑽𝑽(𝑮𝑮) and the edge set by 𝑬𝑬(𝑮𝑮).  The order and size of 𝑮𝑮 are denoted by 𝒑𝒑 and 𝒒𝒒 
respectively.  We consider connected graphs with atleast two vertices.  For basic definitions and 
terminologies, we refer [1,7]. For vertices𝒖𝒖 and 𝒗𝒗 in a connected graph 𝑮𝑮, the detour distance 𝑫𝑫(𝒖𝒖,𝒗𝒗) 
is the length of a longest 𝒖𝒖 − 𝒗𝒗 path in G.  A 𝒖𝒖 − 𝒗𝒗 path of length 𝑫𝑫(𝒖𝒖,𝒗𝒗) is called a 𝒖𝒖 − 𝒗𝒗 detour. 
These concepts were studied by Chartrand et al. [2,3]. A vertex 𝒙𝒙 is said to lie on a  𝒖𝒖 − 𝒗𝒗 detour 𝑷𝑷 if 
𝒙𝒙 is a vertex of a  𝒖𝒖 − 𝒗𝒗 detour path 𝑷𝑷 including the verticles 𝒖𝒖 and 𝒗𝒗.   A set 𝑺𝑺 ⊆ 𝑽𝑽 is  called a detour 
set if every vertex 𝒗𝒗 in 𝑮𝑮 lies on a detour joining a pair of vertices of 𝑺𝑺.  The detour number 𝒅𝒅𝒅𝒅(𝑮𝑮) is 
called a minimum order of a detour set and any detour set of order 𝒅𝒅𝒅𝒅(𝑮𝑮)  is called a minimum detour 
set of  𝑮𝑮.  These concepts were studied by Chartrand [4].A set 𝑺𝑺 ⊆ 𝑽𝑽 (𝑮𝑮)is called a dominating set of 
𝑮𝑮 if every vertex in 𝑽𝑽(𝑮𝑮) − 𝑺𝑺  is adjacent to some vertex in S. The domination number 𝜸𝜸(𝑮𝑮)  of 𝑮𝑮  is 
the minimum order of its dominating sets and any dominating set of order  𝜸𝜸(𝑮𝑮)  is called a𝜸𝜸-set of 𝑮𝑮. 
A detour domianating set is a subset 𝑺𝑺 of 𝑽𝑽(𝑮𝑮) which is both a dominating and a detour set of 𝑮𝑮. A 
detour dominating set is said to be minimal detour dominating set of 𝑮𝑮 if no proper subset of 𝑺𝑺 is a 
detour dominating set of 𝑮𝑮. A detour dominating set 𝑺𝑺 is said to be minimum  detour dominating set of 
𝑮𝑮 if there exists no detour dominating  set 𝑺𝑺′ such that �𝑺𝑺′� < |𝑺𝑺|.  The smallest cardinality of a detour 
dominating set of 𝑮𝑮 is called the detour domination number of 𝑮𝑮. It is denoted by 𝜸𝜸𝒅𝒅(𝑮𝑮). Any detour 
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dominating set 𝑺𝑺 of 𝑮𝑮 of cardinality  𝜸𝜸𝒅𝒅(𝑮𝑮) is called a (𝜸𝜸,𝒅𝒅)-set of 𝑮𝑮.If 𝑮𝑮𝟏𝟏 and 𝑮𝑮𝟐𝟐 are graphs and 𝑮𝑮𝟏𝟏 
has 𝒅𝒅 vertices then the corona of 𝑮𝑮𝟏𝟏 and 𝑮𝑮𝟐𝟐 denoted by𝑮𝑮𝟏𝟏 ∘ 𝑮𝑮𝟐𝟐, is the graph obtained by taking one 
copy of 𝑮𝑮𝟏𝟏 with an edge to every vertex in the 𝒊𝒊𝒕𝒕𝒕𝒕copy of 𝑮𝑮𝟐𝟐and 𝑮𝑮𝟏𝟏 ∘ 𝑮𝑮𝟐𝟐has𝒅𝒅𝟏𝟏(𝟏𝟏 + 𝒅𝒅𝟐𝟐) vertices 
and 𝒎𝒎𝟏𝟏 + 𝒅𝒅𝟏𝟏𝒎𝒎𝟐𝟐 + 𝒅𝒅𝟏𝟏𝒅𝒅𝟐𝟐 edges.These concepts were studied by R. Frucht and F. Harary [5]. In this 
paper, we investigate the detour domination number of Corona product of some standard graphs.  

1.1.  Theorem[7]For the path  𝐺𝐺 = 𝑃𝑃𝑝𝑝 (𝑝𝑝 ≥ 2), 𝛾𝛾(𝐺𝐺) = �𝑝𝑝
2
�. 

1.2.  Theorem:[6]Every end vertex of 𝐺𝐺 belongs to every detour dominating set of 𝐺𝐺. 

1.3.  Observation:[6]If the set of all end vertices forms a detour dominating set of 𝐺𝐺, then 𝑆𝑆 is the 
unique minimum detour dominating set of 𝐺𝐺.  

2. Detour domination number of Corona product of graphs 

2.1 Theorem: For 𝒅𝒅 ≥ 𝟐𝟐,𝜸𝜸𝒅𝒅(𝑷𝑷𝒅𝒅 ∘ 𝑲𝑲𝟏𝟏) = 𝒅𝒅. 

Proof.Let𝑮𝑮 = 𝑷𝑷𝒅𝒅 ∘ 𝑲𝑲𝟏𝟏 

Let 𝑽𝑽(𝑷𝑷𝒅𝒅) = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅} and let 𝒖𝒖𝒊𝒊 be the vertices of the 𝒊𝒊P

thcopy  of𝑲𝑲𝟏𝟏 attached to 𝒗𝒗𝒊𝒊. 

Then 𝑽𝑽(𝑮𝑮) = {𝒗𝒗𝒊𝒊,𝒖𝒖𝒊𝒊/𝒊𝒊 = 𝟏𝟏 𝒕𝒕𝒕𝒕 𝒅𝒅}. 

 

Figure 2.1 

𝑺𝑺 = {𝒖𝒖𝟏𝟏,𝒖𝒖𝟐𝟐,𝒖𝒖𝟑𝟑, … ,𝒖𝒖𝒅𝒅−𝟏𝟏,𝒖𝒖𝒅𝒅}, being the set of all end verticesis a subset of every detour dominating 
set of 𝑮𝑮.  Further, 𝑺𝑺 detour dominates all the vertices of𝑮𝑮.  Hence,by 1.3, 𝑺𝑺is theunique minimum 
detour dominating set of 𝑮𝑮. Therefore, 𝜸𝜸𝒅𝒅(𝑮𝑮) = |𝑺𝑺| = 𝒅𝒅. 

2.2 Theorem: For 𝒅𝒅 ≥ 𝟐𝟐,𝜸𝜸𝒅𝒅(𝑷𝑷𝒅𝒅 ∘ 𝑲𝑲𝟐𝟐) = 𝒅𝒅. 

Proof.Let 𝑮𝑮 = 𝑷𝑷𝒅𝒅 ∘ 𝑲𝑲𝟐𝟐. 

Let 𝑽𝑽(𝑷𝑷𝒅𝒅) = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅} and let {𝒖𝒖𝒊𝒊𝟏𝟏,𝒖𝒖𝒊𝒊𝟐𝟐} be the vertex set of the 𝒊𝒊P

th copy of 𝑲𝑲𝟐𝟐 attached to 𝒗𝒗𝒊𝒊 

Then 𝑽𝑽(𝑮𝑮)  =  {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅,𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟏𝟏𝟐𝟐,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟐𝟐𝟐𝟐, … … ,𝒖𝒖𝒅𝒅𝟏𝟏,𝒖𝒖𝒅𝒅𝟐𝟐} 

 

Figure 2.2 

𝑺𝑺𝟏𝟏 = {𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟑𝟑𝟏𝟏, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝟏𝟏,𝒖𝒖𝒅𝒅𝟏𝟏} and𝑺𝑺𝟐𝟐 = �𝒖𝒖𝟏𝟏𝟐𝟐,𝒖𝒖𝟐𝟐𝟐𝟐,𝒖𝒖𝟑𝟑𝟐𝟐, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝟐𝟐,𝒖𝒖𝒅𝒅𝟐𝟐� are some detour 
dominating set of 𝑮𝑮. Therefore,𝜸𝜸𝒅𝒅(𝑮𝑮) = 𝒅𝒅. 
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The above two theorems lead to the generalized result as below.  

2.3 Theorem:In general for𝒅𝒅 ≥ 𝟐𝟐,𝜸𝜸𝒅𝒅(𝑷𝑷𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎) = 𝒅𝒅. 

Proof. Let 𝑽𝑽(𝑷𝑷𝒅𝒅) = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅} and let {𝒖𝒖𝒊𝒊𝟏𝟏,𝒖𝒖𝒊𝒊𝟐𝟐, … … ,𝒖𝒖𝒊𝒊𝒎𝒎} be the vertex set of 𝒊𝒊P

th copy of 𝑲𝑲𝒎𝒎 
adjoint to 𝒗𝒗𝒊𝒊. 

∴ 𝑽𝑽(𝑷𝑷𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎)  = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅,𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟏𝟏𝟐𝟐, … ,𝒖𝒖𝟏𝟏𝒎𝒎,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟐𝟐𝟐𝟐, … ,𝒖𝒖𝟐𝟐𝒎𝒎, … … ,𝒖𝒖𝒅𝒅𝟏𝟏,𝒖𝒖𝒅𝒅𝟐𝟐, … … ,𝒖𝒖𝒅𝒅𝒎𝒎} 

Obviously, for 𝒋𝒋 =  𝟏𝟏 𝒕𝒕𝒕𝒕𝒎𝒎,𝑺𝑺𝒋𝒋 = {𝒖𝒖𝟏𝟏𝒋𝒋,𝒖𝒖𝟐𝟐𝒋𝒋,𝒖𝒖𝟑𝟑𝒋𝒋, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝒋𝒋,𝒖𝒖𝒅𝒅𝒋𝒋} are some detour sets of 𝑷𝑷𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎. 

Also, they dominate all the vertices. Further, no set of less than �𝑺𝑺𝒋𝒋� = 𝒅𝒅 vertices is a detour 
dominating set. Hence, each 𝑺𝑺𝒋𝒋 is a minimum detour dominating set of𝑷𝑷𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎.  

Hence, 𝜸𝜸𝒅𝒅(𝑷𝑷𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎) = �𝑺𝑺𝒋𝒋� = 𝒅𝒅.  

2.4 Illustration:For𝒅𝒅 ≥ 𝟐𝟐,𝜸𝜸𝒅𝒅(𝑷𝑷𝒅𝒅 ∘ 𝑲𝑲𝟔𝟔) = 𝒅𝒅. 

 

Figure 2.3 

Here, 𝑺𝑺 = {𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟑𝟑𝟏𝟏, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝟏𝟏,𝒖𝒖𝒅𝒅𝟏𝟏} is a minimum detour dominating set. 

Hence, 𝜸𝜸𝒅𝒅(𝑷𝑷𝒅𝒅 ∘ 𝑲𝑲𝟔𝟔) = 𝒅𝒅. 

2.5 Theorem: For 𝒅𝒅 ≥ 𝟑𝟑,𝜸𝜸𝒅𝒅(𝑪𝑪𝒅𝒅 ∘ 𝑲𝑲𝟏𝟏) = 𝒅𝒅. 

Proof.Let 𝑮𝑮 = 𝑪𝑪𝒅𝒅 ∘ 𝑲𝑲𝟏𝟏. 
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Figure 2.4 

Let 𝑽𝑽(𝑪𝑪𝒅𝒅) = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅} and let 𝒖𝒖𝒊𝒊 be the vertices of the 𝒊𝒊P

th copy of 𝑲𝑲𝟏𝟏 attached to 𝒗𝒗𝒊𝒊. 

Then𝑽𝑽(𝑮𝑮) = {𝒗𝒗𝒊𝒊,𝒖𝒖𝒊𝒊/𝒊𝒊 = 𝟏𝟏 𝒕𝒕𝒕𝒕 𝒅𝒅}. 

𝑺𝑺 = {𝒖𝒖𝟏𝟏,𝒖𝒖𝟐𝟐,𝒖𝒖𝟑𝟑, … ,𝒖𝒖𝒅𝒅−𝟏𝟏,𝒖𝒖𝒅𝒅}, being the set of all end vertices is a subset of every detour dominating 
set of  𝑮𝑮.  Further, 𝑺𝑺 detour dominates all the vertices of  𝑮𝑮.  Hence, by 1.3, 𝑺𝑺 is the unique minimum 
detour dominating set of 𝑮𝑮. Therefore, 𝜸𝜸𝒅𝒅(𝑮𝑮) = |𝑺𝑺| = 𝒅𝒅. 

2.6 Theorem: For 𝒅𝒅 ≥ 𝟑𝟑,𝜸𝜸𝒅𝒅(𝑪𝑪𝒅𝒅 ∘ 𝑲𝑲𝟐𝟐) = 𝒅𝒅. 

Proof.Let 𝑮𝑮 = 𝑪𝑪𝒅𝒅 ∘ 𝑲𝑲𝟐𝟐. 

Let 𝑽𝑽(𝑪𝑪𝒅𝒅) = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅} and let {𝒖𝒖𝒊𝒊𝟏𝟏,𝒖𝒖𝒊𝒊𝟐𝟐} be the vertex set of the 𝒊𝒊P

th copy of 𝑲𝑲𝟐𝟐 attached to 𝒗𝒗𝒊𝒊 

Then 𝑽𝑽(𝑮𝑮)  =  {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅,𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟏𝟏𝟐𝟐,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟐𝟐𝟐𝟐, … … ,𝒖𝒖𝒅𝒅𝟏𝟏,𝒖𝒖𝒅𝒅𝟐𝟐} 

 

Figure2.5 

𝑺𝑺𝟏𝟏 = {𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟑𝟑𝟏𝟏, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝟏𝟏,𝒖𝒖𝒅𝒅𝟏𝟏} and𝑺𝑺𝟐𝟐 = �𝒖𝒖𝟏𝟏𝟐𝟐,𝒖𝒖𝟐𝟐𝟐𝟐,𝒖𝒖𝟑𝟑𝟐𝟐, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝟐𝟐,𝒖𝒖𝒅𝒅𝟐𝟐� are some detour 
dominating set of 𝑮𝑮. Therefore,  𝜸𝜸𝒅𝒅(𝑮𝑮) = 𝒅𝒅.  

The above two theorems lead to the generalized result as below.   

2.7 Theorem: In general for 𝒅𝒅 ≥ 𝟑𝟑,𝜸𝜸𝒅𝒅(𝑪𝑪𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎) = 𝒅𝒅. 

Proof. Let 𝑽𝑽(𝑪𝑪𝒅𝒅) = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅} and let {𝒖𝒖𝒊𝒊𝟏𝟏,𝒖𝒖𝒊𝒊𝟐𝟐, … … ,𝒖𝒖𝒊𝒊𝒎𝒎} be the vertex set of 𝒊𝒊P

th copy of 𝑲𝑲𝒎𝒎 
adjoint to 𝒗𝒗𝒊𝒊. 

∴V(𝑪𝑪𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎) ={𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅,𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟏𝟏𝟐𝟐, … ,𝒖𝒖𝟏𝟏𝒎𝒎,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟐𝟐𝟐𝟐, … ,𝒖𝒖𝟐𝟐𝒎𝒎, … … ,𝒖𝒖𝒅𝒅𝟏𝟏,𝒖𝒖𝒅𝒅𝟐𝟐, … … ,𝒖𝒖𝒅𝒅𝒎𝒎} 

Obviously, for 𝒋𝒋 =  𝟏𝟏 𝒕𝒕𝒕𝒕𝒎𝒎,𝑺𝑺𝒋𝒋 = {𝒖𝒖𝟏𝟏𝒋𝒋,𝒖𝒖𝟐𝟐𝒋𝒋,𝒖𝒖𝟑𝟑𝒋𝒋, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝒋𝒋,𝒖𝒖𝒅𝒅𝒋𝒋} are some detour sets of 𝑪𝑪𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎. 

Also, they dominate all the vertices. Further, no set of less than �𝑺𝑺𝒋𝒋� = 𝒅𝒅 vertices is a detour 
dominating set. Hence, each 𝑺𝑺𝒋𝒋 is a minimum detour dominating set of𝑪𝑪𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎.  

Hence, 𝜸𝜸𝒅𝒅(𝑪𝑪𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎) = �𝑺𝑺𝒋𝒋� = 𝒅𝒅.  

2.8 Illustration:For𝒅𝒅 ≥ 𝟑𝟑,𝜸𝜸𝒅𝒅(𝑪𝑪𝒅𝒅 ∘ 𝑲𝑲𝟑𝟑) = 𝒅𝒅. 
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Figure 2.6 

Here, 𝑺𝑺 = {𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟑𝟑𝟏𝟏, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝟏𝟏,𝒖𝒖𝒅𝒅𝟏𝟏} is a minimum detour dominating set. 

Hence, 𝜸𝜸𝒅𝒅(𝑪𝑪𝒅𝒅 ∘ 𝑲𝑲𝟑𝟑) = 𝒅𝒅. 

3.9 Theorem: For 𝒅𝒅 ≥ 𝟒𝟒,𝜸𝜸𝒅𝒅(𝑾𝑾𝒅𝒅 ∘ 𝑲𝑲𝟏𝟏) = 𝒅𝒅. 

Proof.Let 𝑮𝑮 = 𝑾𝑾𝒅𝒅 ∘ 𝑲𝑲𝟏𝟏. 

 

Figure 2.7 

Since𝑾𝑾𝒅𝒅 contains a central vertex attached to each vertex of a cycle of 𝑪𝑪𝒅𝒅−𝟏𝟏. 

Let 𝑽𝑽(𝑾𝑾𝒅𝒅) = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅−𝟏𝟏,𝒗𝒗𝒅𝒅} with 𝒗𝒗𝒅𝒅 as its central vertex and 𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅−𝟏𝟏 as the verticesof 
the outer cycle and let 𝒖𝒖𝒊𝒊 be the vertices of the 𝒊𝒊P

th copy  of 𝑲𝑲𝟏𝟏 attached to 𝒗𝒗𝒊𝒊. 

Then 𝑽𝑽(𝑮𝑮) = {𝒗𝒗𝒊𝒊,𝒖𝒖𝒊𝒊/𝒊𝒊 = 𝟏𝟏 𝒕𝒕𝒕𝒕 𝒅𝒅}. 

𝑺𝑺 = {𝒖𝒖𝟏𝟏,𝒖𝒖𝟐𝟐,𝒖𝒖𝟑𝟑, … ,𝒖𝒖𝒅𝒅−𝟏𝟏,𝒖𝒖𝒅𝒅}, being the set of all end vertices is a subset of every detour dominating 
set of  𝑮𝑮.  Further, 𝑺𝑺 detour dominates all the vertices of  𝑮𝑮.  Hence, by 1.3, 𝑺𝑺 is the unique minimum 
detour dominating set of 𝑮𝑮. Therefore, 𝜸𝜸𝒅𝒅(𝑮𝑮) = |𝑺𝑺| = 𝒅𝒅. 

2.10 Theorem: For 𝒅𝒅 ≥ 𝟒𝟒,𝜸𝜸𝒅𝒅(𝑾𝑾𝒅𝒅 ∘ 𝑲𝑲𝟐𝟐) = 𝒅𝒅. 

Proof. Since𝑾𝑾𝒅𝒅 contains a central vertex attached to each vertex of a cycle of 𝑪𝑪𝒅𝒅−𝟏𝟏. 

Let 𝑮𝑮 = 𝑾𝑾𝒅𝒅 ∘ 𝑲𝑲𝟐𝟐. 

Let 𝑽𝑽(𝑪𝑪𝒅𝒅) = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅−𝟏𝟏,𝒗𝒗𝒅𝒅} with 𝒗𝒗𝒅𝒅 as its central vertex and 𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅−𝟏𝟏 as the vertices of 
the outer cycle and let {𝒖𝒖𝒊𝒊𝟏𝟏,𝒖𝒖𝒊𝒊𝟐𝟐} be the vertex set of the 𝒊𝒊P

th copy of 𝑲𝑲𝟐𝟐 attached to 𝒗𝒗𝒊𝒊. 
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Then 𝑽𝑽(𝑮𝑮)  =  {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅,𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟏𝟏𝟐𝟐,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟐𝟐𝟐𝟐, … … ,𝒖𝒖𝒅𝒅𝟏𝟏,𝒖𝒖𝒅𝒅𝟐𝟐} 

 

Figure 2.8 

𝑺𝑺𝟏𝟏 = {𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟑𝟑𝟏𝟏, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝟏𝟏,𝒖𝒖𝒅𝒅𝟏𝟏} and𝑺𝑺𝟐𝟐 = �𝒖𝒖𝟏𝟏𝟐𝟐,𝒖𝒖𝟐𝟐𝟐𝟐,𝒖𝒖𝟑𝟑𝟐𝟐, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝟐𝟐,𝒖𝒖𝒅𝒅𝟐𝟐� are some detour 
dominating set of 𝑮𝑮. Therefore,𝜸𝜸𝒅𝒅(𝑮𝑮) = 𝒅𝒅.  

The above two theorems lead to the generalized result as below.   

3.11 Theorem: For 𝒅𝒅 ≥ 𝟒𝟒,𝜸𝜸𝒅𝒅(𝑾𝑾𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎) = 𝒅𝒅. 

Proof:𝑾𝑾𝒅𝒅 contains a central vertex attached to each vertex of a cycle of 𝑪𝑪𝒅𝒅−𝟏𝟏. 

Let 𝑽𝑽(𝑾𝑾𝒅𝒅) = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅−𝟏𝟏,𝒗𝒗𝒅𝒅} with 𝒗𝒗𝒅𝒅 as its central vertex and 𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅−𝟏𝟏 as the vertices of 
the outer cycle and let {𝒖𝒖𝒊𝒊𝟏𝟏,𝒖𝒖𝒊𝒊𝟐𝟐, … … ,𝒖𝒖𝒊𝒊𝒎𝒎} be the vertex set of  𝒊𝒊P

th copy of 𝑲𝑲𝒎𝒎 attached to 𝒗𝒗𝒊𝒊. 

∴ 𝑽𝑽(𝑾𝑾𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎)  = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅,𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟏𝟏𝟐𝟐, … ,𝒖𝒖𝟏𝟏𝒎𝒎,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟐𝟐𝟐𝟐, … ,𝒖𝒖𝟐𝟐𝒎𝒎, … … ,𝒖𝒖𝒅𝒅𝟏𝟏,𝒖𝒖𝒅𝒅𝟐𝟐, … … ,𝒖𝒖𝒅𝒅𝒎𝒎} 

The graph 𝑾𝑾𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎 looks as in figure 2.9. 

From the figure, it is clear that for 𝒋𝒋 =  𝟏𝟏 𝒕𝒕𝒕𝒕𝒎𝒎,𝑺𝑺𝒋𝒋 = {𝒖𝒖𝟏𝟏𝒋𝒋,𝒖𝒖𝟐𝟐𝒋𝒋,𝒖𝒖𝟑𝟑𝒋𝒋, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝒋𝒋,𝒖𝒖𝒅𝒅𝒋𝒋} forms a minimum 
detour dominating set of 𝑾𝑾𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎. 

Since no set of less than �𝑺𝑺𝒋𝒋� = 𝒅𝒅 vertices forms a detour dominating set.  

Hence, each 𝑺𝑺𝒋𝒋 is a minimum detour dominating set of𝑾𝑾𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎.  

Hence, 𝜸𝜸𝒅𝒅(𝑾𝑾𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎) = �𝑺𝑺𝒋𝒋� = 𝒅𝒅.  

2.12 Illustration: For 𝒅𝒅 ≥ 𝟒𝟒,𝜸𝜸𝒅𝒅(𝑾𝑾𝒅𝒅 ∘ 𝑲𝑲𝟑𝟑) = 𝒅𝒅. 
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Figure2.9 

Here, 𝑺𝑺 = {𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟑𝟑𝟏𝟏, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝟏𝟏,𝒖𝒖𝒅𝒅𝟏𝟏} is a minimum detour dominating set. 

Hence, 𝜸𝜸𝒅𝒅(𝑾𝑾𝒅𝒅 ∘ 𝑲𝑲𝟑𝟑) = 𝒅𝒅. 

2.13 Theorem:𝜸𝜸𝒅𝒅�𝑲𝑲𝟏𝟏,𝒅𝒅 ∘ 𝑲𝑲𝟏𝟏� = 𝒅𝒅+ 𝟏𝟏. 

Proof:Let𝑮𝑮 = 𝑲𝑲𝟏𝟏,𝒅𝒅 ∘ 𝑲𝑲𝟏𝟏. 

Let 𝑽𝑽(𝑲𝑲𝟏𝟏,𝒅𝒅) = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅−𝟏𝟏,𝒗𝒗𝒅𝒅,𝒗𝒗} with 𝒗𝒗 as its root vertex and 𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅−𝟏𝟏,𝒗𝒗𝒅𝒅 be the set of 
end vertices and let 𝒖𝒖𝒊𝒊 be the vertices of the 𝒊𝒊P

th copy  of 𝑲𝑲𝟏𝟏 attached to 𝒗𝒗𝒊𝒊 and 𝒙𝒙 be the vertex of  a 
copy of 𝑲𝑲𝟏𝟏attached to the root vertex 𝒗𝒗. 

Then 𝑽𝑽(𝑮𝑮) = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅−𝟏𝟏,𝒗𝒗𝒅𝒅,𝒗𝒗} ∪ {𝒖𝒖𝟏𝟏,𝒖𝒖𝟐𝟐, … ,𝒖𝒖𝒅𝒅−𝟏𝟏,𝒖𝒖𝒅𝒅,𝒙𝒙} 

 

Figure2.10 

𝑺𝑺 = {𝒖𝒖𝟏𝟏,𝒖𝒖𝟐𝟐,𝒖𝒖𝟑𝟑, … ,𝒖𝒖𝒅𝒅−𝟏𝟏,𝒖𝒖𝒅𝒅,𝒙𝒙}, being the set of all end vertices is a subset of every detour 
dominating set of 𝑮𝑮.  Further, 𝑺𝑺 detour dominates all the vertices of 𝑮𝑮.  Hence, by 1.3, 𝑺𝑺 is the unique 
minimum detour dominating set of 𝑮𝑮. Therefore, 𝜸𝜸𝒅𝒅(𝑮𝑮) = |𝑺𝑺| = 𝒅𝒅+ 𝟏𝟏. 

2.14 Theorem:𝜸𝜸𝒅𝒅�𝑲𝑲𝟏𝟏,𝒅𝒅 ∘ 𝑲𝑲𝟐𝟐� = 𝒅𝒅+ 𝟏𝟏 

Proof.Let 𝑮𝑮 = 𝑲𝑲𝟏𝟏,𝒅𝒅 ∘ 𝑲𝑲𝟐𝟐. 

Let 𝑽𝑽(𝑲𝑲𝟏𝟏,𝒅𝒅) = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅−𝟏𝟏,𝒗𝒗𝒅𝒅,𝒗𝒗} with 𝒗𝒗 as its root vertex and 𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅−𝟏𝟏,𝒗𝒗𝒅𝒅 be the set of 
end vertices and let {𝒖𝒖𝒊𝒊𝟏𝟏,𝒖𝒖𝒊𝒊𝟐𝟐} be the vertex set of the 𝒊𝒊P

th copy of 𝑲𝑲𝟐𝟐 attached to 𝒗𝒗𝒊𝒊. 
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and{𝒙𝒙𝟏𝟏,𝒙𝒙𝟐𝟐} be the vertex set of  a copy of 𝑲𝑲𝟐𝟐attached to the root vertex 𝒗𝒗. 

Then 𝑽𝑽(𝑮𝑮) = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅−𝟏𝟏,𝒗𝒗𝒅𝒅,𝒗𝒗} ∪ {𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟏𝟏𝟐𝟐,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟐𝟐𝟐𝟐, … … ,𝒖𝒖𝒅𝒅𝟏𝟏,𝒖𝒖𝒅𝒅𝟐𝟐,𝒙𝒙𝟏𝟏,𝒙𝒙𝟐𝟐} 

 

Figure 2.11 

𝑺𝑺𝟏𝟏 = {𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟑𝟑𝟏𝟏, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝟏𝟏,𝒖𝒖𝒅𝒅𝟏𝟏,𝒙𝒙𝟏𝟏} and𝑺𝑺𝟐𝟐 = �𝒖𝒖𝟏𝟏𝟐𝟐,𝒖𝒖𝟐𝟐𝟐𝟐,𝒖𝒖𝟑𝟑𝟐𝟐, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝟐𝟐,𝒖𝒖𝒅𝒅𝟐𝟐,𝒙𝒙𝟐𝟐� are some 
detour dominating set of 𝑮𝑮. Therefore,𝜸𝜸𝒅𝒅(𝑮𝑮) = 𝒅𝒅 + 𝟏𝟏. 

The above two theorems lead to the generalized result as below.   

2.15 Theorem:𝜸𝜸𝒅𝒅�𝑲𝑲𝟏𝟏,𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎� = 𝒅𝒅 + 𝟏𝟏 

Proof:Let 𝑽𝑽(𝑲𝑲𝟏𝟏,𝒅𝒅) = {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅−𝟏𝟏,𝒗𝒗𝒅𝒅,𝒗𝒗} with 𝒗𝒗 as its root vertex 𝑲𝑲𝟏𝟏,𝒅𝒅 and let 
{𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅−𝟏𝟏,𝒗𝒗𝒅𝒅} be the set of end vertices. 

Assume that {𝒖𝒖𝒊𝒊𝟏𝟏,𝒖𝒖𝒊𝒊𝟐𝟐, … … ,𝒖𝒖𝒊𝒊𝒎𝒎} be the vertex setof 𝒊𝒊P

th copy of 𝑲𝑲𝒎𝒎 attached to 𝒗𝒗𝒊𝒊and {𝒙𝒙𝟏𝟏,𝒙𝒙𝟐𝟐,…𝒙𝒙𝒎𝒎} 
be the vertex set of a copy of 𝑲𝑲𝒎𝒎 attached to the root vertex 𝒗𝒗. 

Then 𝑽𝑽�𝑲𝑲𝟏𝟏,𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎� 

= {𝒗𝒗𝟏𝟏,𝒗𝒗𝟐𝟐, … ,𝒗𝒗𝒅𝒅,𝒗𝒗} ∪ {𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟏𝟏𝟐𝟐, … ,𝒖𝒖𝟏𝟏𝒎𝒎,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟐𝟐𝟐𝟐, … ,𝒖𝒖𝟐𝟐𝒎𝒎, … … ,𝒖𝒖𝒅𝒅𝟏𝟏,𝒖𝒖𝒅𝒅𝟐𝟐, … … ,𝒖𝒖𝒅𝒅𝒎𝒎,𝒙𝒙𝟏𝟏,𝒙𝒙𝟐𝟐, … ,𝒙𝒙𝒎𝒎} 

The graph 𝑲𝑲𝟏𝟏,𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎 looks as in figure 2.12. 

From the figure, it is clear that for 𝒋𝒋 =  𝟏𝟏 𝒕𝒕𝒕𝒕 𝒎𝒎,𝑺𝑺𝒋𝒋 = {𝒖𝒖𝟏𝟏𝒋𝒋,𝒖𝒖𝟐𝟐𝒋𝒋,𝒖𝒖𝟑𝟑𝒋𝒋, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝒋𝒋,𝒖𝒖𝒅𝒅𝒋𝒋,𝒙𝒙𝒋𝒋} forms a 
minimum detour dominating set of 𝑲𝑲𝟏𝟏,𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎. Since no set of less than �𝑺𝑺𝒋𝒋� = 𝒅𝒅 + 𝟏𝟏 vertices forms a 
detour dominating set. Hence, each 𝑺𝑺𝒋𝒋 is a minimum detour dominating set of𝑲𝑲𝟏𝟏,𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎.  

Hence, 𝜸𝜸𝒅𝒅�𝑲𝑲𝟏𝟏,𝒅𝒅 ∘ 𝑲𝑲𝒎𝒎� = �𝑺𝑺𝒋𝒋� = 𝒅𝒅 + 𝟏𝟏.  

2.16 Illustration:𝜸𝜸𝒅𝒅�𝑲𝑲𝟏𝟏,𝒅𝒅 ∘ 𝑲𝑲𝟑𝟑� = 𝒅𝒅+ 𝟏𝟏. 
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Figure 2.12 

Here, 𝑺𝑺 = {𝒖𝒖𝟏𝟏𝟏𝟏,𝒖𝒖𝟐𝟐𝟏𝟏,𝒖𝒖𝟑𝟑𝟏𝟏, … ,𝒖𝒖(𝒅𝒅−𝟏𝟏)𝟏𝟏,𝒖𝒖𝒅𝒅𝟏𝟏,𝒙𝒙𝟏𝟏} is a minimum detour dominating set. 

𝜸𝜸𝒅𝒅�𝑲𝑲𝟏𝟏,𝒅𝒅 ∘ 𝑲𝑲𝟑𝟑� = 𝒅𝒅+ 𝟏𝟏. 
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