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Abstract. Let (G, D) be a graph. For any two verticesu and v the detour distance is a longest
u — v path. A subset D € V is called a detour set of G if every vertex in V — D lie in a detour
joining the vertices of D. A subset D < V which is both a detour set and dominating set is
called a detour dominating set of G and the cardinality of a minimum detour dominating set is
called the detour domination number of G. This paper evaluates the detour domination number
of Corona product of some standard graphs.
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1. Introduction

We consider finite graphs without loops and multiple edges. For any graphG, the set of vertices is
denoted by V(G) and the edge set by E(G). The order and size of G are denoted by p and q
respectively. We consider connected graphs with atleast two vertices. For basic definitions and
terminologies, we refer [1,7]. For verticesu and v in a connected graph G, the detour distance D (u, v)
is the length of a longest u — v path in G. A u — v path of length D(u, v) is called a u — v detour.
These concepts were studied by Chartrand et al. [2,3]. A vertex x is said to lie on a u — v detour P if
x is a vertex of a u — v detour path P including the verticlesu and v. AsetS < Vis called a detour
set if every vertex v in G lies on a detour joining a pair of vertices of §. The detour number dn(G) is
called a minimum order of a detour set and any detour set of order dn(G) is called a minimum detour
set of G. These concepts were studied by Chartrand [4].A set S € V (G)is called a dominating set of
G if every vertex in V(G) — S is adjacent to some vertex in S. The domination number y(G) of G is
the minimum order of its dominating sets and any dominating set of order y(G) is called ay-set of G.
A detour domianating set is a subset S of V(&) which is both a dominating and a detour set of G. A
detour dominating set is said to be minimal detour dominating set of G if no proper subset of S is a
detour dominating set of G. A detour dominating set § is said to be minimum detour dominating set of
G if there exists no detour dominating set S" such that |S'| < |S|. The smallest cardinality of a detour
dominating set of G is called the detour domination number of G. It is denoted by y4(G). Any detour
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dominating set S of G of cardinality y4(G) is called a (y, d)-set of G.If G4 and G, are graphs and G4
has n vertices then the corona of G4 and G, denoted byG o G,, is the graph obtained by taking one
copy of G, with an edge to every vertex in the i**copy of Gyand G, o G;hasn4(1 + n,) vertices
and m; + nym, + nyn, edges.These concepts were studied by R. Frucht and F. Harary [5]. In this
paper, we investigate the detour domination number of Corona product of some standard graphs.

1.1. Theorem[7]For the path G = P, (p = 2), y(G) = E]

1.2. Theorem:[6]Every end vertex of G belongs to every detour dominating set of G.

1.3. Observation:[6]If the set of all end vertices forms a detour dominating set of G, then S is the
unique minimum detour dominating set of G.

2. Detour domination number of Corona product of graphs

2.1 Theorem: Forn = 2,y ;(P, > K;) = n.

Proof.LetG = P, o K4

Let V(P,) = {v4,V5, ..., v,} and let u; be the vertices of the i"'copy ofK, attached to v;.

ThenV(G) = {v;,u;/i =1to n}.
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Figure 2.1

S = {uq,uy,u3, ..., u,_1,u,}, being the set of all end verticesis a subset of every detour dominating
set of G. Further, S detour dominates all the vertices ofG. Hence,by 1.3, Sis theunique minimum
detour dominating set of G. Therefore, y,(6) = |S| = n.

2.2 Theorem: Forn = 2,y (P, ° K;) = n.

Proof.Let G = P,, o K.

Let V(P,) = {v1, V3, ..., v} and let {u;y, u;5} be the vertex set of the i™ copy of K, attached to v;

Then V(G) = {v1,V3, ..., Vp, Uqq, U12, U21, U2, -o- -, U, Un2}
¥y g g B,
Ty Wyp gy Maaltay gz Ty Ynz
Figure 2.2

Sl = {ull,um, U31, ey u(n_l)l,unl} andSZ = {ulz, Upp, U3, ..., u(n_l)z, unz} are some detour
dominating set of G. Therefore,y ,(G) = n.
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The above two theorems lead to the generalized result as below.
2.3 Theorem:In general forn = 2,y ,(Py, © K,,) = .

Proof. Let V(P,,) = {v1, V3, ..., v} and let {u;q, Uiz, ... ... , U;m } be the vertex set of i copy of K,
adjoint to v;.

o~ V(PnoKm) = {UI,VZ, s, Un,Uq1, U2, o Uy U211, U2, oo, Uy =ov -ee yUp1, Up2, - - ,unm}
Obviously, for j = 1tom,S; = {uyj, uyj, Uz}, ..., Wn_1)j, Unj} are some detour sets of Py, o Ky,

Also, they dominate all the vertices. Further, no set of less than |S]-| = n vertices is a detour
dominating set. Hence, each S; is a minimum detour dominating set ofP;, o K,

Hence, ¥ ;(Py © K) = |S;| = n.

2.4 llustration:Forn = 2,y (P, c K¢) = n.

Figure 2.3
Here, § = {111, U1, U3q, -, Wn—-1)1, Un1} IS @ Minimum detour dominating set.
Hence, y;(Py o Kg) = N
2.5 Theorem: Forn = 3,y ,(C,, ° K1) = n.

Proof.Let G = C,, °» K.
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Figure 2.4
Let V(C,) = {v1,V3, ..., v, } and let u; be the vertices of the i"" copy of K, attached to v;.
ThenV(G) = {v;,u;/i = 1ton}.
S = {uq,uy,u3, ..., u,_1,u,}, being the set of all end vertices is a subset of every detour dominating

set of G. Further, S detour dominates all the vertices of G. Hence, by 1.3, S is the unigue minimum
detour dominating set of G. Therefore, y,(6) = |S| = n.

2.6 Theorem: Forn = 3,y ,(C, ° K;) = n.

Proof.Let G = C,, o K.
Let V(Cp) = {v1,V3, ..., v, } and let {u;q, u;5} be the vertex set of the i™ copy of K, attached to v;

Then V(G) = {vl,vZ, v, Upalqq, Uq2, U, U2, ... ... ,unl,unz}

Figure2.5

51 = {ull, Uz, U31, -y u(n_l)l, unl} andSZ = {ulz, Uyo, U3, ..., u(n_l)z, unz} are some detour
dominating set of G. Therefore, y,(G) = n.

The above two theorems lead to the generalized result as below.
2.7 Theorem: In general forn = 3,y ;(Cy, ° K,,) = n.

Proof. Let V(C,,) = {vq,v3, ..., v} and let {u;q, u;z, ... ... , Ui} be the vertex set of i™" copy of K,
adjoint to v;.

V(Cp ° Kiy) ={v1, V2, ..., Up, Ugq, Ug2, ooy Uggn, Ugg, U2, on, Uz oon e » Unt) Up2, oo oo s Unm}

Obviously, for j = 1tom,S; = {uyj, uyj, Uz}, ..., Wn_1)j, U} are some detour sets of C,, o Kp,.

Also, they dominate all the vertices. Further, no set of less than |S]-| = n vertices is a detour
dominating set. Hence, each S; is a minimum detour dominating set ofC,, o K,.

Hence, ¥ ;(C,, ° Kp) = |Sj| = n.

2.8 lllustration:Forn = 3,y ,(C, ° K3) = n.
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Figure 2.6
Here, § = {141, U1, U3q, -, Wn—-1)1, Un1} IS @ Minimum detour dominating set.
Hence, y,;(C, ° K3) = n.
3.9 Theorem: Forn = 4,y ;(W,, o K;) = n.

Proof.Let G = W, o K;.

Figure 2.7

SinceW,, contains a central vertex attached to each vertex of a cycle of C,,_4.

Let V(W,,) = {vq1, V3, ..., Vy_1, U} With v, as its central vertex and v4, vy, ..., v, as the verticesof
the outer cycle and let u; be the vertices of the i"" copy of K attached to v;.

ThenV(G) = {v;,u;/i =1 to n}.

S = {uq,uy,u3, ..., u,_1,u,}, being the set of all end vertices is a subset of every detour dominating
set of G. Further, S detour dominates all the vertices of G. Hence, by 1.3, S is the unigue minimum
detour dominating set of G. Therefore, y,(6) = |S| = n.

2.10 Theorem: Forn = 4,y ,;(W, c K;) = n.

Proof. SinceW,, contains a central vertex attached to each vertex of a cycle of C,,_;.

Let G = WnOKz.

Let V(C,) = {v1,v3, ..., Vn_1, Vs } With v, as its central vertex and v4, v5, ..., V,,_1 as the vertices of
the outer cycle and let {u;;,u;,} be the vertex set of the i*" copy of K, attached to v;.
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Figure 2.8

Sl = {ull, Uzq,U31, -y u(n_l)l, unl} andSZ = {ulz, Uyo, U3, ..., u(n_l)z, unz} are some detour
dominating set of G. Therefore,y ,(G) = n.

The above two theorems lead to the generalized result as below.
3.11 Theorem: Forn = 4,y ;(W, o K,) = n.
Proof:W,, contains a central vertex attached to each vertex of a cycle of C,,_;.

Let V(W,,) = {vq1, V3, ..., Vy_1, U} With v, as its central vertex and v4, v5, ..., v, as the vertices of
the outer cycle and let {u;1, u;s, ... ... , U;m } be the vertex set of i copy of K, attached to v;.

V(Wn o Km) = {171, V2, ..., VU, U1, U112, oo Uy U211, U222, oo, Uy won oen y U1, Up2, oo e ,unm}

The graph W,, o K,,, looks as in figure 2.9.

From the figure, it is clear that for j = 1 tom,S; = {uyj, uzj, u3j, ..., Un—1)j, Up;} forms a minimum
detour dominating set of W,, o K.

Since no set of less than |S;| = n vertices forms a detour dominating set.
Hence, each S; is a minimum detour dominating set ofW,, o K,.
Hence, ¥ ;(W,, ° Kp) = |Sj| = n.

2.12 lllustration: Forn = 4,y ;(W,, o K3) = n.
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Figure2.9
Here, § = {111, U1, U3q, -, Wn—-1)1, Un1} IS @ Minimum detour dominating set.
Hence, y;(W, o K3) = n.
2.13 Theorem:y ;(K1,° K1) = n + 1.
Proof:LetG = K4 ,, ° K;.
Let V(K1) = {v1, V2, ..., Un_1, Uy, v} With v as its root vertex and vq, v, ..., V1, v, be the set of

end vertices and let u; be the vertices of the i"" copy of K, attached to v; and x be the vertex of a
copy of Kjattached to the root vertex v.

ThenV(G) = {v1,v2, ..., V1, Vn, V} U {Uq1, U3, ..., Uy, Uy, X}

Figure2.10

S ={uq,uy,u3, ..., u,_1,U,, x}, being the set of all end vertices is a subset of every detour
dominating set of G. Further, S detour dominates all the vertices of G. Hence, by 1.3, S is the unique
minimum detour dominating set of G. Therefore, y,(6) = S| =n + 1.

2.14 Theorem:y ;(K1n o K2) =n+1

Proof.Let G = K;,, 0 K.

Let V(K1) = {V1,V2, ..., Un_1, Yy, V} With v as its root vertex and vy, v, ..., ¥,,_1, v, be the set of
end vertices and let {u;q, u;, } be the vertex set of the i copy of K, attached to v;.
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and{x, x,} be the vertex set of a copy of Kattached to the root vertex v.

Then V(G) = {171,172, vy Un_1,Vn, v} U {ull, Uq2, U1, U2, .- ... y Un1, Up2, xl,xZ}

!

iy Mg oy Tazaeg, Magblyy By, u,, U
Figure 2.11

51 = {ull, Uzq,U31, ...,u(n_l)l, unl,xl} andSZ = {ulz,uzz,ugz, ...,u(n_l)z,unz, xz} are some
detour dominating set of G. Therefore,y,(6) = n + 1.

The above two theorems lead to the generalized result as below.
2.15 Theorem:y y(K1n oK) =n + 1

Proof:Let V(Kq,) = {v1, V2, ..., Vy_1, Vp, v} With v as its root vertex K ,, and let
{v1,v2, ..., Vp_1, V5 } be the set of end vertices.

Assume that {u;1, u;z, ... .. , Uim ) be the vertex setof i™ copy of K, attached to v;and {x1,x5,...Xn}
be the vertex set of a copy of K,,, attached to the root vertex v.

ThenV(Kqpn©Kp)
= {171,172, ...,vn,v} U {ull,ulz, v, Uy U1, U222, oo, Uy wen oes yUn1, Up2, oo e y Unm» X1, X2, ...,xm}
The graph Ky ,, K, looks as in figure 2.12.

From the figure, it is clear that for j = 1 tom,S; = {uyj, uzj, uzj, ..., Un_1)j, Unj, X;} forms a
minimum detour dominating set of K, ,, o K,;,,. Since no set of less than |S]-| =n + 1 vertices forms a
detour dominating set. Hence, each §; is a minimum detour dominating set ofKy , © K.

Hence, ¥ ;(K1n° Km) = |S;] =n+ 1.

2.16 lllustration:y ; (K1 K3) = n + 1.
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Figure 2.12

Here, S = {114, U1, U3q, -, Wn—1)1, Un1, X1} IS @ Minimum detour dominating set.

Y (KinoK3)=n+1.
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