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Abstract: The aim of this paper is to establish a new coupled fixed
point theorem in generalized intuitionistic fuzzy metric spaces having
partial ordering.For this purpose, we prove a lemma which
simultaneously establishes the Cauchy criterion for the sequences {A,}
and {u.} stated here.The HadZi¢ type t-norm and t-conorm mentioned
here are characterized by the equicontinuity of iterates. These
concepts are used to obtain a new coupled fixed point result in the
generalized intuitionistic fuzzy metric spaces having partial ordering.

1. Introduction

Zadeh[20] introduced fuzzy sets which made easy to handle uncertain
situations that cannot be approached by non-probabilistic techniques.These sets are
used to fuzzify the mathematical structures. The flexible structure of fuzzy ideas
leads to various definitions of fuzzy metric spaces which are not equivalent to each
other. Here we work on the definition given by George et al. [8] and the topology is
taken to be Hausdorff. The purpose of this paper is to generalize an existing coupled
fixed point result[6] to generalized intuitionistic fuzzy metric spaces having partial
ordering. We also extended the Cauchy criterion for the sequences {A,} and {u.} to
support the main results.
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2. Preliminaries

Definition 2.1.
A 5-tuple (X,E, F,*,0) is said to be a generalized intuitionistic fuzzy metric
space, if X is an arbitrary nonempty set, *is a continuous t-norm, Qis a continuous t-
conorm, G and H are fuzzy sets on X3 x(0,00) satisfying the following conditions: For
every x, y, z, a€ X and t,s>0,
(i) Exyzt)+FXxyzt)<l,
(ii) E(x %, y,t) >0 for x #y,
(iii) E(x,x,y,t) 2E(x v,z t) fory #z,
(iv) E(xy,z t)=1ifandonlyifx=y =7z,
(v)] E(xYy,zt)=E(p(xyz)t), where p is a permutation function,
(vi) E(xa,at) *E(a,y,zs) <E(x vy, zt+s),
(vii) E(x,y,2,.):(0,00) = [0,1] is continuous,
(viii) E is a non-decreasing function on R*, lim o E(x,y,z,t) =0 and lim-« E(X, y,7,t) = 1,
(ix) (ix) F(x, %, y, t) <1 for x #y,
(x) F(xxvy t)<F(xvy, zt)fory #z
(xi) F(x,y,z t)=0ifandonlyifx=y=1z,
(xii) F(x,v,z t) = F(p(xy,z),t), where p is a permutation function,
(xiii) F(x,a,a,t) 0 F(a,y,z s) 2F(x,y, z, t+s),
(xiv) F(x,y,z,.):(0,00) = [0,1] is continuous,
(xv) Fisanon-increasing function on R+, limeo F(x, y, z,t) = 1 and limw F(x,y, Z, t) = 0.

In this case, the pair (E,F) is called a generalized intuitionistic fuzzy metric on X.

Example 2.2.

Let (X,E) be a G-metric space, and let u *v = min {u,v} and « ¢ v = min {u +
v,1} for all u,ve [0,1]. Define E and F by

E(xyz)
t+E(xy,z)

Exy zt) = : )andE(X,y,z,t)=

t+E(xy,z

for all x,y,z€ X and for t >0. Then(X,E, F,,¢) is a generalized intuitionistic fuzzy
metric space.

Definition 2.3.

Let X be a nonempty set. An element (x,y) € X x X is called a coupled fixed
point of the mapping A: X x X = Xif x = A(A,p1) and y = A(wA).

Definition 2.4.

Let X be a nonempty set.An element(x,y) € X x X is called a coupled
coincidence point of A:X x X = X and I':X — X if I'x= A(x,y) and I'y= A(y,A), a common
coupled fixed point of A:X x X - X and I'X » X if x =I'x= A(x,y) and y = T'y= A(,A).

Lemma 2.5.

Let (X, E, F,*,0) be a generalized intuitionistic fuzzy metric space.

ThenE(X, y, z, .) is non-decreasing and F(X, y, z, .) is non-increasing with respect to t for
all x,y,z€ X.
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Lemma 2.6.

Let (X, E, F,x,0) be a generalized intuitionistic fuzzy metric space.Then E and F are
continuous functions on X3 x (0,00).

Definition 2.7.
Let (X, E, F,*,0)be a generalized intuitionistic fuzzy metric space. The pair (G,h), where
A:X x X — X and I':X — X, are said to be compatible if for all t >0

lim E(T'(A(An,1tn)),T (A(n,10)), AT (An),T (1), ) = 1,

n—oo

HME(T (A (o, An)), T (A (1, A0)),A(T (1), T(An) 1)) = 1 and

n—oo

limF (T (AAn1n)), T (A An 1tn)), AT (An), T (1n) 1)) = O,

n—oo

HMF(C(A (M An)), T (A (nAn) ), AT (1), T(An) ) = 0

n—oo

whenever{A,} and {u.} are sequences in X such that limn-e A(An,ln) = limpoe [(An) = A
and limp—oo A(pn,An) = limp—e ['(1s) = , for some A,u € X.

Lemma 2.8.

If the pair (A,I'), where A:XxX — X and I':X — X, is compatible in (X,E), then the pair
(AT is compatible in the corresponding space (X, E, F,*,0)as in the example stated
above.

Proof.Let {A,} and {u.} be sequences in X such that limp-eo A(An M) = limnse [(An) = A
and limn-e A(pn,An) = limpse I'(1n) = p for some A,p € X. Then the same limits also hold
in (X, E, F,*,0). Since A and I' are compatible in (X,E), we have

limE (T'(A(An, 1n)), T (A(An 1n) ), A (T (An),T (1)) = O,

n—oo

HME (I (A(nAn)),T(A (o, An) ), A(T (1), T (An)) = 0.

n—-oo

For all t >0,
E(C(AAns 110))s DAy pin)), AT (M) L)), t) =

t
t+ E(F(A(/\ne ﬂ-n)) (A()\n Hn J A(F()‘n)v F(ﬂn)) '
E(D(A (s M) DA (i An))s A (1), D), 1) = *

t+ E(T(A(pn; An))s F(A(kn, An))s AT (pn), T'(An))

A, M0, ST TG~ 7 T IO ) IO )
_ E(F(A(J{L”, /\n.)) F(A(Jun n ) '—\(F(JUJN.)-. F(/\n))

t+ E(F(A(J{L”, /\n.)) F(A(Jun /\n)) '—\(F(JUJN.)-. F(/\n)) )

)

F(L(A(ptns An))s T(A(pn, An))s AT (), T(An)), 1)

Taking n — oo in the above equations, we have, for all t >0

lim E(T(A(An,1n)),T(F (A, 1n)),A(T (), T (1), 1)) = 1,

n—-oo

HME(T(A (1o An)), T (F(nAn) AT (1), T (An), 1) = 1,

n—-oo

1imF (T (A (An,140)), T (F (An, 1n) ),A(T (An),T (1n),£)) = 0,

n—-oo

limF (T (A(pnAn)), T (F (n,An) ), A(T (1), T'(An),8)) = 0.

n—oo
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Therefore (A,I') is compatible in (X, E, F,x,0). O

Lemma 2.9.

Let (X,E, F,*,0) be a generalized intuitionistic fuzzy metric space having t-
norm and t-conorm of HadZi¢type for which E(x, X, y,u) = 1 and F(x, X, y, u) = 0 as
u — oo, {A,} and {un} in X satisfy, for alln > 1, t >0,

t f
E(/\na/\n:/\n—}—lst) * E(ﬂn, :U'n-.”'u-{-lst) 2 E(/\n—le)‘ﬂ.—ls/\n: E) * E(ﬂ‘n—l:ﬂﬂ—leﬂ'na ) (291]

t
k

t t
F{/\m Ans /\'J'I.-‘rl:' t) < F(:un-. Hns fn41, t) < F(/\n—la An—1sAns E) <& F(ﬂ?i—l: Hn—1; Hn, E) (292]
with some 0 < k <1, then {A,} and {u.} are Cauchy sequences.

Proof.We successively apply (2.9.1) and (2.9.2) to obtain for all integersi = 1,t>0 and

q=0,
t t

E(/\q+i'- )‘q+is /\q+z'+1s t) * E(,qu+i: Ha+is JU»q+i+1=t) 2 E(Aqe /\qe )‘q+la _3) * E(»Uq: Hqs g1, F)s
(2.9.3)
t t
F()‘qﬂa /\q—H.: /\q+i+1 1) o F(”q-{-?‘.: Ha+is Hg+i+1; t) > F(Aq, )\q‘:‘ )\q+1: E) & F(P:q: Has Hg+1, E)
(2.9.4)

Let e > 0 and 0 <A <1 be given. Let p be an integer such that p > q. Then
-k
k > 6(1 -k(1+Ek+... + kp—q—ll-

€>¢€
1

By Lemma(2.5), forallp>q,
E(Ags Ags Ap, €) x E(f1g, f1q, pips €)

> {EMgs Agp Apy €(1 = B)(L+ k4 -+ kP77 ) % BE(pg, pigs prpr€(L — k) (L 4+ k +--- + kP7971))}

or
E(’\q‘ ’\f.’! /\Pv E) * E(Juqu Hgs Hps f)
> {E(Ag, Ags Ag+1.€(1 — k) % E(Agi1: Ag1: Age2, €k(1 — k) % - % E(Ap—1, Ap—1, Ap, kP11 (1 = k))
* E(pg, figs pgt1, €(1 — k) * E(pgi1, Bgt1s fig+2, €b(1 — k) % -+ E(pp_1, pp—1, fip, ekp—a~! (1-k))}
= {E()‘G!/\f?'- ’\fH-]vE(l - k)) * E(ﬂqvﬁqaﬂq-}-lv 6(1 - ‘!”))}
# {E(Ag4+1, Ag+15 Ag2, €k(1 — k) * E(pig41, pg+1, fgt2, €k(1 — k))}

sk {E(Ap—1, Ap—1, Aps ekP—a-1 (1 —=F)) * E(ptp—1, tp—1, [p, ekp—a-1 (1—-k))} (2.9.5)
F(Ags Mgy Aps €) © F(pug, pigs fip, €)

<HF (A, Ags Agr1.€(1 — k) © F(Ag1: Aga1, Agr2, €b(1 — k) o - - - <>F()\p_l,)\p_hAp,ek:p_q_l(l —k))
O Fpgs pgs g1, €(1 — k)) © F(pig1, g1, g2, €k(1 —k)) o -+ 0 F(pp—1, pp—1, pp, kP! (1-k))}
= {F(Ag; Ags Ag1: €(1 — k) © Fpigs pigs prg+1,€(1 — k) }

O {F (Ag+15 Ag1, Ag2, €kb(1 — k) © F(ptgi1, g1, g2, €k(1 — k))}

oo {F( M1, Ap—1, Ap, kP T 11 = k) 0 F(pp—1, pip—1, tp, kP~ 1(1 = k))} (2.9.6)

We putf = (1 —k)ek' in (2.9.3) and (2.9.4), we get, forallq 2 0,i> 1, _
E(Agtis Agis Agri+1, (1 — k)ek®) * E(pgiis gris pgtitr, (1 — k)ek’)
> E()\qe /\q-. /\q-i-ls (1 - k)G) * E(!an Has Hg+15 (1 - k}f)-.

F(Agtir Adgris Agritts (1= k)ek") o F(uqyi, gy it (1 — k)ek’)
< F(Ag; Ags Ag1, (1 = K)e) © F(pg, pg, fig+1, (1 — k)e)

From the above, and using (2.9.5) and (2.9.6), with p > q, we get
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E(Ags Ags Ap, €) * E(piq fig: pip, €))

> {E(Ag, Ags Mgy, €(1 — k) % Epig, pigs prg+1.€(1 —k))}

# {E(Ag+1, Ag1, Ag2, €(1 = k) * E(pgi1, pg1, g2, €(1 — k) }
ko {E(Ap—1, Ap—1, Aps €(1 = k) * E(pp—1, prp—1, prp, €(1 — k)) }
F(Ag: Ags Aps €) © F(pag, g, tps €))

< A{F(Ags Ags Agr1: €(1 — k) © Fpg. pig: pg+1, €(1 — k)

O {F (Ag+15 A1, Agt2s €(1 — k) * F'(lg+1, fg+1, Hg+2,€(1 — k) }
O 0 {F(Ap—1: Ap—1: Ao €(1 — k) © F(ptp—1. flp—1, pip- €(1 — k) }

E(Ags Ags Apy €) * E(f1q, piq, pips €) 2+ IH{E(Ng, Agy Ag1, €(1 — k) * E(pug, prgs prg+1,€(1 — k))}

(2.9.7)
F(/\qs )‘q! )\ps f) < H(qu Hgs Hps f) < Op_q{F(/\q: /\Qs /\q+1 3 f(l - ‘!")) < F{.‘“‘q: Hgs Hg+1, E(l - ‘!v))}
(2.9.8]
By equicontinuity of t-norm at 1, there exists n(A) € (0,1) such that for all m > n,
xm-n(g) >1 - A (2.9.9)
and by the equicontinuity of t-conorm at 0, we have
oMM (u) < A (2.9.10)

whenever 1 2 s,u>1(A), where 0 <A <1.

Since E(Ao,A0,A1,u) = 1,F(A0,A0,A1,u) = 0 as u — oo, there existsd (g, A) such that
(1-K) (1-K)
E (}\0’7\0’)\1’1(—“6) * E (IJ-O' Ko, llpTe) >n()(2.9.11)

F (o, 2o, 41, 552) 0 F (o, o, by, ) < nW)(29.12)
Whenever” = N (¢, A).
From (2.9.3), (2.9.4), (2.9.11) and (2.9.12) withq = 0, i = n = ¢(g,N)and? = (1—k)e,
we have

EM s Ay A1, (1 = k)€) % Epin, fin, pins1, (1 — k)e) > n(N)
F(An, Any Ang1, (1= k)e) © Fpin, fin, fin+1, (1 — k)e) < n(X).
Then, from (2.9.9), (2.9.10) with
s = E(Ap, Any A1y (1= K)e) * E(pn, fin, o1, (1 — k)e)
= F(An; Ay Ant1, (1 = k)e) © F(pin, iy pnt1, (1 — k)€,
and withm > n > ¢(€,A), we have
W AE A, Ay Ang 1, (1 = K0€) * By, iy, Hngr, (1 —K)) > 1 =2
0= {F (A, A, Ans1, (1 = K)€) 0 Fitn, i, Mns1, (1 = K)O) <A
By (2.9.7) and (2.9.8), forallm > n > N(¢, A), we obtain
E(XAps Ay A €) % E( iy s fims€)) > 1 — Agnd
F(Ans Ay A €) © F (s fims oy €)) < A,
which imply that
EAn A Am,€) > 1 —2Aand F(A,, Ap, A, €) < A,
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E(Up, My My €) > 1 — A and F(uy, Uy, Um, €) < A forall m,n = N(g, 7).

As € > 0 and A are arbitrary within their range, Anand p,are Cauchy sequences. O

3. Main Results

Theorem 3.1.
Let (X, E, F,*,0) be a generalized intuitionistic fuzzy metric space having Hadzi¢type t-
norm and t-conorm. Suppose that E(x,y, z,s) = 1 and F(x,y, z,s) = 0 as s = oo, for all
x,y,2€ X and partial order< on X. Let A:X x X = X and I':X — X be two functions of
which Ahas mixed '-monotone property and satisfy the conditions:

E(AN 1), AN 1), A, &), ks) x E(A(p, N), A(p, N), A€, v), ks)

> E(I'(A),I'(N), (), s) =« E(I'(p), I'(p), I'(v), s), (3.1.1)
F(A(N, ,U,).. A(A, ,u.)T A(v, &), ks) o F(A(pu, )\): A(p, )\)__ A(&,v), ks)
< F(L(A),L(A), T(u), s) o F(I'(p), T'(p), L'(v), 5), (3.1.2)

for all A, ,v,8€ X,s >0 with I'(A) = T'(u) and I'(#) = T'(v), where 0 < k <1 andA(X x X)
C I'(4), (I',A) is compatible.Suppose either (a) Ais continuous or (b) If {zp} — z is such
that?r = #p+1, for every p 2 0, then?» = % for every p 2 0; If {z,} = z is such that
Zp Z Zp+1, for every p = 0, then®» = Z for every p = 0.

If there exist Ao,lo € X for which L(Ao) = A(Xos o), T(po) = Alpo, )\U), then there
exist A,u € X for which I'(A) = A(A,p) and () = A(wA).

Proof.Let Aouo € X for which T'(A) < A(Ay, 1), I'(He) = A(ug, Ap)). Consider the
sequences{A,} and {,} in X given by
[(Ap+1) = A(Ap,pp) and I'(pp+1) = A(pp,Ap) forall p 20, (3.1.3)

Then it follows that for all p 2 0, . .
F(A) X T(Ap+1) and (3.1.4)

[(pp) = Tppta), (3.1.5)

Let s >0,p= 0 and k = 1. By (3.1.3), (3.1.4) and (3.1.5), and, from (3.1.1) and (3.1.2), we
have

E(T(A),T(A),T (Ap+1),ks) * E(T'(1p),I'(1p), T (1p+1).KS)
= E(A(%-1), 1p-1,A(Ap-1,1p-1), A(Ap, 1p) KS) * E(A(Kp-1,Ap-1),A(Hp-1,4p-1), A (1p,Ap) KS)
2 E(T'(Ap1),T (Ap-1),T(Ap) ks) * E(T (pp-1),T (kp-1),T'(1p) . ks) and

F(F(’\p)! F(’\p)! F(/\p} 1), ks) o F(F(ﬂp)e I_‘(.Iu'}))'- F(Jf-"'pi 1), ks)
= F(A()\p—lv Hp—1, F()‘p—lv ﬂ-p—])v 'A(’\p'r :U-p)-. k“) < F(A(”p—l- Ap—l)«. A(:”-p—l«. )\p—l)? A(Ju"p-. /\p)- k")
< F(D(1),T(p-1), D). ks) © F(D (1), D(ptp-1). Tty). k).

that s,
E(F(Ap)' F(}‘p)' l“(}‘p+1)' s) * E(F(“p)' F(“p)' r‘(“p+1)' s)
> E(T(p-1), Tp-1), Tp), D) * E (T(1tp-1), T(1p-1), T(11p), ) (3-1.6)
F(F()‘p)' F()‘p)' l“()‘p+1)' s) ¢ F(F(“p)' F(“p)' l“(“p+1)' s)
< F(CRp-1), TRp-1), T, D) 0 F (T (1p-1), T(1p-1), T(1p), 1) (3-1.7)
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(3.1.6), (3.1.7) together with Lemma (2.9) exhibits that {I'(A;)} and {I'(yp)} are Cauchy
sequences and hence converge as X is complete. Therefore there exist A,u€ X such that

lim I'(Ap) = A and lim I'(yp) = p (3.1.8)
p—)OO p—)OO

Therefore,

lim I'(Ap+1) = lim A(Ap,pp) = A and lim I'(pp+1) = lim A(up,Ap) = p
Since the pair (I',A) is compatible, the continuity of I' and Definition (2.7) imply that
['(A) = lim I'(I'(Ap+1)) = lim T(A(Ap,p)) = lim A(T'(Ap),I'(1p)) (3.1.9)
p—oo p—>oop—0o

F(W) =lim I (T (kp+1)) = lim T(A(kpAp)) = lim AT (1p),T'(2p)) (3.1.10)

Suppose that (a) holds. Then from (3.1.9), (3.1.10) and by using (3.1.8), we have that
[(A) = lim T'(A(Ap,1p))

p—>

= lim A(T(A), T (1))

p—

=A(limI"(Ap), lim '(pp)) = A(A,p)and

p—)oo p—)OO

(w)=lim T(A(up,Ap))
p—©
= lim A(T'(kp),T (2p))

p—oo

= A(lim I'(yp), lim T'(Ap))
p—ooo p—©

= AR,

Therefore I'(A) = A(A,u) and T'(y) = A(w,A).
Suppose that (b) holds. By (3.1.4), (3.1.5) and (3.1.8) we have that, for all p > 0,

I'(Ap) = Aand T () = -
Since I' is monotonic increasing,
L(T(Ap)) 2 T(A and r(r(t)) = L1y (3.1.11)

Now, for all s >0,p= 0, we have

( (A 1)y AN 1), TAAps 1)), )

B(A 1), A 1), T (A1) ) % T (A1) DT (1) DA 1)) (5 — ks))
( (A, 1), A, 1), T(A(Ap, 1)), )

F(AG 1), AR 1), DT (Api1)), ks) © FOT (1)), D A1) DA g 1)), (5 — ks)).

Letting p = oo, we get, for all s >0,

Tim E(AQ 1), AR 1), T(ACy: 1)), 5
> lim E(AQ 1), A1), DT (1)), k) # BT 1)) D Op1): TAChps ). (5 = k),
Tim F(AQ ). A 1), T(E (s 17)): )
< lim F(AQ, 1), A1), T(T (1)), b3) © PO (i 1), T Op1)) DA Oy 1)), (5 bs))

That is,
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EQAAWARWLTA)S)

= limE(AA),AAW),T (AR 1p)) ks) * E(T(T(Ap+1)),T (hg(Ap+1)),T(A), (s ~ks))

p—)OO

=E(AAW),AA W), lim T(A(Ap1p))ks) * E(lim T'(T(Ap+1)), lim T'(T'(Ap+1)),T(A),(s —ks))

p—>oop—0oo p—

= E(AQLW),A(A W), lim A(T(Ap),T(1p)),ks) * E(T(A),T(A),L(A),s —ks) by (3.1.9)

p—)OO

=limE(A(T(A),T (1)), A(AI),A(A W) Ks) * 1

p—©

= limE(A(T(4:),T (1)), A(A1),A (A1) ks)

p—©

ThereforeE(A(A,w),A(A,W),I'(A),s) = ImE(A(T'(Ap),T (1p)),AA1),A(A,1),ks).(3.1.12)

F(AO 1), A1), (). 9) o
= Jim {F(AQ 1), A 1), DAy, 1)), k8) & FDT 1)), T Oy 1), D), 5 = )

F(AA, 1), A(A, 1), lingof(ﬂ(/\psﬂ-p})-.ﬂ'-‘-s}oF( lim 1“(1“(/\;;+1))splggof(F()\erl)}-.1“(/\)=(S — ks))
F(AQ 1), A 0, lim )AL (), D(11p)), k) © F(D(N, D), TN (s = ks))by (3.1.9)

= lim F(AT(Ap), D(pp)). A 1), A(X, ), ks) 0 0

= llm F(AMA).T(11p))s AN, 1), A(A, 1), ks)

;u—) o0

Therefore F(A(A1),A(A1),T(A),s) < limF(A(T(Ap),I(u1p)),AA1),A(A 1), ks). (3.1.13)

p—©

Similarly, we obtain for all s >0

E(A(RA),ARA),T(1),s) = imE(A(T(p),T(A)),A(A),A(1A) ks) and (3.1.14)

p—>

F(AGwA),A(A),T (1),s) < limF(A((1p),T'(2p)),A(1,A),A(1,A) Ks). (3.1.15)

p—©

From (3.1.14) and (3.1.15), using (3.1.10) and (3.1.11), for all s >0, we have

EQAAWAMRW,TA)s) * E(A(A)AA),T(W),S)
2 limE(A(T (A),T (1p)),A (A1), A (A, 1) ks) * HME(A(T (1p),T'(A5)),A (1,A), A(K,A) Ks)

p—© p—o©
>lim E(F(F(Ap)), FO\), ), FO\), S) * lim E(F(F(up)), F(u), ), F(u), S) (since *is continuous)
p—o p—o

=E(lim (T(T(A)),L(A),T(A),8) * E(imE(T(T'(p)), I (1), L' (1),5)

p—)OO p—)OO

= E(Fgl);li(l).l"(l);S) *E(T(W),F (W, (1),s)) by (3.1.9)

F(A(, 1), A, 1), T(2), s) * F(A( A, A(w, A),T(R), s)
<lim F(A(T(Ap), T(kp)), A W), A(A, W), ks) O lim F(A(T (kp), T'(Ap)), A(k, A), A, A), ks)

p—)OO p—)OO

<lim F(F(F(Ap)), FO\), ), FO\), S) O lim F(F(F(up)), F(u), ), F(}J.), S) (since()is continuous)

p—oe p—

=F(lim (T(I'(2p)), T(A), T(A), s) * F(lim E(T(T'(up)), (1), T (W), 5)

p—>00 —)OO
=F(I@),r@), FU\) ,8) OF(I'(W), T(w), I'(w), s)) by (3.1.9)
=000=0.

Thatis,
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which implies that I'(A) = A(A,u) and (1) = A(u,A).Hence the proof. [

Corollary 3.2.

Let(X,E, F,*,0)be a generalized intuitionistic fuzzy metric space having
Hadzi¢type t-norm and t-conorm such that E(x,y,z,s) - 1and F(x,y,z,s) 2 0ass =
oo, for all x,y,z€ X.Let < be a partial order on X. Let A:X xX — X and I':X — X be two
functions of which Ahas mixed I'-monotone property and with the following
properties:

E(AO, 1), A 1), A1, €), ks) % E(A(u, A), A, \), A(E, v), k)
> E(I'(A),I'(A),I'(u), s) * E(I'(p), T'(p), T'(v), s),
FIA 1), A 1), A, €), ks) 0 F(A (. A). A, ), A(E,v), ks)
< F(I(A), I'(

FA)F()é)OF( (1), T(p), L(v), s),
for all LEve X,s >0 with [(A) = I'(u)and I'(1) = T'(¥) where 0 <k <1 andA(X x X)
€ I'(A), T is continuous and monotonic increasing, (A,I') is a commuting pair. Suppose
either (a) Ais continuous or (b) If{z,} — z is such that®» = #p+1, for everyp = 0 then
Zp = Z for every p 2 0; If {z,} = z is such that®» = Zp+1, for every p = 0, then % = Z for
every p 2 0.

If there are Ao,po € X for which I'(Ao) = A(Xo. p10). I'(k0) = A(40: Mo), then there exist
Ap € X for which I'(A) = A(A,p) and I'(p) = A(wA).

Proof. As commuting pairs are also compatible pairs, the result follows from Theorem
(3.1). It is established with an example that the Corollary (3.2) is actually contained
within Theorem(3.1). O]

Corollary 3.3.

Let (X,E F,*,0)be a generalized intuitionistic fuzzy metric space having
Hadziétype t-norm and t-conorm. Suppose that E(x,y,z,s) > 1 and F(x,y,z,s) 2> 0 ass
— oo, for all x,y,z€ X. Let< be a partial order on X. Let A:X x X = X and I':X — X be two
functions of which Ahas mixed TI'-monotone property and with the following
properties:

E(AN 1), A 1), A, &), ks) * E(A(p, N), A(p, ), A&, v), ks)
> E(L(A),T(A),I'(u), s) x E(T ( 1), T'(p), T'(v), ),

F(A p), AN p), A(v, §), f\s)of(ﬂ p: A). A(;; A),A(E,v), ks)
< F(I'(N),I'(A),D(u),s) o F(I'(p), C(p), (v), s),

for all L, i,EvE X,s >0 with A = #tand ¥ = &, where 0 <k <1 and A(X x X) € ().
Suppose either (a) Ais continuous or (b) If {z,} = z is such that*» = Zp+1, for every p =
0, then® = Z for every p 2 0; If {z,} = z is such that®» = Zp+1, for every p = 0, then
Zp = Zfor every p 2 0.

If there are Ao,lo € X for which ['(Ao) = A(Ao, o), T'(po) = Alpo, /\U), then there exist
AU E X such that T'(A) = A(A,u) and T'(p) = A(wA).

Proof. Taking I' = I in Theorem (3.1), the result follows.

Example 3.4.
Let (X, =) be a partially ordered set with X = [0,1] and the usual relation
ordering < on real numbers. Let for all s >0,p,q,z€ X,
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A(p,q,2,s) = exp{ —(p—al+ |'3'8_ z| + |z — p[)}

exp{ —(|P—f?|+|fi;—2|+|3—ﬂ|)} ~1

H(p,q,z,5) =

—(lp—gl+lg—=|+|z—p]) }

exp{ -
Let u *v = min{uyv} and¥°? = min{u+v,1} Then (X,E,F,*,0) is a complete
generalized intuitionistic fuzzy metric space such that E(p,q,z,s) = 1 and F(x,y,z,s) = 0

as s = oo, for all p,q€ X. Let the I''X = X and A:X x X — X be defined by
A _,2 — 2
r(p) - %pzfor all? € X, A(p QJ = %

Then A(X x X) € I'(A) and Asatisfies the mixed I'-monotone property.

Let {t.} and {rn} be sequences in X such that

limp—oo A(tn,In) = a,limp—co F(tn) = a,limp—e A(rp,ts) = b and limp—e I'(1y) = b.
.2 2

2 I.'Z ¥ ¢
Now, for all” = 0:I'(tn) = g7 ens Drn) = gy Altn,1n) = : T and A(rn. tn) = ".1f".

Then a and b must be zero. Lemma(2.5) gives then, for all s >0,

limE (T (A (tn,rn)), T (F(tn,rn)),A(g(tn), T (rn),8) = 1,

p—©

limF(I'(A(tn,rn)),T(F(tn,rn)),A(g(tn),I (rs),s) = 0, and
plimE(F(A(rn,tn)),F(F(rn,tn)),A(g(rn),r‘(tn),s) =1,
fimF(F(A(rn,tn)),F(F(rn,tn)),A(g(rn),F(tn),s) =0.
p—>®©

Therefore (A,T') is a compatible pair.

Now we show that the inequalities (3.1.1) and (3.1.2) hold.
2|A(p,q) = A(wyv)| 2 [I(p) - (W] +|T(q) ~T(V)], p2u,q<v,and (3.4.1)
2|A(q,p) - Av,u)| 2 [F(q) -T(V)| +|T(p) -T(w),pzu,qs=v. (3.4.2)

From (3.4.1), for all s >0 and 0 < k <1, we have Similarly from (3.4.2), we get
—(1A(g,p) — A(v,u)])

exp IS > min{E(I'(p),'(p),I'(u),s), E(I'(g),I'(q),'(v),s }}(3 43
exp —(Al p)k; A0, ) < maz{F(I'(p).T'(p),'(u),s), F(I'(q).I(q),I'(v), -"')}(3_4_4

From (3.4.3) and (3.4.4), we obtain that

min{E(A(p,q).A(p,4),A(v,8).ks), E(A(q,p),A(q,p),A(8V) ks)}
2 min{E(I'(p),I'(p),I'(u).s), E(I'(q).I'(q),I'(v),s)} and

max{F(A(p,q),A(p,a),A(v.,8).ks), F(A(q,p),A(q,p),A(8, V) ks)}
< max{F(I'(p),r'(p),T'(n),s), F(T'(q),I'(q).I'(V),$)}-

Therefore
(A( ), A(p, ¢ ) v,€), ks) * E(A(g, p),
> E(I'(p),I'(p). 1 )*L(I() (q), T'(v),
(. q), A( )
I(

[

(a,p), A&, v), ks)
5);
(q p). A&, v), ks)

Dw._./

(Ap) P.q ( §),ks) o F(A(g.p
< F(I(p),I'(p), () s) o E(I'(q),I'(q), T'(v), :

\._./
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Thus (3.1.1) follows.Similarly, the remaining cases follow. Thus Theorem 3.1 can be
applied.It can also be found that (0,0) is the coupled coincidence point of (A,I).
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