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Abstract A simple graph G(V,E) is 1- Neighbourly edge irregular graph(1NEI) if no two
adjacent edges of G have same number of edges at edge distance one. In this paper, we prove a
necessary and sufficient condition for a graph to be 1-NEI graph and some results on it. We
study some properties of 1-NEI and several methods to construct 1-NEI graph from a givenl-
NEI graph. It is shown that every graph is an induced subgraph of some 1-Neighbourly
irregular graph.
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1. Introduction

Throughout this paper we consider finite, simple connected graphs. Let G be a graph with n vertices
and m edges. The vertex set and edge set of G are denoted by V (G) and E(G) respectively. The
degree of a vertex v €V (G) is the number of vertices adjacent to v and is denoted by dg(v) or simply
d(v).The concept of Neighbourly irregular graphs was introduced and studied by S. Gnaana
Bhragsam and S.K.Ayyaswamy [2]. N.R. SanthiMaheswari and C.Sekar introduced the concept of
m-Neighbourly irregular graphs [6] and neighborly edge irregular fuzzy graphs [12]. The degree of
an edge e = (u,v) as the number of edges which have a common vertex with the edge e. (i.e)deg(e) =
deg(u) + deg(v) —2[5]. Edge regular graphs are those graphs for which each edge has the same
degree.The distance between two edges e; = (u3,vi) and e = (Uz,v2) is defined as ed(ei,e:)=
min{d(us,uz),d(us,v2), d(vi,uz),d(v1,v2)}. If ed(ei,e2) = O, these edges are neighbour edges[4]. The
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purpose of this paper is to introduce a new class of graphs based on distance property in edge sense.
The concept of 1-Neighborly edge irregular graphs is analogous to m-Neighborly irregular graphs
but considering the distance between the edges instead of vertices.This is the background to
introduce 1- Neighborly edge irregular graphs.

2. Preliminaries

We present some known definitions and results for ready reference to go through the work presented
in the paper.

Definition 2.1. A graph G is said to be neighborly irregular if no two adjacent vertices of G have the
same degree.

Definition 2.2. A connected graph is said to be m-Neighborly Irregular(m-NI)graph if no two
adjacent vertices of G have the same number of vertices at a distance m away from it.

Definition 2.3. A graph G is said to be Neighborly edge irregular if no two adjacent edges of G have
the same edge degree.

Definition 2.4. Let be G be a graph. For any two distinct vertices u and v in G, u is pairable with v if
N[u] = N[v] in G. A vertex in G is called a pairable vertex if it is pairable with a vertex in G.

Definition 2.5. Let G be a graph. A full vertex of G is a vertex in G which is adjacent to all other
vertices of G.

Definition 2.6. The support ss(v) or simply s(v) of a vertex v is the sum of degrees of its neighbors.
That is, S(V) =  uenw) d(u).

3. 1-Neighborly edge irregular graphs(1-NEI)

In this section, we introduce 1-Neighborly edge irregular graphs and study some properties of
these graphs.
Definition 3.1. A simple graph G(V,E) is 1- Neighborly edge irregular graph(1-NEI) if no two
adjacent edges of G have same number of edges at edge distance one.

Example 3.2.The following graph proves the existence of 1-NEI graphs.

2.1. Figurel

Results:

There are no 1-NEI graph of order n = 3,5and 7. For n = 4, P4is the 1-NEI graph

Let G be a 1-NEI graph. Then there will not be more than one pendant edges at any vertex.

Let G be a 1-NEI graph. Then there is no Pswith internal vertices of degree 2 and external vertices of
same degree as an induced subgraph.

For any edge uvinE(G), edi(uv)=s(u)+s(Vv)-> xeNwnNw) d(X) -2ed(uv)-m-2 where m is the number of
edges in the induced subgraph<N(u)UN(v)>.

The following theorem proves a necessary and sufficient condition for a graph to be 1-NEI graph.
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Theorem 3.3 A graph G is a 1-NEI graph if and only if for any two adjacent edges uv and vw , then
(s(u) —s(w)) —(d( ) —d(W))F> xeNwnNw) d(X) —> yeNw)nnw) d(y)+(a- b), where a and b are the number
edges in the induced subgraphs< N(u) UN(V)\{u,v} > and < N(v) UN(W)\{v,w} > respectively.
Proof: .Let G be a 1-NEI graph. Let uvand vwbe any two adjacent edges.Then edi(uv) tedi(vw)
which implies:

s(u)+s(v)-> xeNwnN) d(x) -2ed(uv)-a-2ts(v)+s(w)-> yeNw)nNw) d(y) -2ed(vw)-b-2
where a and b are the number edges in the induced subgraphs < N(u) UN(v)\{u,v} > and
<N(v) UN(W)\{v,w} > respectively, since ed(uv)=d(u)+d(v)-2 and ed(vw)=d(u)+d(w)-2,(s(u) —s(w))
—(d(u) —d(W)) = xenwnnw) d(X) =2 yeNpnNw) d(y)+(a- b).
Conversely suppose that (s(u) —s(w)) —(d(u) —d(w)) #> xeN@wnNw) d(X) =5 yeNwnNw) d(y)+(a- b) , for
some two adjacent edges uv and vw, that is:

s(u)+s(v)-> xeNwnN) d(x) -2ed(uv)-a-2ts(v)+s(w)-> yeNwv)nNw) d(y) -2ed(vw)-b-2.
This implies that edi(uv) fed1(vw). Hence G is a 1-NEI graph. O

Theorem 3.4. .Let G be a 1-NEI graph without triangles . If there are two adjacent edges uv and vw

in E(G) with d(u) = d(w), then s(u)is(w).

Proof: Let G be a 1-NEI graph with girth at least 5. Let uv and vw be two adjacent edges with d(u) =
d(w). Then:

edz(uv) =s(u) + s(v) =) xeNwnN) d(X) -2ed(uv)-a-2 and edz(vw)=s(v) + s(w)-> yeNw)nNw)
d(y) -2ed(vw)-b-2.

Since girth of G is at least 5, [N(u) N N(v)| = [N(v) N N(w)| = 0 and a=b=0 . If s(u)=s(w), then ed:(uv) =
ed:(vw), which is a contradiction. [

Corollary 3.5. If G is a 1-NEI graph without triangles, then there is no P (say uvw ) such that d(u) =
d(w) and s(u) = s(w).

Theorem 3.6. Let G be a 1-NEI graph without triangles. For any two adjacent edges uv and vw , then
N(u) fN(w).

Proof: .Let G be a 1-NEI graph without triangles. suppose there are some adjacent edges uv and vw
such that N(u) = N(w), then d(u) = d(w) and s(u)=s(w),since girth of G is at least 5,

IN(u) N N(V)| = [N(v) N N(w)| = 0 and a=b=0. Then ed;(uv) = edi(vw), which is a contradiction. O

Theorem 3.7. A graph with a pairable vertex is not 1-NEI graph

Proof: Let G be a graph with a pairable vertex u, pairable with v, Then N[u] = N[v]. If N(u) = N(v) =
{u1,uz,...,uq} , then edi(uui) = edi(vu;) for 1 <i<d, which is a contradiction. O

Theorem 3.8 .Any graph with more than one full vertex is not 1-NEI graph.

Proof.Suppose G has more than one full vertex say u and v. Then N[u] = N[v], If N(u) = N(v) =
{u1,Uz,...,Ug}, then eds(uu;) = eds(vu;) for 1 <i<d,Gis not 1-NEI graph. 0

Theorem 3.9. Let G be a 1-NEI graph. Then there is no cycle in G with vertices vi,vz,...,vmsuch that
d(vi) = d(vis2) = 2 and d(vi-1) = d(vi+3) for some 1 <i<m.
Proof: .If there is a cycle in G with vertices vi,va,...,vmsuch that d(vi) = d(vi+2) = 2 and d(vi-1) = d(Vi+3)
for some 1 <i<m, then edi(vivi+1)= ed1(vi+1Vi+2), which is a contradiction. OJ

Yousefalavi [1] proved that for every positive integer n = 36 ,5,7, there exists a highly irregular

graph of order n.
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Theorem 3.10. For every positive even integer n = 2d,d > 3, there exists a 1-NEI graph of order n
and it is denoted by 1-NEl .

Corollary 3.11. For every positive odd integer n > 11, there exists a 1-NEI graph of order n. For, we
can construct G*from 1-NEly-s) by attaching a graph as in Figure 2 at ui or vp-s) . edi(e) in
G*=edi(e)+1 in G, edi(u1v) in G*=eds(usvy) + 2 in G, edy(vw)=d(u) + 1 in G, edi(wz)=edxy) = 2 and
edi(wx) = 1. Then G*is also a 1-NEI graph of order n.

@ Yy
U - -
=
u
2.2. Figure 2

Remark. We can construct a 1-NEI graph of order n+2 from 1-NEl) by attaching 2 new vertices u
and v and joining the edges uv and vvi, 1 <i < d.The resulting graph G"is a 1 —NEI graph of order n
+ 2.

For illustration, the graph G"constructed for 1-NElg is given in Figure 3.
u

2.3. Figure 3

Results:

o Let Gibea 1-NEI graph. Let v be a vertex of degree 1 which is adjacent to the vertex u s.t
d(u) > 3 as in Figure 4,which satisfies ed;(uv) + 1 fed(uv) and ed:(uu;) *ed:(uiv;) + 1 for
uiinN(u) and v;jinN(u;). We can construct G; by introducing Psat v .Then
edy (uv;) in G = edi(uiv;) in Gytedi(uu)+1 in Gi = edy(uui) in G1*, edi(vx) in G1"= ed(uv)

inG1 # edi(uv) +1 in Gy =edy(uwv) in GTand edy(xy) = 1.Hence G1 is alsoa 1-NEI graph.
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2.4. Figure4

e Let G, be atriangle-free 1-NEI graph. Let u be a vertex of the graph G; having degree d
which is adjacent to the vertices uy,Uz,...,uqs.t ed:1(uu;) + 1 #s(u) —d(u) and2d(u) + s(u) in G, as
in Figure 5. We can construct G;"by introducing Psat u. Then for 1 <i <d and wjinN(vj),

edl(Uin) in G2*= edl(Uin) +1inG;
fedi(uu)) +1in Gy
:edl(uui) in Gz*,
edi(uv) in G2"=s(u)—d(u) in G,
fedi(uu)) +1in Gy
= edl(uui) in Gz*,
ed(uv) in G2"=s(u)-d(u) in G,
t 2d(u) —d(u) in G2
=d(u) in G
:edl(vw) in Gz*.
Therefore, G," is also a 1-NEI graph.

2.5. Figure5

Let Gz be a triangle-free 1-NEI graph. Let u be a vertex of the graph Gz having degree d
which is adjacent to the vertices ui,Uz,...,uqs.t ed1(uu;)+1 #s(u)—d(u) and 2d(u)—1 #s(u) in Gz as
in Figure 6. We can construct Gs"by attaching a graph at u as in Figure 6. Then for 1<i <
d,wj in N(vi), edi(uiw;) in Gs™= edi(uiw;) + 1 in G3
fedi(uu;)) +1in Gs
=edi(uu;) in Gs",
edi(uv) in Gs"=s(u)—d(u) in Gs
fedi(uu)) +1in G
= ed;(uw) in Gs”,
ed:(uv) in G3"=s(u)-d(u) in Gs
t 2d(u) —1-d(u) in G
=d(u)-1in Gs
=ed:(vw) in G,
edi(wz)=edi(xy)=2 and edi(wx) = 1.
Therefore, G is also a 1-NEI graph.

204



Gs Gs*

2.6. Figure 6
Theorem 3.12. Every complete bipartite graph K. ,is an induced subgraph of a 1-NEI graph of order
4r.
Proof. Let ug,Uy,...uand vi,vz,...vrare two partites of K, . Introduce the vertices
uy, Uy, ..Uy and Vi, v5,..07 Join the vertices uiuj, 1 <i<ri<j<randvyj, 1<i<r, i<j<r. The
resulting graph contains K;ras an induced subgraph.
Figure 7 illustrates the theorem 3.20 for K33

1319 12134

Figure 7

O

Theorem 3.13. Every complete graph of order n> 3 is an induced subgraph of a 1-NEI graph of order
2n(n+1) if n is even n(2n+1) if n is odd.
Proof: Let G be a complete graph of order n > 3. Let uy,uy,...,u, be the vertices of G. For each 1 <i <

n, we add new verticesviand wi, 1 </ < [5] + % The vertices ui(1 < i < n) and the vertices viand wij,
1 <i<n,1<j<I[5]+1 constitute the vertex set of the required graph H .Along with the edges of
G, we add several edges to complete the constitution ofH . For 1= 7 < 7,1 < j < [3] +1 we join
uiand viiand forJ < ¥ < [5]+7 vzand wi. The resulting graph H contains G as an induced subgraph.
Moreover:

eda (Uil =(n-1)Cot([F1+i+1)Co([F1+i-(-1))+n[E1+ni+nCo-(1+i), edu(Viwi)=([Z1+)Cot(-k)+([F1+-
1)+n-1 for all 1<i<n,1<j<[7]+1,1<k<[]+1, edi(uptg) =(p+1)Cor([51+q+1)Co+(n-2) Co+nZ]+(n+1)Co-
(G1#)-(51+p)). Order of H,

2n(n+ 1)if nis even
n(2n+ 1)if nis odd

n(n+1)_

O(H):n+2([§]+1+[§]+2+...[g]+n):n+2(n[§])+T_n+2n[§]+n(n+1):{

Figure 8 illustrates the theorem 3.13 for Ks.
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Figure 8
Theorem 3.14. Every connected graph of order > 5 is an induced subgraph of 1-NEI graph.

Proof: Let G be a graph of order n > 5. Let G° be another copy of ofG, where V (G) = {vi',v2!,...,va'}
and V (G = {vi2,v22,...,va?} and vi* corresponds to vi2(1 < i < n). Join the edges vitvi2,vi?vit : vitvit €/
E(G),1 <j<n,j+1<i<nandvlv?1 <k<n.Consider nis any of the form 5m + I, 0 < | < 4. For
each vitand vi?,1 <i<n, introduce the new vertices u%;wi* and u%;,wi?, the values of j are
1<j<3+12(m-1)+(i-1) if 1=0, 1<j<6+12(m-1)+(i-1) if I=1, 1<j<8+12(m-1)+(i-1) if I=2, 1<j<10+12(m-
1)+(i-1) if 1=3, and 1<j<12+12(m-1)+(i-1) if 1=4, for 1 < i<n, join the edges ujwik, for above
mentionedj andk >m and join the vertices vi* with u%jjand vi® with u?; for all i and;j .

The resulting graph contains G as an induced subgraph and it is 1-NEI graph of order 2n + 2(n(k +
12(m—1) + nCz) = n(n + 1) + 2n(k + 12(m —1)) where k = 3,5,8,10,12 for | = 0,1,2,3,4 respectively.
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