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Abstract: Using the concept of strong bi-ideals in near- subtraction semigroups, we
introduce the notion of strong bi-ideals in I'-near- subtraction semigroups. We show
that the arbitrary intersection of strong bi-ideals of a I'-near subtraction semigroup is
again a strong bi-ideals. Also we proved that the intersection of strong bi-ideals of T'-
near subtraction semigroup and sub-I"-near subtraction semigroup is again a strong bi-
ideal of X. Also, we study certain properties of strong bi-ideals in a left permutable T"-
near subtraction semigroups. Throughout this paper, by a I'- near subtraction
semigroup X, we mean a zero symmetric I'-near subtraction semigroup.

Keywords: Left permutable, quasi-ideal, strong bi-ideal, weak bi-ideal, left self
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1.Introduction

By X, we mean that zero- symmetric I'-near subtraction semigroup. I'-near subtraction
semigroup was introduced by Dr. S. J. Alandkar [2]. For basic terminology in near subtraction
semigroup, we refer to Dheena [3] and for I'-near subtraction semigroup, we refer to Dr. S. J. Alandkar
[2]. Tamizh Chelvam and Ganesan [14] introduced the notion of bi-ideals in near-rings and it was
extended to I'-near-ring by T. Tamizh Chelvam and N. Meenakumari [13]. VV.Mahalakshmi and S.
Jayalakshmi introduced the strong bi-ideals and weak bi-ideals in near-subtraction semigroup [7]
&[8]. In this paper we introduce the notion of strong bi-ideal and weak bi-ideal in I'-near subtraction
semigroups by extending the concepts of strong bi-ideals and weak bi-ideal in near-subtraction
semigroup.

2.Preliminaries

(X, =), where X is a non-empty set is known as subtraction algebra if it satisfies the
following identities: forany u, v, we X, i)u—(v-u) =u; ii)u—-(u-v)=v—(v-u);iii) (u-v) —-w
= (u—-w) —v. Atriple (X, —, .)is known as subtraction semigroup if it satisfies the following axioms:
for any u, v, we X, i)(X, .) is a semigroup ii) (X, -) is a subtraction algebra; iii)u(v — w) = uv — uw and
(u—=Vv)w = uw — vw. A triple (X, —, .) is known as near-subtraction semigroup(right) if it satisfies the
following axioms: for any u, v, we X, i)(X, .) is a semigroup ii) (X, -) is a subtraction algebra; iii) (u —
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V)W = uw — vw. A T'-near subtraction semigroup is a triple (X, —, y),for all ye T', where T is a non-
empty set of binary operators on X, such that (X, —, y) is a near-subtraction semigroup for all ye I'". In
practice, we called simply I'-near- subtraction semigroup instead of right I'-near- subtraction
semigroup. Similarly, we can define a I'-near- subtraction semigroup(left). It is clear that Oya = 0 for
all ae X and for all ye I'.(S, —) where S is a nonempty subset of a subtraction algebra X is said to be
subalgebra of X, if x — ye S whenever x, y € S. A subalgebra M of (X, =) with MTM < M is called a
sub I'-near subtraction semigroup of X. A nonempty subset A of X is called i) a left I"-subalgebra of X
if A'is a subalgebra of (X, —) and X TACA. ie.) XyACA for all ye I'. ii) a right ['-subalgebra of X if A
is a subalgebra of (X, —) and ATXCA. ie., AyXCA for all ye I'. Xo= {x€ X/ xy0 =0 for all ye I'} is
called the zero-symmetric part of X. X is called Zero-Symmetric, if X = X,. An element ae X is
called idempotent if aya = a for all ye I' X4 = {n€ X/ny(x —y) = nyx — nyy for all x, yeX and for all
ye T'} is the set of all distributive elements of X. X is called distributive if X = X4.If a€ Xya for all ye
I' and for all a€X, then X is called S-I"-near subtraction semigroup.X is said to be left bipotent if Xya
= Xyaya for all aeX and ye I'. Let X and X’ be two I'-near subtraction semigroups. A map f: X— X'
is said to be I'-near subtraction semigroup homomorphism if i) f(a-b) = f(a) — f(b) ii) f(ayb) =
f(a)yf(b) for all a,b eX and ye I'. Let X be a zero-symmetric I'-near subtraction semigroup and if X is
strongly regular, then X is regular. For ASX, by v/A we mean that {a€ X/a* € A, for some k>0}.

3. Strong bi-ideal of T'-near subtraction semigroup
In this section we study the properties involving strong bi-ideal in a left permutable I'-near
subtraction semigroups and obtain the characterization theorem on strong bi-ideals.

Definition 3.1
A subalgebra Q of (X, —) is said to be a quasi-ideal of X if (QI'’X)N(XI'Q)<Q.

Definition 3.2
A subalgebra B of (X, —) is said to be a strong bi-ideal of X if XI'BI'BSB.

Proposition 3.3

Any homomorphic image of a strong bi-ideal is also a strong bi-ideal.
Proof: Let f: X— X' be an homomorphism.Let B be a strong bi-ideal of X.Now, for f(b) €f(B) and
n’ € X".n'yf(b) yf(b) = f(n) yf(b) yf(b) = f(nybyb)< fIXI'BI'B)< f(B) for all y € I'. Hence f(B) is a
strong bi-ideal of X.

Definition 3.4
A family ¢ of subsets of a set A is called a Moore system, if i)A € ¢ and ii) is closed under
arbitrary intersection.

Proposition 3.5

The arbitrary intersection of strong bi-ideals of a I'-near subtraction semigroup is again a
strong bi-ideals.
Proof: Let {B;};c; be a set of strong bi-ideals in X. Let B =N;¢; B;. Then XI'BI'B €XI'B;I'B; <
B;, V i. Hence XI'BI'B € B. Hence the proposition.

Definition 3.6
X is said to be strongly regular if for each a € X, there exists beX, such that a = byaya for all
yeT.

Proposition 3.7

Let X be a I'-near subtraction semigroup and B a strong bi-ideal of X. If elements of B are
strongly regular, then B is a quasi-ideal of X.
Proof: Let xe (BI' X)N(XI'B). Then x =b;yn; = n,yb, for some b;,b, € Band n,,n, € Xforally €
I".Since elements of B are strongly regular,b; = cyb;yb; and b, = dyb,yb, for some c, d € X and for
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ally € I'. Hence x = byyn; = (cyb;yby)yn; = cybyy(byyny )= cybiy(nyyby)=
cyb,y(nyy(dyb,yby))= (cybiyn,yd)y(b,yb,) € XI'BI'B € B for all y € T. Hence (BI'X)N(XT'B)
c B. Therefore B is a quasi-ideal of X.

Definition 3.8
X is known as left permutable if aybyc = byayc for all a, b, c € X and for all ye T

Proposition 3.9

Let X be a left permutable and B is a bi-ideal of X. If the elements of B are strongly regular,
then B is strong bi-ideal of X if and only if B is a quasi-ideal of X.
Proof: If part follows from the proposition 3.7. Conversely assume that B is a quasi-ideal. From the
definition of quasi-ideal, is a bi-ideal. Further x € XI'BI'B, then, x = nybyb € XI'B forally € T.
Again since X is left permutable,x = bynyb € BI'X. for all y € T'.i.e.) x € (XI'B)n(BI'X) < B. Hence
XI'BI'BS B. Therefore, B is a strong bi-ideal.

Proposition 3.10

Let X be a left permutable. If B is a strong bi-ideal of X, then nyB and Byn’ Vy €T are
strong bi-ideals of X, where n, n’ €X and n is distributive element in X.
Proof: Clearly Byn’ is a subalgebra of (X, —) for ally € I'.Also, XI'(Byn)['(Byn’) € XI'BI'(Byn’)<
Byn’for ally € I'.And so we get that Byn’ is a strong bi-ideal of X. Since n is distributive, nyB is a
subalgebra of (X, —) for all y € I".Further let x eXT'(nyB)I'(nyB). Then:

X = nyynybynyb'=nyn, ybynyb'=nynynybyb’ € nyXI'B['BSnyB for all y € T

Hence nyB is a strong bi — ideal.

Proposition 3.11

Let B be a strong bi-ideal of a T'-near subtraction semigroup X and S be a sub I'-near
subtraction semigroup of X, then intersection of B with S is again a strong bi-ideal of S.
Proof: Let C = BNS. Now,
SI'CI'C = SI'(BNS)['((BNS)= SI'((BNS)I'BN( BNS)I'Sc SI'(BI'BNSI'S)< (STBI'B)NSI'SS BNS = C.
Hence SI'CI'C < C. Hence the proof.

Proposition 3.12

Let X be a left permutable I'-near subtraction semigroup. Then B is a strong bi-ideal if and
only if B is a bi-ideal.
Proof: If part is trivial. Conversely suppose B is a bi-ideal of X. Let x€ XI'BI'B.Since X is left
permutable,x = nybyb = bynyb € BI'XI'B € B, for all y € I'. Hence the proof.

Proposition 3.13

If X is strongly regular, then B = XI'BI'B for every strong bi-ideal B of X.
Proof: Let B be a strong bi-ideal of X. Let b € B. Since X is strongly regular, there exists x € X such
that b = xybybe XT'BI'B for some x€ X and for all y € T'.i.e.)., B € XI'BI'B. Hence from the
definition of a strong bi-ideal, B = XI'BI'B.

Proposition 3.14

Let X be a left permutable S - T'-near subtraction semigroup. Then X is strongly regular if
and only if B = XI'BI'B for every strong bi-ideal B of X.
Proof: If part follows from the proposition 3.13.Conversely, let a € X. By the proposition 3.10, Xya is
a strong bi-ideal of X.Now, a € Xya =XI'(Xya)['(Xya)< (Xya)['((Xya)forally € T.i.e.).,
a = n;yayn,ya= n;yn,yaya € Xyaya forall y € I'.i.e), X is strongly regular.

Proposition 3.15

Let X be a left permutable S - T'-near subtraction semigroup. Then X is a left bi-potent if and
only if B =XI'BI'B for every strong bi-ideal B of X.
Proof: Every left bi-potent is strongly regular and by proposition 3.14, the result is true.
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Proposition 3.16

Let X be a left permutable. Then B = BI'XI'B, for every bi-ideal B of X if and only if B =
XI'BI'B.
Proof: Let B = BI'XI'B for a bi-ideal B of X. By proposition 3.12, B is a strong bi-ideal. If x € B =
BI'XT'B, then x = bynybfor somebe B and ne X for all y € I'. Since X is left permutable, x =
nybyb eXI'BI'B forall y € T. i.e.)., BE€ XI'BI'B and so B= XI'BI'B. Conversely let B=
XI'BT'B for every bi-ideal B of X. If xéB = XI'BI'B, then x = nybyb = bynyb eBI'XI'B forall y €
I'.i.e.)., B EBI'XI'BS B. Hence B = BI'’XI'B.

Definition 3.17
A S- T'-near subtraction semigroup X is said to be left self-distributive S-I'-near subtraction
semigroup if aybyc = aybyayc forall a, b, c € X and for all yeT.

Theorem 3.18

Let X be a left self-distributive S-I'"-near subtraction semigroup. Then B=XI'BI'B, for every
strong bi-ideal B of X if and only if X is strongly regular.
Proof: Let B=BI'BI'B, for every strong bi-ideal B of X. Since Xya is astrong bi-ideal of X and X is a
S-T'-near subtraction semigroup, we have a€ Xya = XI'(Xya)['(Xya)S (Xya)['(Xya) forally €
I. (ie)., a = n;yayn,yaforall y € I. Since X is a left self-distributive S-TI"-near subtraction semigroup,
a=n;yayn,ya=a=n;yayn,yaya € Xyayaforall y € . (ie)., X is strongly regular. Conversely, let
B be a strong bi-ideal of X. Since X is strongly regular, for b€ B, b = nybyb € XI'BI'Bforall y €
I'. (ie)., B€ XI'BI'B. Hence the proof.

4. Weak bi-ideal of I'-near subtraction semigroup
In this section we establish weak bi-ideal in T'-near subtraction semigroup and obtain the
characterization theorem on weak bi-ideals.

Definition 4.1
A subalgebra B of (X, —) is said to be a weak bi-ideal of X if BTB'BEB.

Proposition 4.2

Any homomorphic image of a weak bi-ideal is also a weak bi-ideal.
Proof: Let f: X— X’ be an homomorphism.Let B be a weak bi-ideal of X. Let B’ = f(B). Let b’ f(B).
Then b'yb'yb'= f(b)yf(b) yf(b) = f(b) yf(b) yf(b)= f(bybyb)< f(BI'BI'B)c f(B) for all y € I'. Hence
the proof.

Proposition 4.3
The arbitrary intersection of weak bi-ideals of a I'-near subtraction semigroup is again a weak
bi-ideals.
Proof: Let {B;};c; be a set of weak bi-ideals in X. Let B =n;¢; B;. Then BTBI'B €B;I'B;['B; <
B;, V i. Hence BI'BI'B < B. Therefore, B is a weak bi-ideal of X.

Proposition 4.4

If B is a weak bi-ideal of a I'-near subtraction semigroupX and S is a sub I'"-near subtraction
semigroup of X, then then intersection of B with S is again a weak bi-ideal of S.
Proof: Let C = BNS. Now, CICI'C = (BNS)[(BNS)I'(BNS)S(BNS)I'(BIBNSI'S)S(BNS)I'BI'BN
(BN S)I'SI'SS BI'BI'BN STST'SS BNS = C. Hence CI'CI'C < C. Hence the proof.
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Proposition 4.5
Let B is a weak bi-ideal of X, then b’yB and Byb for all y € I'are weak bi-ideals of X, where
b,b" eX and b’ is distributive element in X.

Proof: Clearly Byb is a subalgebra of (X, —) forall y € . Then:

(Byb)I'(Byb)I'(Byb) € BI'BI'(Byb)< Byb.
We have b’ is distributive, b’y B is a subalgebra of (X, —) and (b’'yB )I'(b'yB)['(b’'yB) <
b'yBI'BI'Bn € b'yB for all y € I. Hence b’yB and Byb for all y € T are weak bi-ideals of X.

Corollary 4.6
Let B be a weak bi-ideal of X. For b, c € B, if b is distributive, then byByc is a weak bi-ideal
of X.

Theorem 4.7

Let X be a left self-distributive S-I'-near subtraction semigroup. Then BI'BI'B =B, for every
weak bi-ideal B of X if and only if X is strongly regular.
Proof: Let B be a weak bi-ideal of X. If X is strongly regular, X is regular. Let beB. Since X is
regular, b = byayb, for some a € X forally € I'. Since X is left distributive, we have byayb =
byaybybforally € I'. Thus b = byayb = byaybyb = byaybybyb = bybyb € BI'BI'Bforally €
I.i.e)., B€ BI'BI'B. Hence B = BI'BI'B for every weak bi-ideal B of X. Conversely, let aeX. Since
Xya is a weak bi-ideal B of X and X is S-T'-near subtraction semigroup, we get a eEXya =
Xya)T(Xya)I'(Xya)S(Xya)['(Xya).i.e)., a = nyyaynyyaforally € I'. Since X is left self-
distributive, a = n;yayn,yaya< Xyaya for ally € T. i.e)., X is strongly regular.

Theorem 4.8
Let X be a left self-distributive S-I'-near subtraction semigroup. Then BI'BI'B =B, for every
weak bi-ideal B of X if and only if B=XI'BI'B, for every strong bi-ideal B of X.
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