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Abstract: In this paper, we introduce the notions of positive and associative implicative filters
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1.Introduction

Intelligent information processing is one important research direction in artificial intelligence.
Information processing dealing with certain information is based on the classical logic. However, non-
classical logics including logics behind fuzzy reasoning handle information with various facts
uncertainty such as fuzziness, randomness, etc. Therefore, non-classical logic has become as a formal
and useful tool for computer science to deal with uncertain information. In the field of many valued
logic, lattice valued logic plays an important role for the following two aspects: One is that is extends
chain type truth valued field of some well-known present logic to some relatively general lattice. The
other is that incompletely comparable property of truth value characterized by general lattice can more
efficiently reflect uncertainty of human beings thinking, judging and decision. The algebraic
counterparts of some non-classical logics satisfy residuation and those logics can be considered in a

226



frame of residuated lattices [13]. Residuated lattices were introduced by Ward and Dilworth [9].Xu
and Qin [10] introduced the notions of filter and implication filter in lattice implication algebras.
Young Bae Jun, Yang Xu and Keyun Qin [11] proposed the concept of positive implicative and
associative filters of lattice implication algebras. Mordchaj Wajsberg [8] introduced the concept of
Wajsherg algebras in 1935. Font, Rodriguez and Torrens [3] defined lattice structure of Wajsberg
algebras and introduced the notion of an implicative filter of lattice Wajsberg algebras. Basheer
Ahamed and Ibrahim [1,2,4] introduced the notions of fuzzy and an anti-fuzzy implicative filter,
positive and an associative implicative filters of lattice Wajsberg algebras and obtained some
properties. Recently, the authors [5,6,7] introduced the notion of implicative filter, fuzzy implicative
filter, anti-fuzzy implicative filter of residuated lattice Wajsberg algebras and discussed some of their
properties.

In the present paper, we introduce the notions of positive and an associative implicative filters of
residuated lattice Wajsberg algebra, and obtain some equivalent conditions. Also, we find a
characterization of positive and an associative implicative filter. Further, we prove every positive and
an associative implicative filter is an implicative filter of residuated lattice Wajsberg algebra.

2. Preliminaries

In this section, we recall some basic definitions and their properties which are helpful to develop our
main results.

Definition 2.1 [3]. Let (4,—,*,1) be a algebra with binary operation “—"and aquasi complement
“*”is called a Wajsberg algebra if and only if it satisfies the following axioms for all x,y, z € A,

0] lox=x

i) @->»->(0-2-@x-2)=1

(i) (x->y)->y=@-2x->x

vy (-=y)->0-x=L1L

Proposition 2.2 [3]. A Wajsberg algebra (4, —,+,1) satisfies the following axioms for allx, y, z € A,
Q) x—->x=1

(i) if(x>y)=((—->x)=1thenx =y.
(i) x-1=1

(v (x=@-x)=1

(v) f(x->y)=(—»2z)=1thenx->z=1
Vi) @x-»N-(z-x0)->@E-y)=1
(i) x->@-2=y->x-2)

(vii) x->0=x->1"=x"

(ix) () =x

x G'-oy)=y-ox

Definition 2.3 [3]. A Wajsberg algebra A is called a lattice Wajsberg algebra if it satisfies the

following conditions for all x,y € A,

(i) The partial ordering " <" on a lattice Wajsberg algebra A such that x < y if and only if x —
y=1

(i) (vy)=Ex-y) >y

(i)  (x Ay =& =y)=>y)

Thus,(4,Vv,A, —,*,0,1) is a lattice Wajsberg algebra with lower bound 0 and upper bound 1.
Proposition 2.4 [3]. A Wajsberg algebra (4, —,* ,1) satisfies the following axioms for all x,y, z € A,

() If x < ythenx—->z>y—->zandz->x<z-y
(i) x<y -zifandonlyify<x -z
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(i) (xvy) == (x"Ay")

(iv) (A =& Vvy)

V) (@ Vvy)-z=(x-2) A(y—2)
(Vi) x-@Az)=(x->y)Nx— 2)
(vi)  (x->y)viy-x) =1

(viii) x>V =x-y) V(x—- 2)
(iX) @EAY)=z=x->2)V(y-2)
x) (xANy)VvVz=(xVz) AN(yV2)
xi) @AY= z=x-y) = (x-2)

Definition 2.5 [9] A residuated lattice is a algebra (4, v, A, ®©,—,0,1) of type (2,2,2,2,0,0)
satisfying the following conditions,

Q) (4, v, A, 0,1)is a bounded lattice

(i) (4, ®,1)is a commutative monoid

(ii) x @y<zifandonlyifx <y -z forall x,y,z € A.

Proposition 2.6 [9] A residuated lattice(4, v, A, ®,—,0, 1) satisfies the following axioms for all
X,y,Z €A,

(i) x> (y—-z)=x0y) >z

(i) x©0=0

(i) (x-y)Ox<y

(iv)  x<y- (xOy)

(V)  x-y<((x0z) - (yOz)

Vi) (-0 -2)sx-1z

(vii) xOx*=0

(viii) x-y* = (xOy)".

Definition 2.7 [3] Let (4,V,A, —,%,0,1)be a lattice Wajsberg algebra. If a binary operation “®”on A
satisfiesxQy = (x - y*)" for allx,y € A.Then (4, v, A, ®,—,x0,1)is called a residuatedlattice
Wajsberg algebra.

Definition 2.8 [1] LetA be a Wajsherg algebra, a subset F of A is called an implicative filter of A,if it
satisfies the following axioms for all x,y € A4,

0] 1€eF

(i) x € Fandx >y € Fimplyy € F.

Proposition 2.9 [1] Let Fbe a non empty subset of A. Then F is a filter of A if and only if it satisfies
x <y-zimpliesz € F forall x,y,z € A.

3.Main results
In this section, we introduce the definitions of positive and an associative implicative filters of
residuated lattice Wajsberg algebra and obtain some useful results with illustrations.

3.1 Properties of positive implicative filter

Definition 3.1.1. Let A be a residuated lattice Wajsberg algebra. A non-empty subset F of A is called
a positive implicative filter of A if forall x,y, z € A,

Q) 1€eF

(i) (yOx) >z€eFandx >y e Fimplyx - z€F

(ili) (x—>y)—y€eFandx € Fimply y€F.
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Example 3.1.2 LetA = {0, a, b, ¢, d, 1} be a set with Figure 3.1 as a partial ordering. Define binary
operation*“—" and quasi-complement “*”on A as in Tables 3.1and 3.2.Define Vv,A and © operations on
(4, v, A, 0,1) as follow

xVvy)=@x-y)-y

xAYy)=((x">y") 2 y)5xOQy = (x » y")*forall x,y € A.

Then, (4, Vv, A,®,—,*0,1) is aresiduated lattice Wajsberg algebra.

Figure 3.1 - (0 |a |b |c |d |1
x | x* 0O |1 |1 |1 |1 |1 |1
1 01 a |c [1 |b|c |b |1
ajc b |d |a |1 |b |b |1
o Yoo b|d c |lala |1 |1 |a |1
cla d[b |1 (1 |b |1 |1
- ] (i g 110 |a [b |c |d |1
o, o
R Table: 3.1 Table: 3.2
0 Complement Implication

Itis easy to verify that F; = { a, b,c,d, 1} is a positive implicative filter of residuated lattice Wajsberg
algebra.
But, F, = {0,a, b, c, 1}is not a positive implicative filter of residuated lattice Wajsberg algebra, since

Example 3.1.3. Let A = {0,qa, b, c,d, e, 1} be a set with Figure 3.2 as a partial ordering. Define binary
operation“—" anda quasi-complement “*”on A as in Tables 3.3 and 3.4.
Define v,A and © operations on (4, V, A, 0,1) as follow
xVvy)=Fx-y)-y
xAYy)=((x">y") 2y xOy = (x » y")*forall x,y € A.

Then (4, v, A, ©,—,x0,1) isa residuated lattice Wajsberg algebra.

Figure 3.2
x| x* > |0|lalblc|d|e |1
$ 01 o 1|1 |1]|1]1]1]1
L a|d a|of[1|1]1]1]1]1
» blc blold[1|d]|1]1]1
VaN clb clo[blb|1l1]1]1
be  ec d|a d|o[b|b[d[1]1]1
/ e |a e |[0O|b|b|ld|d|1l]|1
| 1]0 1 (ofalblc|d|e]1
‘ Table:3.3 Table: 3.4
0 Complement Implication

It is easy to verify that F; = { ¢,d, e, 1} is a positive implicative filter of residuated lattice Wajsberg
algebra. But, F, = {a, b, c, 1}is not a positive implicative filter of residuated lattice Wajsberg algebra.
Since (10b) »a=d & E,.

Proposition 3.1.4 Every positive implicative filter of a residuated lattice Wajsberg algebra A is an
implicative filter.
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Proof. Let F be a positive implicative filter of A and let x - y € Fand x € F, then (10x) - y €
Fand1 - x € F.

From (ii) of definition 3.1.1, we have 1 - y € F. Thatis, y € F,and1 € F.

Hence,F is an implicative filter. m

Proposition 3.1.5 Let F be a implicative filter of A. Then F is a positive implicative filter of A if and
only ifforall x,y € A(x - y) » x € F impliesx € F.

Proof. Let F be a positive implicative filter of A and let (x - y) — x € Ffor all x,y € A. Then, we
have 1 > ((x > y) > x)=(x>y) >x € Fand 1 € F and from (iii) of definition 3.1.1. we get,
x € F.Thus, (x > y) - x € Fimplies x € F.

Conversely, suppose that F satisfies (x - y) - x € F impliesx e F.Let(x > y) >y € Fandx € F
forall x,y € A. Then, y € F by (iii) of definition 3.1.1.Hence F is a positive implicative filter of A. m

Proposition 3.1.6 LetF be a subset of A.If F is a positive implicative filter of A,then it is an implicative
filter of A.
Proof. Letx - (y > z) e Fandx -y € Fandx —» y € F forall x,y,z € A.
Thenx —» (y = z) = y = (x = z)[From (vii) of proposition 2.2]
Sx-oy) = (x> (x—2)
[From (vii) of proposition 2.2 and (ii) of definition 2.1]
Since, F is an implicative filter of A. From the proposition 2.9.we have,x - (x - z) € F,
and((x—>z)—>z)—>(x—>z)=(x—>(((x—>z)—>z)—>z))
[From (iii) of definition 2.1]
=x-((z- (x> 2) - @x-2)
[From (vii) of proposition 2.2]
=x—>((x—>(z—>z))—>(x—>z))
[From (iii) of definition 2.1]
=x=>((x=>1) - (x> 2)
[From (i) of proposition 2.2]
=x->(1-((x-2) [From (i) of definition 2.1]
=x->(x—>2z)€EF.
Thus, (x > z) €EF.m [From the proposition 3.1.3]

Proposition 3.1.7 Let F be a implicative filter of A. Then F is a positive implicative filter of A4 if and
only if (x®x) = y € F impliesx - y € F forall x,y € A.
Proof. LetF be a positive implicative filter of A.
If (xOx) > y€F,then x > ye Fandx - x € F forall x,y € A.
[From (ii) of definition 3.1.1]
Hence (x®x) — y € Fimpliesx - y € F.
Conversely, let F be a implicative filter and (x©x) — y € F implies x - y € F for all x,y € A.We
have 1 € F.Thus, (i) of definition 3.1.1 hold.
If yOx) > z€Fand x - y € F, then ((y@x) - z)@(x - y) EF.

Since,((yOx) » 2)O(x > y) = (y » (x - 2))O(x > ¥) [From (i) of proposition 2.6]
<x-(x-2) [From (vi) of proposition 2.2]
=(xOx) - z [From (i) of proposition 2.6]

We have, (x®x) — z € Fimplies x — z € F. Thus, (ii) of definition 3.1.1 hold.
Therefore,F is a positive implicative filter of A. m [From the definition 3.1.1]

3.2. Properties of associative implicativefilter

Definition 3.2.1.Let A be a residuated lattice Wajsberg algebra. A non-empty subset F of A is called
a associative implicative filter of A if forall x,y,z € A,

(1) 1€F

(i) xOQy©z)eEFandx ©y e Fimplyz € F
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(i) x->(y—-z)eFandx >y e Fimply z€F.
Note: In associative filter the (ii) of definition 3.2.1 always exists in a residuated lattice Wajsberg
algebra. So, it is enough verifying (i) and (iii) of definition 3.2.1 in the illustrations and properties.

Example 3.2.2 LetA = {0,a, b, c,d, e, 1} be a set with Figure 3.3 as a partial ordering. Define a binary
operation“—” and a quasi-complement “*” on A as in Tables 3.5and 3.6. Define v, A and ® operations
on(4, v, A, 0,1) as follow
xVvy)=Fx-y)-y
xAYy)=((x">y") =y xOy = (x » y)*forall x,y € A.
Then, (4, Vv, A, ®,—,%0,1) is a residuated lattice Wajsberg algebra.

Figure 3.3

', x | x* —»|0|a|b|c|d|e|1
01 0 [1]1|1]1]1]|1]1
Le g d a [d[1]|1|d|d|1]1
c b |dia|l|d|d|1]1
be \ ¢ 3 g c |[b|b|bj1]1]1]|1
d [b|b|bleje|1l]1
e |0 e |[0O|b|b|d|d|1]1
al® s 1]0 1 |0jla|bjc|dje|1l

L Table: 3.5 Table: 3.6

Complement Implication

It is easy to verify that Fs = { a, b, 1} is anassociative implicative filter of residuated lattice Wajsberg
algebra.
But, Fg = {b, ¢, 1}is not an associative implicative filter of residuated lattice Wajsberg algebra, since

(b-(c—>1)=1€Fbutb—>c=d¢F,.

Proposition 3.2.3 Every associative implicative filter of a residuated lattice Wajsberg algebra A is an
implicative filter.

Proof. Let F be an associative implicative filter of A and let x >y € F and x € F for all x,y €
AThen,1->x€F andl > (x >y)=x->y€Fand x € F. From (iii) of definition3.2.1, we
havey € F.Hence,F is an implicative filter. m

Proposition 3.2.4 Every associative implicative filter with respect to x contains x itself.

Proof. If x = 0 andx = 1 then it is trivial. If x # 0.Let F be an associative implicative filter of A with
respect to x, we have x - (1 » x) =x > x =1 € F and x —» 1 € F.From (iii) of definition 3.2.1, we
havex € F.m

Proposition 3.2.5 Let F be an implicative filter of A. Then F is an associative implicative filter if and
only ifx » (y - z) € F implies (x - y) » z€ F forallx,y,z € A.(3.2.1)
Proof. If an implicative filter Fof A satisfies x » (y - z) € F implies(x —» y) —» z € F for all
x,y,z € A.Then, we get F is an associative implicative filter.
Conversely, LetF be an associative implicative filter of Aand let x — (y = z) € Ffor allx,y,z €
A.Then, we have
x> ((-=2)>(->y)-2)=@->2)> x> (x>y)~2)
[From(vii) of proposition 2.2]
=0 —-2)->((x>y) = (x—2)
[From (vii) of proposition 2.2]
=1€F.
[From (vii) of proposition 2.2 and(ii) of definition 2.1]
Which implies from (iii) of definition 3.2.1, we have (x »y) >z € F.m
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Proposition 3.2.6 Let F be an implicative filter of A. Then F is an associative implicative filter if and
only if it satisfiesx - (x —» y) € F impliesy € F forall x,y € A.(3.2.2)

Proof. LetF be an implicative filter of A. It is enough to show that (3.2.1) and (3.2.2) are equivalent.
Putting x = y in (3.2.1) and using (i) of definition 2.1 and (i), (ii) of proposition 2.2, we get (3.2.2.).1f
(3.2.2) holds and let x - (y — z) € F for all x,y,z € A. Using (i) and (ii) of definition 2.1, (i) and
(vii) of proposition 2.2 and (i) ,(ii) of proposition 2.4, we have(x —» (y - z)) - (x = (x -

((x =)~ 2)))
=1-(x>@-2)->x->x-((x->y)—>2)) [From (i) of definition 2.1]= ((y - 2z) -

(= (=29 =2)) > (-G > @~ (2= (> - 2))

:(x—)(y—)z))—><((y—>z)—>x—>((x—>y)—>z)))—>(x—>(x—>((x—)y)—)z)))
> (x - (y = 2)) > (x > (y » 2)) = 1[From (i) of proposition 2.2]

This implies that (x » (y > 2)) » (x > (x » ((x > y) > 2))) =1 €F.

Since, x = (y = z) € Fand Fis an implicative filter, it follows that

x> @x->((x->y)—>z)€EF.

By using (3.2.2),weget(x > y) > z€e Fforallx,y € A. m

4. Conclusion

We have proposed the notions of a positive and an associative implicative filter in residuated lattice
Wajsberg algebra, discussed an equivalent condition that every implicative filter is a positive implicative
filter. We have shown that every associative implicative filter is an implicative filter. Also, we have given
some illustrations for positive and associative implicative filters. Finally, we have concluded that an
equivalent condition for an implicative filter is an associative implicative filter. In future, we can extend
these concepts in fuzzy environment.
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