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1. Introduction

In 1935, Mordchaj Wajsberg [10] introduced the concept of Wajsberg algebras and studied by Font,
Rodriguez and Torrenns [3]. Also, they [3] defined lattice structure of Wajsberg algebras. Further,
they [3] introduced the notion of an implicative filter of lattice Wajsberg algebras and discussed some
properties. Pseudo-Wajsberg algebras are generalizations of Wajsberg algebras. In 2001, Ceterchi
Rodica [1] introduced the concept of pseudo-Wajsberg algebras.Ceterchi Rodica [2] introduced the
lattice structure of pseudo-Wajsberg algebras and discussed some results in generalized pseudo-
Wajsherg algebras. The authors [4] introduced the notions of PWI-ideal, pseudo lattice ideal. Also, the
authors [5],[7] introduced the definitions of fuzzy PWI-ideal, fuzzy pseudo lattice ideal and an
intuitionistic fuzzy PWI-ideal and investigated some of their properties.

In the present paper, we introduce the notion of lattice pseudo positive implicative-Wajsberg algebras
with illustration and also, we introduce the notions of a completely closed PWI-ideal, a strong PWI-
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ideal, a P-PWI-ideal and a Q-PWI-ideal and we discuss some of their properties and relationship
between them.

2. Preliminaries
In this section, we recall some basic definitions and its properties that are needed for developing the
main results.

Definition: 2.1 [3]. An algebra (4,— ,— ,1) with a binary operation " — " and a quasi-complement
" —"is called a Wajsberg algebra if it satisfies the following axioms for all x,y,z € A4,
Q) 1—-x=x

(i) x—y)Dy=@—ox)—x
(iii) x—y)—((y—2)—>@x—2))=1
(iv) x~—>y)—>(@y—x)=1

non

Definition: 2.2 [1]. An algebra (4, — ,~, — ,~, 1) with the binary operations " — "," ~ " and the

quasi complements” — ", "~" is called a pseudo-Wajsberg algebra if it satisfies the following axioms
forallx,y,z € 4,
0] @1—-x=x
b))l »x=x
(ii) xoy)=my=@vx) 2x=F—ox)vx=x—y) vy

(iii) @x—y)—>(y—o2)~(x—2)=1
B x~y) = ((y~z) > (x~vz)=1
(iv) 1="=1"=0
V) @& vy )—>@—x)=1
b)(x™ >y ) (yvx)=1
(vi) x—y ) =@~x")".

Definition: 2.3[2].An algebra(4, A, V,— ,~, — ,~,1) s called a lattice pseudo-Wajsberg algebras
if it satisfies the following axioms for all x,y € A4,
(i) A partial ordering “<” on a lattice pseudo-Wajsberg algebra A such that x < y if and only
ifx —sy=1leox~y=1
(ixvy =x—=y)vy=py—=x)vx=xvy 2y=U—x) —x
(iipxAy=(x v (x >y =(x >y —x)
== =((vx)vyT)
=~ —0) =((—>0—>y7)
=(x—=@~vy) = ((x~vy)vx) .

Proposition: 2.4[2].In a lattice pseudo-Wajsberg algebra (4, — ,~, — ,~,1) which satisfies the
following axioms for allx, y, z € A,

Q) @x—x=1
b)yx»x=1
(i) @Ifx >y=1andy - x =1, thenx =y

(b)Ifx »y=1andy »x =1, thenx =y
(c)Ifx »y=1landy »x =1, thenx =y
(iii) @x—1)~1=1
bx~1)—>1=1
(iv) @x—1=1
b)x~»1=1
(V) @Ifx >y=1landy - z=1, thenx - z=1
(b)Ifx »y=1andy »z=1, thenx »z=1
(vi) @x—>@y~x)=1
b)yx~(@y—x)=1
(vii) x> @Yvz)=1leoyvw(x—oz)=1
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(viii) @) (x—>y)'\7\((z—>x)_)(z_,y))=1
(b)(x'\’Y)—)((Z’V‘x)’\?\(z'\;\y))zl
(i) x— (v 2) =y (& — 2.

Proposition: 2.5[2].In a lattice pseudo-Wajsberg algebra (4, — ,~, — ,~,1) which satisfies the
following axioms for all x,y € A,

N @& »0)—>x=1b)(x" >0 »x=1

(i) 0—>x=1=0~x

(i) (@ x> 0=x"(b)x ~»0=x"

(iv) () =x=0x")"

V) @x" =y " =yvx(b)x” vy =y —x

(Vi) xT—y=y ~x

(Vi) x<yey <x oy <x~

(i@ x =)~ =0@"vx")” ) x~»y)" =0~ —=x7)".

Definition 2.6[4]. Let A be lattice pseudo-Wajsberg algebra. Let F be non-empty subset of Ais called
a PWI- ideal of A if it satisfies the following axioms for allx,y € 4,

0] 0O€EF

(i) y€Fand(x — y)” € Fimplyx € F

(iii) y€Fand(x ~y)” € Fimplyx € F.

3. Main results

3.1 Various typesof PWI-Ideals of a Lattice pseudo-Wajsberg Algebras
In this section, we define a lattice pseudo positive implicative-Wajsberg algebras. Also, we define
various types of PWI-ldeals and discuss some properties of a lattice pseudo-Wajsberg algebras.

Definition 3.1.1Alattice pseudo-Wajsberg algebra of A is called a lattice pseudo positive implicative if
it satisfies the following axioms for allx, y, z € A4,

) (=2~ —T =x—y) v

(i) [(x~v2)” = () " =[(xvy)” —z]".

Example 3.1.2.Consider a set A = {0, a, b, 1}. Define a partial ordering " < ”on 4, such that 0 < a <
1; 0 < b <1 and the binary operations "—"," ~ " and the quasi complements " =", "~" given
by the following tables (3.1), (3.2), (3.3) and (3.4).

x | x~ — | 0 |a]|b 1 x | x~ ~ lo0olalbl 1
01 0] 1 ]1]1]1 0] 1 0 |1|1|1] 1
a b a b 1 1 1 a b a b 1 1 1
b | a b a b |1 1 b a b alalll 1
10 110 |ajb]| 1 110 1 0Ola|b| 1
Table: 3.1 Table: 3.2 Table: 3.3 Table: 3.4

Complement Implication Complement Implication

Then A is a lattice pseudo positive implicative-Wajsberg algebra.

Definition 3.1.3.Let A bea lattice pseudo-Wajsberg algebra. Let I be a non-empty subset of A is called
a completely closed PWI-ideal, if it satisfies the following axioms for allx,y € I,

Q) 0€el

(i) (x = ¥)",(x~»y)” €l,y €limpliesx € I.
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Example 3.1.4.Consider a set A ={0,a,b,c,1}. Define a partial ordering"” < "on A, such that

0 < a < b <c <1 and the binary operations "—"," ~ " and quasi complements " — ", "~" given by
the following tables (3.5), (3.6), (3.7) and (3.8).

x | x— — | 0 |ajfbjc| 1 x| x~ ~ | 0 lalbjc|1l
01 o|1 (1 |1/1]1 0] 1 0 1 /1111
alb a b 1 /1]1] 1 al ¢ a C 11111
b|a b|lala|l|1l]|1 b| a b|aja|l]|]1l]|1
cla clalal|b|1]1 c| b c| b jalb|l]|1
110 11 0]ajib|c|1 110 1 0O la|b|c|1
Table: 3.5 Table: 3.6 Table: 3.7 Table: 3.8
Complement Implication Complement Implication

Then, A = (A, A, V,—,~, 0,1) is a lattice pseudo-Wajsberg algebra and consider the subset! = {0,1},
then easily verify that I is a completely closed PWI-ideal of A. But, F = {0, a, 1} is not a pseudo
completely closed PWI-ideal of 4, Since(1 — a)" =a~ =c¢ Fandalso(1~»a)"=a” =b¢F.

Definition 3.1.5. Let Abea lattice pseudo-Wajsberg algebra. Let I be a non-empty subset of A is called
a strong PWI-ideal of 4, if it satisfies the following axioms for allx,y,z € A,

(i) 0el

(i) [(x— y)" ~z]7, yelimplies(x — z)~ €l

(i) [(x »y)” — z]7, yelimplies(x ~» z)~ € 1.

Example 3.1.6. Consider a set A = {0,a, b, c,1}. Define a partial ordering" < "on A, such that0 <

a < b < c <1 and the binary operations "—"," ~» " and quasi complements " —","~" given by the
following tables (3.9), (3.10), (3.11) and (3.12).

x | x~ — | 0|a|bj|c]|1 x | x~ ~ | 0 lalbjc|1l
0|1 o1 |11 ]1]1 0 1 0 1 1111711
alc a|c|1|1|1]1 a b a| b |[1]1]1]|1
b |c b | clc|l1]|c|1 b c b | c|c|l|c|l1
clb c bbb l|1]1 C b c b |b|b|1]1
10 1]0falblc|1 110 110 ]ajbjc|1
Table: 3.9 Table: 3.10 Table: 3.11 Table: 3.12
Complement Implication Complement Implication

Then, A = (4, A, vV, —, ~, 0, 1) is a lattice pseudo-Wajsbherg algebra and consider the subset I = {0,
1}, then easily verify that I is a strong PWI-ideal of A. But, F = {0, a, 1} is not a strongPWI-ideal
of A.

Since [(1 —>0)"val =1 —a)"=b ¢ Fand[(1 ~0)" —a]" =1 ~a) " =céF.

Proposition 3.1.7. Let A be a lattice pseudo-Wajsberg algebra and I be a strong PWI-ideal of A, then I
is a completely closed PWI-ideal of A.

Proof. Let I be a strong PWI-ideal of A. Definition 3.1.4 shows that I satisfies (i) of definition 3.1.2.
Letx,y € Isuchthat(x — y)~,(x »y)" €land y € l.

Then(x — y)"=[(x — y)”"~0]" and [from (iii)(b) of proposition 2.5]
(x »y) =[x ~» y)- > 0] [from (iii)(a) of proposition 2.5]

This implies that,[(x — y)~™ ~0]7,[(x ~» y)” —0]"€landy el

It followsthat (x — 0)7,(x ~» 0)” €/ [from (ii) & (iii) of definition 3.1.4]

Then, we have (x~)~,(x~)~ €I implies x €[ [from (iv) of proposition 2.5]

Hence, I is a completely closed PWI-ideal of A.m
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Remark 3.1.8. The converse of Proposition 3.1.7 may not be true. In Example 3.1.5, I = {0,1} is a
completely closed PWI-ideal of A. But, it is not a strong PWI-ideal of lattice pseudo-Wajsberg algebra.
Since[(1 —» 0)"~al " =(1~a)"=a" =b¢€l,

[ ~»0) —a]"=1—a)y =a " =ce¢l.

Definition 3.1.9.Let Abe lattice pseudo-Wajsberg algebra. Let I be non-empty subset of A is called a
P-PWI-ideal of A if it satisfies the following axioms for allx,y,z € A,

(i) 0€el

(i) [(x = 2)"»(y—2)"]"€l, yelimpliesx €1

(iii) [(x~»2)" > (y~2z)"]7 €l yelimpliesx € 1.

Example3.1.10. In Example 3.1.4, consider the subset I = {0, 1} of Atheneasily verify that I is aP-
PWI-ideal ofA.But, F = {0, b,1} is not a P-PWI-ideal of A4,

Since[(1 = b)" (0 —b) ] ="~ 17]"=[la~0]" =[c] =a€¢F

Also, [(1 »b)" > (0~b) " |"=[b" —17]"=[a—0]"=[b]"=a¢F.

Proposition 3.1.11. Let A be a lattice pseudo-Wajsberg algebra and I be a P-PWI-ideal of A, then I is
a completely closed PWI-ideal of A.

Proof. Let I be a P-PWI-ideal of A. Definition 3.1.7 shows that I satisfies (i) of definition 3.1.2.
Letx,y € Isuchthat(x — y)~,(x »y)”" €land y € l.

Then(x ~» y)" =@y~ —x7)~ [from (viii)(b) of proposition 2.5]
=[(y—>0) —x—0] [from (iii)(a) of proposition 2.5]
=[x— 0"~ (y—0)]" [from (viii)(a) of proposition 2.5]
And(x — y)~" =y~ ~»x7)~ [from (viii)(a) of proposition 2.5]
=[(y »0) » (x ~»0)]” [from (iii)(b) of proposition 2.5]
=[(x~»0)" = H~0)"]" [from (viii)(b) of proposition 2.5]

This implies that, [(x = 0)" ~»(y = 0)7 ], [(x »0)" = (y~0)" ]  €landy € [ imply x € I.
[from (ii) & (iii) of definition 3.1.10]
Hence, I is a completely closed PWI-ideal of A. m

Definition 3.1.12. Let A bea lattice pseudo-Wajsberg algebra. Let I be non-empty subset of Ais called
a Q-PWi-ideal of A if it satisfies the following axioms for allx, y,z € A4,

(1) 0el

(i) [x > (y~2z) 1" €el,yel implies(x — z)~ €1

(iii) [x »(y — 2z)"]” €l,y € ] implies (x ~» z)™ € I.

Example3.1.13. In Example 3.1.6, consider the subset I = {0,1} of4, theneasily verify that I is a
Q-PWI-ideal of A.But, F = {0, a,1} is not a Q-PWI-ideal of A.
Since[ll > (1~va)"|"=[1—>a ]"=[1—c]"=[c]"=b¢Fand

I~ —>a) ] " =[1~»a"] =[1~b]”=[b] =céF.

Proposition 3.1.14. Let A be lattice pseudo-Wajsberg algebra and I be a Q-PWI-ideal of A, then/isa
completely closed PWI-idealof A.

Proof. Letl be a Q-PWI-ideal of A. Definition 3.1.10 shows that I satisfies (i) of definition 3.1.2.
Letx,y € Isuchthat(x — y)~, (x »y)" €land y €.

Then(x — y)" =[x > (y~0)"]” [from (iii)(b) of proposition 2.5]
=(x—0)"€land yel [from (ii) of definition 3.1.12]
=X )" =xel [from (iv) of proposition 2.5]
And (x » y)” =[x~ (y—0)7]" [from (iii)(a) of proposition 2.5]
=((x~0) €land yE€I [from (iii) of definition 3.1.12]
=) =x€l [from (iv) of proposition 2.5]

Hence, I is a completely closed PWI-ideal of A. m
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Remark 3.1.15. The converse of Proposition 3.1.14 may not be true. In Example 3.1.4,

I ={0,1} is a completely closed PWI-ideal of A. But, it is not a Q-PWI-ideal of lattice pseudo-

Wajsberg algebra.

Since, [1 = (1 ~»¢)7]”
11—

[1—cT]”
[1~c]”

= [1—a]”
= [1~ b]”
Proposition 3.1.16. LetA be lattice pseudo positive implicative Wajsberg algebra such thatx =
(x —z)",x=(x~z) forallx,y,z € A, then I is a strong PWI-ideal if and only if it is a P-PWI-
ideal of A.

Proof. Letl be a strong PWI-ideal of Aand [(x = z)™ ~» (y —= z)7]" €landy € forallx,y,z €
A, then from (i) of definition 3.1.1, we get [(x — y)~ ~z]” andy € [. Since I is a strong
PWI-ideal of A. Then(x — z)~ € I. By assumption, we havex € [. Similarly[(x ~» z)” —
(y ~ z)7]” and y € I then from (ii) of definition 3.1.1, we get[(x ~ y)~™ — z|7and y € I. Since [ is
a strong PWI-ideal of A.Then (x ~ z)~ € I. By assumption, we have x € I, then is a P-PWI-ideal
of A.

Conversely, let [(x — y)~ ~ z]"and y € I, then from (i) of definition 3.1.1, we get[(x — z)~ ~»
(y = z)~]” €landy € I. Since I is aP-PWI-ideal of A,then x € I. By assumptionx = (x — z)~,
soy € I(x — z)~ €. Similarly, [(x ~y)”™ — z]” and y € Iimplies(x ~ z)~ €I. Hence, I is a
strong PWI-ideal of A. m

Proposition 3.1.17. LetA be lattice pseudo positive implicative Wajsberg algebra such thatx =
(x > z)”"=(x~z)forallx,y,z € Aithen I is a strong PWI-ideal if and only if it is a Q-PWI-ideal
of A.

Proof. Letl be a strong PWI-ideal of A and [x —» (y »2)"|" €,y €I for all x,y,z € A. By
assumptionx = (x ~» z)~ we get [(x ~»z)™ — (y ~»z)7]" and y € I, then from (ii) of definition
3.1.1, we have [(x »y)” — z]” €l,y €1 since I is a strong PWI-ideal of A,(x ~»z)~ €1 by
assumption [(x — z)~ = (x ~» z)7] implies (x — z)~ € I. Similarly,[x ~» (y — z)7]” €I and
y € Iimplies (x ~ z)~ € I.Hence I is aQ-PWI-ideal of A.

Conversely,[ (x — y)~ ~z] and y €I, then from (i) of definition 3.1.1, we get[(x — z)~ ~
(y > z)"]" €land y € I.By assumptionx = (x — z)~implies[x — (y »z)"|" €land y €,
since I is aQ-PWI-ideal of A. We get, (x ~ z)~ € I. By assumption [(x ~» z)” = (x — 2)7], we
have (x — z)~ € I. Similarly, [(x ~»y)™ — z]~, y € I implies (x ~ z)~ € I.Hence, I is astrong
PWI-ideal ofA. m

Proposition 3.1.18. Let A be lattice pseudo-Wajsberg algebra such that x = (x » 2)™ = (x — z)~
forall x,y,z € Aand I be a P-PWI-ideal of A, thenIisa Q-PWI-ideal of A.

Proof. Let[x —» (y ~»2)7]7 €1, y €l. By assumption [x = (x ~»z)7], we get[(x »z)” —
(y ~»z)7]” €1,y €. Since Iis a P-PWI-ideal of A4, so that x € I, by assumption [x = (x — 2)~].
Similarly, [x ~» (y — 2z)7]” €I,y €I then, we get[(x — z)~ ~» (y — z)~]~ € Iand y € Isince,
Iis a P-PWI-ideal of A4, so that x € I. Hence I isa Q-PWI-ideal of A. m

4, Conclusion

In the present paper, we have introduced the notion of lattice pseudo positive implicative-Wajsberg
algebras with illustration and also, introduced the notions of a completely closed PWI-ideal, a strong
PWI-ideal, a P-PWI-ideal and a Q-PWI-ideal and we discussed some of their properties and
relationship between them with appropriate illustrations.
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