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1. Introduction

The concept of a fuzzy set was introduced by Zadeh [11] in 1965. Fuzziness occurs when the
boundary of a piece of information is not clear-cut. Classical set theory allows the membership of the
elements in the set in binary terms. Fuzzy set theory permits membership function valued in the
interval [0, 1]. Mordchaj Wajsberg [10] introduced the concept of Wajsberg algebra in 1935 and
studied by Font, Rodriguez and Torrens [3]. Also, they [3] defined lattice structure of Wajsberg
algebra. Further, they introduced the notion of an implicative filter of lattice Wajsberg algebra and
discussed their properties. Basheer Ahamed and Ibrahim [1, 2] introduced the definitions of fuzzy
implicative and an anti fuzzy implicative filters of lattice Wajsberg algebra and investigated some
properties. lbrahim and Shajitha Begum [4, 5]introduced the notions of WIi-ideal, fuzzy WI-ideal,
normal fuzzy WI-ideal of lattice Wajsberg algebra and studied some related properties. The authors [7,
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8] introduced the notions of WIi-ideal, FWI-ideal of residuated lattice Wajsberg algebra and discussed
some related properties.

In this paper, we introduce the definitions of an anti FWI-ideal and an anti fuzzy lattice ideal of
residuated lattice Wajsberg algebra. Further, we discuss the relationship between an anti FWI-ideal
and an anti fuzzy lattice ideal in residuated lattice Wajsberg algebra as well as in residuated latticeH-
Wajsberg algebra. Moreover, we investigate some of its related properties.

2. Preliminaries

In this section, we recall some basic definitions and properties which are helpful to develop our main
results.

Definition2.1[6]. Let (A4,—,x,1) bean algebra with a binary operation“— "and a quasi
complement “ = ” is called a Wajsberg algebra if and only if it satisfies the following axioms for
allx,y,z € A,

(i) l->x=x

i) (x-=2y)-2y=((-2->Ex-2)=1

(i) (-y)->y=@F-x)-x

(v, @-y)->@-x)=1

Definition 2.2 [6]. A Wajsberg algebra (4, —,* ,1)satisfies the following axioms for all x, y, z € 4,
0] x—->x=1

(i) f(x>y)=(—->x)=1thenx =y
(i) x-1=1

(iv), (x-0-x)=1

(v) If(x>y)=(y—->2z)=1thenx->z=1
Vi) @x-o»-(E-0-0z-y)=1
(Vi) x->@-2=y->x-2)

(viii) x->0=x->1"=x"

(ix) () =x

x) G-oy)=y-ox

Definition 2.3 [6]. A Wajsberg algebra A is called a lattice Wajsherg algebra, if it satisfies the

following conditions for all x,y € A,

0] The partial ordering” <" on a lattice Wajsberg algebra, such that x <y if and only if x —
y=1

(i)  xvy=(@x-y)->y

(i) xAy=((x"=y") >y

Thus(4, v, A, *,0,1) is a lattice Wajsberg algebra with lower bound 0 and upper bound 1.

Proposition 2.4 [6]. A lattice Wajsberg algebra (4, -, *,1) satisfies the following axioms for all
X,¥,Z €A,

0] Ifx<ythenx >z>y->zandz-o>x<z-y
(i) x<y-zifandonlyify<x -z

(i) (xVvy)=@xay)

(iv)  (xAy)=@x"Vy)

V) @vy)oz=x-2)AYy->2)

Vi) x=>OAZ)=Kx->y) A (Kx-2)

(i) x-y)viy-x)=1

(viii) x> @ Vvz)=x-y)V (x> 2)

(ix) @Ay)=z=(@x->2)V (y-2)

) xAY)Vz=xVZIANQYV 2
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x) EAy)-z=x->y)-= (x-2).

Definition 2.5 [6]. A residuated lattice(4, Vv, A, &, —,0,1) satisfiesthe following conditions for all
X,Y,Z €A,

() (4, v, A, 0,1) is abounded lattice,

(i) (A,Q, 1) is commutative monoid,

(iii) x@y<zifandonlyif x <y - z

Definition 2.6 [6]. Let (4, Vv, A, *,—,1) be a lattice Wajsberg algebra. If a binary operation “ @ " on
A satisfies x @ y = (x = y")* for all x,y€ A. Then (4, vV, A, ®, =, *, 0, 1) is called a
residuated lattice Wajsberg algebra.

Definition 2.7 [6]. Let A be a lattice Wajsberg algebra. Let I be a nonempty subset of 4, then I is
called a WI-ideal of lattice Wajsberg algebra A satisfies for all x,y € A4,

(1) 0el

(i) (x > y)*€landy € I imply x € I.

Definition 2.8 [6]. Let L be a lattice. An ideal I of L is a nonempty subset of L is called a lattice ideal,
if it satisfies the following axioms for allx, y € A,

(i x€l,LyeLandy <ximplyy €l

(i) x,y € limplies xVvy€l

Definition 2.9 [7]. Let A be a residuated lattice Wajsberg algebra. Let I be a nonempty subset of 4,
then Iis called a WI-ideal of residuated lattice Wajsberg algebra A satisfies the following
axiomsfor all x,y € A4,

Q) 0el

(i) x@y€landy €l implyx €]

(iii) (x> y)*€land y € [implyx € I.

Definition 2.10 [7]. Let A be a set. A functionu: A — [0, 1] is called a fuzzy subset on A, for each x €
A, the value of u(x) describes a degree of membership of x in u.

Definition 2.11 [6]. Let A be a lattice Wajsberg algebra. A fuzzy subset u of A is called a fuzzy W1I-
ideal of A4, if forall x,y € 4,

() 1(0) = pu(x)

(i)  pG) =min{u(x - )9, 1)}

Definition 2.12 [6]. A fuzzy subsetu of a lattice Wajsberg algebra A is called a fuzzy lattice ideal if
forall x,y € A4,

0] If y <xthenpu(y) = u(x)

(i) u(xVvy) =z min{u(x),u()}

Definition 2.13 [6]. A fuzzy subset u of lattice Wajsberg algebra A is called an anti fuzzy lattice ideal
if forall x,y € A4,

0] If y <xthenpu(y) < u(x)

(i) u(rvy) <max{ulx), u()}.

Definition 2.14 [7] .Let A be a residuated lattice Wajsberg algebra. A fuzzy subset u of A is called
a FW1I-ideal of residuated lattice Wajsberg algebra A if for all x,y € A,

(i) 1(0) = pu(x)

(i) p() =Zmin{ulx @ y), u(y)}

(i) p(x) = min{u((x - "), ()}
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Definition 2.15 [6]. The lattice Wajsberg algebra Ais called a lattice H- Wajsberg algebra, if it
satisfiesx vy v ((x Ay) > z) =1forall x,y,z € A.
In a lattice H- Wajsberg algebra 4, the following hold,

)  x=2E-=2y=-y)

(i) x->0@0-2)=C->y)->x-2).

Definition 2.16 [6]. Let u be a fuzzy set in a set A. Then for t € [0,1],the set u, = {x € A/u(x) =
t} is called level subset of u.

Definition 2.17 [6]. Let u be a fuzzy set in a set A. Then for t € [0, 1], the set u' = {x € A/u(x) <
t} is called the lower t-level cut of u.

Definition 2.18 [6]. Let F(A) be the set of all anti fuzzy subset of lattice Wajsberg algebra A and g,
we define the setas A, = {x € A/u(x) = u(0)}.

3. Properties of anti FWI-ideals

In this section, we define an anti FWI-ideal in residuated lattice Wajsberg algebra and obtain some
useful results with illustrations.

Definition 3.1 A fuzzy subset u of residuated lattice Wajsberg algebra A is called an anti FWI-ideal of
Aifforany x,y € A,

(i) 1(0) < p(x)

(i) p(x) < max{u(x @ y), n(»)}

(i) () < max{u((x - ), ()}

Example 3.2. Consider a set A={0,a,b,c,d,1}. Define a partial ordering “<” on 4,

such that 0<a<b<c<d<1with a binary operations“® "and "—"and a quasi
complement " * "on A as in following tables 3.1 and 3.2.

x | x* - |0|al|b|c|d]| 1

0|1 O (1111 ]|1]|1

al| c a c|1|1(1]1)| 1

b| b b |[b|b|1|1|1]1

c| d c alal|b|1|1] 1

d| 0 d |[0Olal|b|lc|1] 1

110 1 |[0O|la|b|c|d| 1

Table 3.1: Complement Table 3.2: Implication

Define v and A operations on A as follows:
xVvy)=@x->y) -,
Ay =& ->y)->y)5xQy=(x->y") forallx,y € A.
Then, A is a residuated lattice Wajsherg algebra.
02 if x=0
0.4 otherwise forallx €4
Then, we have u is an anti FWI-ideal of residuated lattice Wajsberg algebra A.

Consider the fuzzy subset u on A as, u(x) = {

Proposition 3.3 Every anti FWI-ideal u of a residuated lattice Wajsberg algebra A is order preserving.

Proof. Let u be an anti FWI-ideal of Aand x <y

Thenx @ y=x-y) " =1"=0and (x - y)"=1"=0 forallx,ye A

Now, u(x) < max{u(x @ y), u(v)} [From (ii) of definition 3.1]
= max{u(0),u(y)} = uly) [From (i) of definition 3.1]
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We have u(x) < u(y) forallx,y € A

And u(x) < {ulx - y)*, u(y)} [From (iii) of definition 3.1]
= max{u(0), u(»)}
= u(y) [From (i) of definition 3.1]

Thus, u(x) < u(y) forallx,y € A
Hence, u is order preserving.m

Proposition 3.4 Every anti FW-ideal of residuated lattice Wajsberg algebra A is an anti fuzzy lattice
ideal.
Proof. Let u be an anti FWI-ideal of A.

Then(xVy) @ x = (((x Sy)-oy) - x*) [From (ii) of definition 2.3]

=1-y)
=x forallx,yeA
And ((xVy) = y) = ((x > y)A(y = y))" [From (v) of definition 2.4]
=@x->y)
<x forallx,yed
Now, we have u(x Vy) < max{u((x Vy) ® x), u(y)}

= max{ u(x), u(y)} [From (ii) of definition 2.13]
And p(x Vy) < max{u(xVy) - y),u@®)}
< max{ u(x), u(y)} [From (i) of definition 2.13]

Thus, u(x vV y) < max{ u(x),u(y)}forall x,y € A.m
The following example shows that the converse of Proposition 3.4 is not true.

Example 3.5 Consider a set A={0,e,f,g,1}. Define a partial ordering “<” on A4,

such that 0<e<f<g<1lwith a binary operations“® ”and " —-"and a quasi
complement "« "on A as in following tables 3.3 and 3.4.

x | x” - |0|le|flgl 1

0] 1 0 111|111

el g e |lgl1l]1]1]1

flf f |flgl1|1]1

gl e g lelflgl|1l]1

110 1 |[0]|e|flg]| 1

Table 3.3: Complement Table 3.4: Implication

Define v and A operations on A as follows:

xVvy)=(@x-y)-y,
xAY)=E&"=y)-=>y)5 xQ@y=(x—->y")" forallx,y € A.
Then, A is a residuated lattice Wajsherg algebra.
0.1 if xe€{0,f,1} forallx€ A
0.5 if xe{e f} forallx €A
Then, u is an anti fuzzy lattice ideal of A4, but not an anti FW1I-ideal for

p(e) £ max{u(e ® ), u(N}

Consider the fuzzy subset ¢t on A as, u(x) = {

Definition 3.6 The residuated lattice Wajsberg algebra A is called a residuated lattice H —\Wajsberg
algebra if it satisfies x vy v ((x Ay) - z) = 1forall x,y,z € A.
In a residuated lattice H-Wajsherg algebra A, the following hold,
) x®ye4,
(i) xR =x®yrx->x-y)=&->y).
(iii) xQ@UY®)=xRYR®xQ®z;x->y-2)=x->y) > (x-2)

forall x,y,z € A.
Proposition 3.7 Every anti fuzzy lattice ideal is an anti FWI-ideal in residuated lattice H-Wajsberg
algebra A.
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Proof. Let u be an anti fuzzy lattice ideal of residuated lattice H-Wajsberg algebra A.
If y < x,then u(y) < u(x) and
ulx vy) <max{u(x),u(y)orall x,y € A [From (ii) of definition 2.13]
Since 0 < x, it follows that u(0) < u(x)forall x,y € A [From (i) of definition 2.13]
Now, we have u(x) < u(xVvy)
=puly Vv vy)")
=puQyVvx->y9)
=uyvEx®y)
< max{ u(y), u(x @ y)}forall x,y € A [From (ii) of definition 2.13]
And u(x) < u(xVvy)
=u(yVvE Vy))
=u(yVvx -y
< max{u(y),u(x -» y)*}orall x,y € A [From (ii) of definition 2.13]
Hence, w is an anti FWI-ideal. m

Proposition 3.8. A fuzzy subset u of a residuated lattice Wajsberg algebra A is an anti FWI-ideal if
and only if u, is a WI-ideal when u; # ¢,t € [0, 1].

Proof. Let 4 be an anti FWI-ideal of A and let t € [0, 1] such that u; # ¢.

Therefore, we have 0 € u,.

Let x, yEAxQy€eEpu,(x—>y) €uandy € y; .

Then, u(x @ y) < t,u(x » y)* <tand u(y) <t. [From definition 2.17]

It follows that, u(x) < max{u(x @ y), u(y)} <t [From (ii) of definition 3.1]
We have x € ;.

Hence, u; is a Wi-ideal of A.

Conversely, assume that . (t € [0,1]) is a Wi-ideal of A.

When p; # ¢ forany x € A, x € py(x

It follows that () is a WI-ideal of A and hence 0 € p1,y).

Thatis u(0) < u(x) forall x,y € A. [From (i) of definition 3.1]
Let t = max{u(x ® y), u(y)}, t = max{ u(x - y)*, u(y)}, it follows that u, is a Wi-ideal

and x @y € py, (x 2 ¥)" € Uy, ¥ € fe-

This implies that x € u; and p(x) < t = max{u(x Q@ y), u(y)} [From (ii) of definition 3.1]
ux) <t =max{u(x - y),uly)}forallx,ye A m [From (iii) of definition 3.1]

Proposition 3.9. Let A be a residuated lattice Wajsberg algebra. If u and o are non-empty anti fuzzy
W-ideals of A such that for any x,y € A, u(x) = u(y) ifand only if a(x) = o(y) then po o isalso a
FWiI-ideal of Aand A,.; = A, N Ay where (uo 0)(x) = u(x)a(x) forany x € A.
Proof. Let u and o are non-empty anti fuzzy W1i-ideals of A.
We need to prove: u o o isa Wi-ideal of Aand 4,., 2 A, N A,
Let x € Aoq. Then (u e 0)(x) = p ° a(0) [From definition 2.18]
p(x)o(x) = u(0)a(0)
Hence, u(x) #0anda(x) #0 forallx e A
If u(x) > u(0), then u(x)o(x) > w(0)a(0) forallx € A
This is a contradiction.
Similarly, it is also a contradiction when a(x) > ¢(0).
Hence, u(x) = u(0) and a(x) = o(0). [From definition 2.18]
Thatisx € A, N A, forallxe A m
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4. Conclusion

In this paper, we have introduced the notions of an anti FWI- ideal and an anti fuzzy lattice ideal of
residuated lattice Wajsberg algebra. Further, we have shown that every anti FIWI- ideal of residuated
lattice Wajsberg algebra is order preserving. Also, we have obtained some of its properties.
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