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1. Introduction
MordchajWajsbreg [6] introduced the concept of Wajsberg algebras in 1935 and studied by Font,

Rodriguez and Torrens in [3]. Basheer Ahamed and Ibrahim [1] introduced the definition of fuzzy
implicative filters of lattice Wajsberg Algebras and obtained some properties with illustrations. Pseudo-
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Wajsberg algebras were introduced by Ceterchi Rodica [2] with the explicit purpose of providing a
concept categorically equivalent to that of pseudo-MV algebras. Pseudo-Wajsberg algebras are
generalizations of Wajsberg algebras. The notion of fuzzy set was introduced by L.A. Zadeh [9] in 1965.
Zadeh [9] extended the notion of binary membership to accommodate various “degrees of membership”
on the real continuous interval [0, 1], where the endpoints of 0 and 1 conform to no membership and
full membership, respectively. Fuzzy set theory has been developed in many directions by many
researchers and has evoked great interest among mathematicians working in different fields of
Mathematics. Recently, the authors [4, 5] introduced the notions of implicative filter, fuzzy implicative
filter of lattice pseudo-Wajsberg algebra and discussed some of their properties.

The aim of this paper is to introduce the definition of pseudo-Boolean implicative filter of lattice pseudo-
Wajsberg algebra and obtain some related properties. Further, we define fuzzy pseudo-Boolean
implicative filter of lattice pseudo-Wajsberg algebra. Next, we show that every fuzzy pseudo-Boolean
implicative filter is an implicative filter of lattice pseudo-Wajsberg algebra.

2. Preliminaries

In this section, we recall some basic definitions and properties which are helpful to develop the main
results.

Proposition 2.1 [1]. A Wajsberg algebra (4, —, —, 1) satisfies the following axioms for all x,y € A4,
0] x—->x=1

(i) fx>y=y->x=1, thenx=y

(iii) x->1=1

(iv) x->(-x)=1

(V) fx->y=y—->z=1, thenx>z=1

V) @-o»-o(E-o0)-GE-y)=1

(i)  x->@-2)=y->x-2).

Definition 2.2 [2]. An algebra (A,—,~, —, 7, 1) with a binary operations " = "," ~ " and quasi
complements " —", " 7" s called a pseudo-Wajsberg algebra if it satisfies the following axioms for
allx,y,z € A4,
0] @1-x=x

b)Yl »x=x
(ii) xrey)oy=@Fvx)2x=F-2x)vx=x->y) vy

i) @ @=>»-(G-2~@x-2)=1
() (x 2 y) > (7~ 2) = (x v 2)) = 1

(iv) 1" =1"=0
v) @&~y )->-x=1
b)x™=y™) »(ywx) =1
(vi) x-=y ) =@~x").
Definition 2.3 [2]. An algebra (4, —», ~, =, 7, 1) iscalled a lattice pseudo-Wajsberg algebra if it
satisfies the following axioms for all x,y € 4,
Q) A partial ordering “<” on a lattice pseudo-Wajsberg algebra A, such that x < y if and only if

x-oy=lex~vy=1
(i) xvy=@-y)vy=@-x0)vx=xvy)>y=F~vx)->x
(i) xAy=@~vEx->N)" =(x->»->x") =@~»0-0)" =(0-0)-y7)
=V ) =((v) vy ) =x->avy) =((xvy) vxT) .

Proposition 2.4 [2]. A lattice pseudo-Wajsberg algebra (4, - , ~, —, 7, 1) satisfies the following
axioms for all x,y € 4,
(i) x->x=1Lx~x=1
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(i) xo@rex)=1xw(y-x=1

(i) XSYy=>z->5x<z-oy;z2vx< ZVwYy

(iv) X<y=y-2z<x-z;yvz<xvz

(V) X<y-ox; x<y~x

(vi) x>ys(y-oz)v(x-oz);xy<(yvz) o (xvz)
(i) x-y<@Z-ox)->@-o2y);xvys(zvx)v (zvy)

(viii) x=>(~vz)=y~v(x-2)
(ix) x> @Vvz)=(x->y)Vx-2z)
(x) x v (yVvz)=(x v y)V(x v 2)
(xi) x<y-ozeoy<xvz

(xii) xvy)=z=(x-2)AN (x> 2)
xiii)  (xvy)mz=((x~2)A(x »2)
(xiv) XVy =x" Ay~

(xv) (xVy)=x=y—-x

(xvi) xVy)»x=y~x

(xvi) (x~»0)-»x=1; x" >0 ~vx=1
(xviii) x->0=x";x~»0=x"

(Xix) 0-x=1;0nx=1

(xx) XTox=x; X" X=X

Definition 2.5 [4]. Let A be lattice pseudo-Wajsherg algebra. A non-empty subset F of A is called an
implicative filter of A if it satisfies the following axioms for all x,y € A4,

(i) 1€F

(i) xEFandx >y €EF imply yeF

(iii) xEFandx ~»y €F imply y € F.

Definition 2.6 [1]. Let A be a set. A function u: A — [0, 1] is called a fuzzy subset on A, for each x €
A, the value of u(x) describes a degree of membership of x in .

Proposition 2.7 [1]. Every implicative filter F of A has the following property x <yand x €
Fimplyy € F.

Proposition 2.8 [1]. Let x be a fuzzy implicative filter of lattice pseudo-Wajsberg algebra, then
forallx,y € A,x <y implies u(x) < u(y).

Definition 2.9 [5] .Let A be lattice pseudo-Wajsberg algebra. A non empty fuzzy subset u ofA is called
an implicative filter of A if it satisfies the following axioms for all x,y € A4,

(i) p(1) = p(x)

(i) #(y) = min {u(x - y), u(x)}

(iii) #(y) = min{u(x ~ y), u(x)}.

Proposition 2.10 [4]. Let (4, =, ~, —, 7, 1) be a Type-limplicative filter of lattice pseudo-
Wajsberg algebra. Then if it satisfies the following axioms for all x,y € 4,

M (OvD-x)=((vx-x)-x)->x
i (=0vx)=((G->0vx)vx)vx
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3. Main results

3.1. Pseudo-Boolean implicative filter of lattice pseudo-Wajsberg algebra

In this section, we define pseudo-Boolean implicative filter of lattice pseudo-Wajsberg algebra, and
obtain some results with illustrations.

Definition 3.1.1. Let A be lattice pseudo-Wajsberg algebra. An implicative filter F of A is called pseudo-
Boolean if it satisfiesx Vx~ € Fand x Vx~ € F for all x € A.

Example 3.1.2. Consider a set A = {0, a, b, 1}. Define a partial ordering “<” on A, suchthat 0 < a <
b < 1and the binary operations " —"," ~" and quasi complements " —", " =" given by the
following tables 3.1.1., 3.1.2., 3.1.3., and 3.1.4.

X | x~ -|0jlal|b]|1 X | x~ ~[0lalb]| 1
0 1 O(1(1|1]1 0|1 ol1l1 111 1
a b alb|l]|1]1 alb albl1l1 1
b| a bla|b|1]|1 b | a blala|1l]|1
110 1|0ja|b]|1 110 110lalbpl 1
Table:3.1.1. Table:3.1.2. Table:3.1.3. Table:3.1.4.
Complement Implication Complement Implication

Then, A = (4, A, V,—,~, 0,1) is lattice pseudo-Wajsberg algebra and consider the subset F, =
{0,1}, then easily verify that F,is a pseudo-Boolean implicative filter of A. But F, = {a, b} is not a
pseudo-Boolean implicative filter of A.

Since, 0OV1=(0-1)~1=1->0)~»0=0~1)>1=(1~0)-0=1;

But,(b~a) »a=1¢F,.

Proposition 3.1.3. Let A be lattice pseudo-Wajsberg algebra. If an implicative filter F of A is a pseudo-
Boolean then which satisfies the following inequalities (i) x - x~ € F implyx € F

(ii) x » x~ € F imply x € F forall x € A.

Proof. (i)Let F be a pseudo-Boolean implicative filter of lattice pseudo-Wajsberg algebra A.

Then, x Vv x~ € F for all x € A. [From the definition of 3.1.1]
Consider,(x Vx™) = x=(x->x)A(x > x7) [From (xii) of proposition 2.4]
=1IA(x>x")=x->x"€E€F [From (i) of proposition 2.4]
Therefore, (xVx~) > x € F. Thus,x € F.. [From (ii) of definition 2.5]
(if) Let F be a pseudo-Boolean implicative filter of lattice pseudo-Wajsberg algebra A.
Then, x v x~ € Fforall x € A. [From the definition of 3.1.1]
Now,(x Vx™) »x = (x »x) A (x ~»x7) [From (xiii) of proposition 2.4]
xvxT)mx=1A(x~vx")=x->x"EF [From (i) of proposition 2.4]
Therefore, (x Vx~™) ~» x € F.Thus,x EF. m [From (iii) of definition 2.5]

Proposition 3.1.4. Let A be lattice pseudo-Wajsberg algebra. If an implicative filter F of A is a pseudo-
Boolean if and only if it satisfies (i) (x > y) »x € Fimply x e F (ii)) (x »y) > x € F

imply x € F forall x,y € A.

Proof. Let F be a pseudo-Boolean implicative filter of lattice pseudo-Wajsberg algebra A.
Let(x > y) »x€F,(x »y)>x€EF

Then,wehavex™ <x - yandx™ <x~y

So,(x »y)»x<x  ~wxand(x v»y)->x<x" -x [From (iv) of proposition 2.4]
x“->x€Fandx™ »x €F [From the proposition 2.7]
(M Now,(xVvx ) »x=x->x)A(x > x7) [From (xii) of proposition 2.4]

=1IA(x—>x")=x->x"€F [From (i) of proposition 2.4]

Therefore, (xVx~™) > x €F
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Thus, x € F. [From (ii) of definition 2.5]

(i) Consider (x Vx™) »x = (x » x) A (x ~» x7) [From (xiii) of proposition 2.4]
=1IA(x~v»x)=x~x"€EF [From (i) of proposition 2.4]

Therefore, (x Vx~™) ~»x €F

Thus, x € F. [From (iii) of definition 2.5]

Conversely, to prove F be a pseudo-Boolean implicative filter of A
Thatistoprovethatx Vx~ € Fandx VvV x~ € Fforallx € 4
Let ((x'vy)—>x)'vxEF, ((x—>y)'vx)—>xEFandputy:0
Then, we have ((x » 0) > x) »x€Fand ((x > 0) vx) >x€F
Hence, (x™ > x) »x €F and (x” »x) > x€F
WehavexVx = (x»x)vwx =@ »x)vwx=Qx~»x")->x =X ~x)-ox
[From (ii) of definition 2.3]
Thus, x Vx~ € F. Similarly, we prove x Vx~ € Fforallx e A. m

Proposition 3.1.5. Let A be a lattice pseudo-Wajsberg algebra. If an implicative filter F of A is a pseudo-
Boolean, then which satisfies the following inequalities
(i) x"-=>x)»x€eFand(x~ > x)»x€EF
(i) x"~»x)->xeFand(x~ ~»x) >x€EF
(iii) If (x> y)~»x€Fthenx € Fandif(x »y) > x € Fthenx € F
(iv) If (x-»>y)~»yeFimply(y x)>x€eFand(x~~y)—->y€eF imply
(y—>x)~»x€F

V) f(x->y)->yeFimply(y »>x)~»x€F and(x »y) ~»y €F imply

(y»x) > x€Fforallx,y € A.
Proof. (i) Let F be a pseudo-Boolean implicative filter of lattice pseudo-Wajsberg algebra A.
Since x < (x” = x)vxandx™ < (x” = x) »x
Wehave x Vx~ < (x~ = x) ~»xandhence (x™ - x) »x €F
Similarly, we prove (x™ - x) ~ x € F forall x,y € A.
(it) Similarly we prove (x™ ~» x) > x € Fand (x™ ~» x) » x € F forall x,y € A.
(iii) Let (x > y) »x €F.
Then, from (i)(a) of definition 2.2, we have 1 > ((x > y) »x)=(x >y) v x €F
Since 1€ F and F is an implicative filter
Thus, x € F [From (iii) of definition 2.5]
Similarly to prove, if (x »y) - x € F,thenx € F
(iv) Let(x > y) »y EF.

Then, we have (x > y) vy < (y 5 x) » ((x » y) - x) [From (vi) of proposition 2.4]
=(x~y) > ((y = x) »x) [From (viii) of proposition 2.4]

Wehavex < (y - x) v x

(yox)vx)»y<x~y [From (iv) of proposition 2.4]

And (x“’}/)*((y—wf)’\’x)S(((}’—’x)’\’x)’\’}’)*((yﬁx)’vx)

[From (vi) of proposition 2.4]
Then, (x v y) >y < (7 > 1)~ x) w y) > (7 = %) v x)
Thus, (((y > x) A x) y) >((y-x)vwx)€EF [From the proposition 2.7]

From (iii) we get (y » x) ~» x € F forall x,y € A. [From (ii) of definition 2.5]
(v) Similarly, we prove (y ~» x) » x € Fforallx,y € A.m

Proposition 3.1.6. Let A be a lattice pseudo-Wajsberg algebra. If an implicative filter F of Aisa
pseudo-Boolean if and only if (x™ » x) wx € Fand (x™ » x) »x € Fforall x € F.

Proof. Let F be a pseudo-Boolean implicative filter of lattice pseudo-Wajsberg algebra A.

Since x<(x” =x)vxand x” < (x” = x) vx

Wehavex Vx~ < (x~ - x) »xandhence (x™ > x) »x EF [From (ii) of definition 2.3]
Similarly, we prove that (x™ - x) ~» x € F forall x,y € A.

311



Conversely, To prove an implicative filter F be a pseudo-Boolean of A.
We have ((x V)T~ (xV x‘)) >xXVx  EF
Since(xVx™ )T =x"Ax "

SxT S<xVxo
Wehave (xVx )"~ (xvx ) =1 [From (i) of proposition 2.2]
Thus,xvVx~ € Fforall x,y € A.
Similarly, we prove x v x~ € F forallx,y € A. m

[From (xiv) of proposition 2.4]

Proposition 3.1.7. Let A be lattice pseudo-Wajsberg algebra. If an implicative filter F of A is a pseudo-

Boolean, then which satisfies the following inequalities

(()x » (x ~»y) € Fimplies x ~»y € F and

(ii)x » (x > y) € F impliesx » y € F forall x,y € A.

Proof. (i) Let F be a pseudo-Boolean implicative filter of lattice pseudo-Wajsberg algebra A.

Letx » (x »y) EF.

Then from (v) of proposition 2.4, we have x = (x ~» ) < ((x ~»y) 2 y) = (x ~y)
(x~y)->y)>(x~y)€EF [From the proposition 2.7]

Thus, (x ~ y) € F forall x,y € A. [From (ii) of definition

2.5]

Similarly, we prove (ii). m

3.2. Fuzzy pseudo-Boolean implicative filter of lattice pseudo-Wajsberg algebra

In this section, we investigate property of fuzzy implicative filter of lattice pseudo-Wajsberg algebra
and we introduce the notion of fuzzy pseudo-Boolean implicative filter of lattice pseudo-Wajsberg
algebra.

Proposition 3.2.1. Any fuzzy subset x of lattice pseudo-Wajsberg algebra A is a fuzzy implicative filter
of A if and only if for each t € [0, 1], u¢ is either empty or an implicative filter of A.

Proof. Let u be a fuzzy implicative filter of lattice pseudo-Wajsberg algebra A and u* # @ for
all te [0, 1].

If 1 € ut thenu(1) > ¢.

If xeut, x> y€eutand x »y € ut thenwehave u(x » y) >tand u(x »y) >t.

Thus, from (ii) and (iii) of the definition 2.5, we have pu(y) = min{(u(x - y),u(x))} =t and
1 () = min{(u(x ~ y),u(x))} = t.Then, y € u*.

Hence ut is an implicative filter of A.

Conversely, if for each t € [0, 1], u¢ is either empty or an implicative filter of A.

To prove that u« is a fuzzy implicative filter of A.

Case (i) For any x € A, let u(x) = t then, we have x € ut.

Since ut # @ is an implicative filter of A, 1 € ut.

Sou(1l) =2t = u(x).

Thus, w(1) = u(x) forallx € A.

Case (i) We prove thatu(y) = min{(u(x > y),u(x))}. If not, there exist x~,y~ € 4 such

that s1(y™) = min{(u(x~ > y7), u(x 7))} Let £ =2 [u(y™) + min{(u(x~ > y7), u(x))}]

Then, we have u(x™) > t;> min{(u(x‘ - y‘),u(x‘))}.

Hence, we have x~ € u, and x~ — y~ € p; isnotan implicative filter of A. Which is a contradiction
to implicative filter of A.

Case (iii) We prove thatu(y) = min{(u(x ~ y),u(x))}. If not, there exist x~,y~ € A such
that u(y™~) = min{(u(x~ ~ y~),u(x™))}. Let t, = %[,u(yN) + min{(p(x~ ~ yN),u(xN))}]. Then,
we have pu(x™) > t,> min{(u(x~ ~ y™), u(x~))}. Hence, we have x~ & . and  x~ ~ y~ € py, is
not an implicative filter of A. Which is a contradiction to implicative filter of A. Therefore, u is a fuzzy
implicative filter of A.m
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Definition 3.2.2. Let A be lattice pseudo-Wajsberg algebra. A non-empty fuzzy implicative filter u of
lattice pseudo-Wajsherg algebra A is said to be pseudo-Boolean if it satisfies the following axioms

() pCxvx™) =pu()

(i) u(xvx™)=u(l)forallx € A.

Example 3.2.3. Consider a set A = {0, a, b, c, 1}. Define a partial ordering “<” on A, such that 0 <
a < b,c < 1andthe binary operations " = "," ~ " and quasi complements " —", " 7 " given by the
following tables 3.2.1, 3.2.2, 3.2.3 and 3.2.4.

X | x— Slolalblcl1 x | x~ ~|0la|lb|lc|1
0| 1 oO|1(1]1]1]1 0 1 oj1|]1)]1)1 /1
alb al|b|1]1]1]1 a b a|lb|1]1]1|1
b | c blclcl1lcl1 b a bla|c|1l]c]|1
c| a cla|[b|b|1]1 c | b cC|bjbjc|1]1
110 1{0|a|b|c|1 1 0 1|{0la|b|c|1
Table:3.2.1 Table:3.2.2 Table:3.2.3 Table:3.2.4
Complement Implication Complement Implication

08 if x=0,1
e i 0.2 Otherwise
pseudo-Boolean implicative filter of lattice pseudo-Wajsberg algebra A.

Consider the fuzzy subset gz on Aas, u(x) = { forallx € A. Then, we have u is fuzzy

In the same Example 3.2.3, let us consider a fuzzy pseudo-Boolean implicative filter on A as,
_(05 if x=01
H(x) _{ 0.3 Otherwise for all x € 4.
Since u(bVva) = ,u((b - a) a) = u((a - b) b) = ,u((a A~ b) - b) =u((b »a) - a)
p(b) = u(b) = p(a) = u(b) # u(1)
0.3=0.3=0.3 =0.3# 0.5
Then, u is not a fuzzy pseudo-Boolean implicative filter of A.

Proposition 3.2.4. Let A be lattice pseudo-Wajsberg algebra. If an implicative filter u of A is a fuzzy
pseudo-Boolean if and only if for each t € [0, 1], u; is either empty or an implicative filter of A.
Proof. Let u be a fuzzy pseudo-Boolean implicative filter of A and for each t € [0, 1], u; # 9.

Then, u, is an implicative filter of A. [From the proposition3.2.1]
Thus 1€ g, since u,(1) >t
uxvx)=uxvx)=u1)=tforallx e A [From the definition 3.2.2]

Thatis,x Vx~ € y;and xVx~ € y

Therefore y, is a pseudo-Boolean implicative filter of A.

Conversely, suppose that u is a fuzzy implicative filter of A and for each t € [0, 1], u; is either empty
or an implicative filter of A.

Since 1€ py,(q), this means that p,,(1) is pseudo-Boolean implicative filter of A.

Thus x Vx~ € pyqyand x Vx™ € pyqy forallx € A

Thatis, u(x vx™) =u(1)and u(xvx~™) =u(l) forallx € A

From the definition 3.2.2, we have u is a fuzzy pseudo-Boolean implicative filter of A.m

Proposition 3.2.5. Let A be lattice pseudo-Wajsberg algebra. Let u, 9 be two fuzzy implicative filters
in A which satisfy u <9, u(1) = 9(1). If uis a fuzzy pseudo-Boolean implicative filter of 4, so is 9.
Proof. Let A be a lattice pseudo-Wajsberg algebra and let 9 fuzzy implicative filter of A.

Let u is a fuzzy pseudo-Boolean implicative filter of A.

From the definition of 3.2.2, we have u(x Vx~) = u(1) and u(x vx~) =pu(1) forallx € A

From u < Yand u(1) =9(1), it follows that 9(x v x~) = 9(1) and 9(x vV x~) = 9(1).
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From (i) of the definition 2.9, we have 9(x Vx~) =9(1) and 9(xvx~) =9(1) forallx € A.
Thus 9 is a fuzzy pseudo-Boolean implicative filter of A.m

Proposition 3.2.6. LetA be a lattice pseudo-Wajsberg algebra. If p is a fuzzy pseudo-Boolean
implicative filter of A then which satisfies the following inequalities

(i) uGx = 2) = minfu(x ~ (27 > ), 10y - 2)}

(i) u(x »z) = min{u(x - (z7 y)),u(y > z)} forall x,y,z € A.

Proof. Let A be a lattice pseudo-Wajsberg algebra and

Let y-z<(@Z —-y)~v(z7 —-2) [From (vi) of the proposition 2.4]
From (vii) of the proposition 2.4,we have

< (x ~(z7 - y)) " (x ~(z7 - Z)) (3.2.1)
We have u(y = 2) < pu ((x (27 o)) (x (27 - z))) [From the proposition 2.8]

And Iet,u(x ~(z7 - Z)) > min {u(x ~(z7 - y)),u ((x ~(z7 - y)) A (x ~(z7 - Z)))}
[From (iii) of the definition 2.9]
From the equation 3.2.1, we have ,u(x ~(z7 - Z)) > min{u(x ~(z7 - y)),u(y - Z)} (3.2.2)
Sincezvz™ = ((z‘ - z) 'vz)/\((z—>z') '\7‘2_) <(z7-2z)vz
From the proposition 2.8 and (i) of the definition 3.2.2, we have
w(@™ > 2) ~2) = pzvz) = u(l)
Again x ~ (z7 - 2) < (((z‘ S 2z)z) - (x> z)) [From (vi) ofthe proposition 2.4]

plx~(z=>2)<p ((((z‘ >2z) vz) - (x v z))) [From the proposition 2.8]

Now, u(x - z) = min{,u((z_ - Zz) " z),u((z‘ - Z) ™~ z) - (x z)}
[From (ii) of the definition 2.9]
From (xx), (i) and (vi) of the proposition 2.4, we have
> min{,u(l),u(x ~(z7 - Z))} = ,u(x ~(z7 - Z))
From the equation 3.2.2, we have u(x - z) > min{u(x ~(z7 - y)),u(y - Z)}
Hence u(x —» z) = min{u(x ~(z7 - y)),u(y - Z)} forallx,y € A.
Similarly we prove p(x ~ z) = min{u(x > (z~ ~ y)),u(y ~ z)} forallx,y € A.m

Proposition 3.2.7. Let A be a lattice pseudo-Wajsberg algebra. If u satisfy the following inequalities
ulx) = ,u((x‘ ~x) o x)and ulx) = ,u((x~ - x) x) forall x,y € A. Then u is a fuzzy pseudo-
Boolean implicative filter of A.

Proof. Let A be a lattice pseudo-Wajsberg algebra.

Let 1=x~ ((x~ ~x) - x) [From (ii) of proposition 2.4]
< ((x‘ "~ ox) o x)_ - X~
<@ vx) v (((x"~»x)>x) >x) [From (vi) of proposition 2.4]
=((x"~vx)-x) ~((x” >x) > x) [From (viii) of proposition 2.4]
= (((x‘ X)) o x) o O) ~ ((x7 = x) > x) [From (xviii) of proposition 2.4]

From the proposition 2.8,(i) of the definition 2.9 and u(x) = u((x~ ~ x) - x), we have
u((x‘ ~x) o x) >u ((((x‘ ~x) - x) - 0) > ((x‘ ~ox) > x)) = u(1)

,u((x‘ ~x) o x) = u(1) (3.2.3)
Now,((x™ v x) »x) < ((x™ v x) > x) vV ((x~ ~x) > x7) [From (ix) of proposition 2.4]
=x ~x)-(xvx) [From (ix) of proposition 2.4]
= (1/\ (x™ ~ x)) - (xVvx)
=((x~»x)A(x™ v x)) > (xvxT) [From (i) of proposition 2.4]
=((xvx)mx)-> (xVvx7) [From (xiii) of proposition 2.4]

From the proposition 2.8, we have
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p((x=~x)>x)<p (((x VxT) anx) - (xV x‘)) <u(xvx) (3.2.4)
From the equation 3.2.3 and 3.2.4, we get u(x v x~) = u(1) forall x € A.

Similarly, we prove that u(x v x~) = u(1) forall x,x =, x~ € A

Therefore, p is a fuzzy pseudo-Boolean implicative filter of A.m

Proposition 3.2.8. Let A be a lattice pseudo-Wajsberg algebra. If u is a fuzzy pseudo-Boolean

implicative filter of A then usatisfies the following inequalities

() ux-2) = min{y(x ~(z7 - y)),y(y - z)}implies ulx) = u((x_ ~x) o x)

(iDu(x ~»2) = min{u(x > (z7 ~ y)),u(y A Z)} implies u(x) = u((x~ - X) x)

forallx,y,z € A.

Proof. Let A be a lattice pseudo-Wajsberg algebra.

Let(x™ vx)>x<x —x

From the proposition 2.8 and (i)(a) of the definition 2.2,

We have u(x) = u(1 - x)
> min{u(1 - (x~ ~ x7)),u(x™ - x)} [From (ii) of the definition 2.9]
> min{u(1), u((x~ ~ x) - x)} [From (i) and (xx) of proposition 2.4]
= p((x™ ~x) > x)

Hence u(x) = u((x_ ~ox) o x) forall x,y,z € A.

Similarly, we prove (ii). m

Proposition 3.2.9. Let A be lattice pseudo-Wajsberg algebra. Every fuzzy pseudo-Boolean implicative
filter u of A satisfies the following inequalities
(i) u(x > 2) 2 minfu(x ~ (y > 2)), u(x > )}
(i) ux ~»z) = min{u(x - (y Z)),u(x A y)} forall x,y,z € A.
Proof. Let A be a lattice pseudo-Wajsberg algebraand letx ~» (y - 2) =y - (x v 2)
[From (viii) of proposition 2.4]

< (x> y)~(x— (x~2z)) [From (vii) of proposition 2.4] (3.2.5)
Now, x " (x = z) < x ~» (((x >2z)>z) - z) [From (i) of proposition 2.10]
=((x>2)>z) > (x~z) [From (viii) of proposition 2.4] (3.2.6)

From the proposition 2.8, (ii) of the definition 2.9 and pu(x) = u((x™ ~ x) - x),
we have u(x - z) = u (((x I z) - (x Z)) > u(x ~ (x - z)) [From the equation 3.2.6]
> min {u ((x > y) ~ (x - (x v 2))), 1(x — y)} [ From (iii) of the definition 2.9]

u(x = z) = min{u(x ~ (y - 2)), u(x - y)} [From the equation 3.2.5]
Similarly, we prove u(x ~ z) = min{u(x - (y~ Z)),u(x > y)} forallx,y,z€ A. m

4. Conclusion

In this paper, we have introduced the notion of pseudo-Boolean implicative filter of lattice pseudo-
Wajsberg algebra and discussed some properties with illustrations. Further, we have introduced fuzzy
pseudo-Boolean implicative filter of lattice pseudo-Wajsberg algebra. Then, we have obtained the
concepts of pseudo-Boolean implicative filter, fuzzy pseudo-Boolean implicative filters of lattice
pseudo-Wajsberg algebra.
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