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Abstract: Let R be a prime near-ring. The commutativity of R satisfying the conditions:
(OD([x, y]) = £x*[x™, ylx*
()D(xoy) = +xk(x™oy)xt
where k=>0,l=0,m=1, are fixed integers is studied. Further, some interesting relations

between the prime graph and Zero-divisor graph of R are studied.

1.Introduction
Let R be a right near-ring. R is called zero-symmetric ifx- 0 = 0 Vx € R (Recall that in a right near-
ring R, 0.x = 0 is true for allx € R). A near ring R is said to be prime if
xRy =0 forx,y € R implies x = 0 (or)y = 0 [Here : xRy = {xry\r € R}
An endomorphism d of R is called a derivation if
Ddx+y) =d(x)+d(y) and
(i)d(xy) = xd(y) +d(x)y forallx,y €R
Implies x = 0 (or)y = 0 [Here: xRy = {xry\r € R}]
An endomorphism D of R is called a generalized endomorphism associated with a non-zero
derivation d of R, if
()D(x+y) =D(x) +D(y) and (ii)D(xy) =D(x)y+ xd(y)Vx,y €R
Let Z(R) denote the centre of R. For all x,y € R, let[x,y] = xy — yx, called the commutator of x
and y and x-y = xy + yx, called the anti-commutator of x and y. In [11] the authors showed that a
prime ring R must be commutative if R admits a derivation d such that d([x, y]) = [x, y] or
d([x,y]) = [x,y] or d([x,y]) = —[x,y] for all x,y € Iwhere I is non-zero ideal of R. In [15]
Yilun shang proved that a prime near-ring R which admits a generalized derivation D associated with
a non-zero derivation d satisfying either
(OD([x,y]) = x*[x,ylx! for all x,y € R (or)
(i))D([x,y]) = —x*[x, ylx! forall x,y €R
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Then R is a commutative ring
He also proved that if R is a prime near-ring which admits a generalized derivation D associated witha
non-zero derivation d satisfying either
(OD(x-y) = x¥(x-y)x! forall x,y €R
or (ii)D(x-y) = —x*(x-y)x! for allx,y €RR

then R is a commutative ring.
In this paper we investigate the commutativity of a prime near ringR satisfying the following
conditions.

(OD([x,y]) = +x¥[x™, ylx! for all x,y €R

(ii)D(x-y) = £x*¥(x™ - y)x! for all x,y €R

Where k> 0,1> 0, m > 1are fixed integers.

Lemma 1.1 [6]
Let R be a prime near-ring. If R admits a non-zero derivation d for whichd(R) Cz(R), then R is a
commutative ring.

2. Main results
Through out this paper R denote a prime near-ring(right). Z(R) denote the centre of
R.LetR™ = {x™|x € R}

Theorem 2.1
Let R be a prime near-ring. If thereexists integersk >0,l>0,m=>1such that R admits a
generalized derivation D associated with a non-zero derivation d satisfying either
@OD([x,y]) = x*[x™, y]x'forallx,y € R(or)
@(i)D([x,y]) = —x¥[x™, ylx!forallx,y € R
then R is a commutative ring.
Proof: We first assume that (i) holds

(i€) D([x, ¥]) = x*[x™, YIx VA, Y E Ruceeeniee e e )
Replace ybyyx in(1)

D([x, yx]) = x*[x™, yxX]x VA, Y E R.een e 2
Since [x, yx] = [x, y]xVx,y € R, (2) becomes

D([x,y]x) = x*[x™, y]Ix VA, ¥ € Rovvee e (3)

By definition we have:
D([x, ylx = D([x, y])x + [x, y]d(x)
(ie)x*[x™, y]x"** = D([x, yDx + [x, yld(x) (using (3))
™, ylxtt = (K™, ylahx + [x, y] d(x) (using (1))
L™, ylattt = Xk [x™, ]ttt + [x, yld(x)
:xk[xm'y]xl-'-l - xk[xm'}’]xlﬂ = [x')’]d(x)
=5 [o6, PJA() = 0rvree e (4)

Replacing y by zy we have:
0 = [x,zyld(x) = {z[x, y] + [x, z]y}d(x)
= z[x,yld(x) + [x, z]yd(x)
=[x, z]yd(x) using (4) VX, V,Z ER..ccoovvviiiiiiiiiiiiinann (5)
This implies: [x, Z]RA(X) =0 VX, Z € R..orrriiiii e e e e e (6)
Since R is prime (6) yields that for eachx € R
d(x)=0 (or)[x,z]=0 Vz E€R
(ie)foreachx ER,d(x) =0 (07) X E Z(R) .o iviiri it e, (7
Ifx € z(R).thenxy = yx forally € R
Then d(xy) =d(yx)
d(x)y +xd(y) = d(y)x + yd(x)
d(x)y +xd(y) = xd(y) + yd(x) " x € z(R)
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d(x)y = yd(x) forally € R, (x) € z(R)
Thus: x € Z(R) => d(X) € Z(R) e e e e e e e, (8)
So,by (7) and(8) we get that

A(X) € Z(R), VX € R e e e 9
(ie) d(R)cz(R)
Then by Lemma 1.1., R is a commutative ring.
For (ii) we assumethat it holds:

D([x,y]) = —x*[x™, y]x'Va, Y ER..oeiiei e (10)
Replace y b yyx in (10)
D([x,yx]) = —x*[x™, yx]x VX, Y € Ruvviiiii e, (12)
Since [x, yx] = [x, y]xVx,y € R (11) becomes
D([x,y]x) = —x®[x™, y]xHIVa, Y ERuvvieeiei e (12)

By definition, we have:
D([x,y]x) = D([x, yDx + [x,y] d(x)
—xK[x™, ylxttt = —x*([x™, y]x')x + [x, y]d(x) (using (10))
—xF ™yl = = [x™, y]et Tt + [x, y]d (x)
—x*[x™, ylattt + ™,y =[x, y]d (x)
=[x, yld(x) =0 W, Y € Revvrvrvesees s, (13)
Replacing yb yzy,we have:
0 = [x,zyld(x) = {z[x,y] + [x, z]y}d(x)
= z[x, yld(x) + [x, z]yd (x)

=[x, z]yd(x) using (13) Vx,y,Z ER............... (14)
This implies [x, z]Rd(x) = 0 VX, ZER.ooo i (15)
Since R is prime (15) yields that for each x € Rd(x) = 0 (or)[x,z] = 0 Vz E€R
(ie)foreachx € RA(x) =0 (01)X € Z(R)..vouviiiiiiiii i e e e (16)
Nowx € Z(R)then d(x) € Z(R) ...cvi it e, an

So,by (16) and (17) we get that
d(x) € z(R)VxeR
(ie)d(R) Cz(R)
Then by Lemmal.1.R is a commutative ring.

Note: If m = 1, we get Theorem 1[15]

Definition 2.2. [9]

The prime graph of a near-ring R denoted by G(R) is a graph with vertices as the set of
elements of R and edges as the set of vertex pair {x,y} such that xRy = 0 oryRx = 0,It is easy to
check that R is prime if and only if G(R) is a star graph.

Definition 2.3 [9]
The Zero-divisor graph of a commutative ring Ris a graph with the set of non-zero zero
divisors of R as the vertices and any two vertices x, y are adjacent if and only ifx # yandxy = 0

Corrollary 2.4

Let R be a prime near-ring. If the prime graph G(R) is a star and there exist k, [, meN such
that R admits a generalized derivation d satisfying either (i) (or) (ii) of Theorem 2.1 then the zero
divisor graph of R is a sub graph of G(R)

Remark 2.5 : The condition R is prime in Theorem 2.1 is necessary even in the case of arbitrary rings
as seen in the following example.

Example 2.6.
Let R be a Commutative ring.
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LetR* = {(g )z]) | x,y,2z € R.}Then R* is a ring with respect to usual matrix addition and matrix
multiplication.

Define d:R* — R*by
d ((x y)> = (0 y) ,clearly d is an on — zero derivationon R*,[fA = (0 y)

0 z 0 0 0 0
where y # 0,
then AR*A = 0, which provesR* is not Prime. DefineD: R* — R*asD (J(; }Z]) = (8 y -(})- Z)

We shall show that D is a generalized derivation on R* with an associated derivation d on R*.
Letd= (7 Y)er.B=(? P)er . Thenap =(** **¥ang

0 z 0 c 0 zZc
D(AB)=(8 xb+3z)c+zc)
Also, D(A)B + Ad(B) = (8 y;’Z) (8 IC’) + (’(; 32') - (8 ye+ ZOC +Xb). Hence D(AB) =

D(A)B + Ad(B). Then D([A, B]) = [A, B] for all A, B € R*. But R* is a non-commutative ring.

Theorem 2.7
Let R be a prime near ring. If there exist integers k>0,[>0,m> 1, such that R admits a
generalized derivation D associated with a non-zero derivation d satisfying either
(DD (x-y) = x¥(x™oy)x! forall x,y € R(or)
(iD)D(x-y) = —xk(x™-y)xt forall x,y € R,
Then R is a commutative ring.
Proof: We first assume that (i) holds.

D(xoy) = x¥(x™oy)X'VX, Yy ER ..o, (18)
Replace y by yx in (18)
D(xoyx) = xF(x™oyx)x'Va,y ER.ccoeviveiiiei, (19)
Since (xoyx) = (x-y)x,Vx,y € R, (19) becomes
D(xoy)x = x*(x™ o y)x VWA, Y ER e (20)

By definition we have:

D(xoy)x =D(xoy)x + (x-y)d(x)

(ie) x*(x™ o y)x'*t = D(xoy)x + (xoy)d(x) (using (20))
¥ (x™oy)xtt = xK(x™ o y)xt*t + (x-y)d(x) using (18)
XM o y)xtt = K (™o y)xt*t + (x0y)d(x)
= xF Mo y)xt — X (Mo y)xHt = (x0y)d(x)
=5 (0 P)A() = Qrrvererrerrrees e e (21)
Replacing y by zy, we have:
0= (xozy)d(x) ={z(x-y) + (x-2)y} d(x)
=z(xoy) d(x) + (x-2)yd(x)

= (x-2z)yd(x) using (21) Vx,y,z€R (22)
This implies: (xoZ)RA(X) =0 VX, Z E R.evviviriiiiiie i (23)
Since R is prime(23)yields that foreachx € Rd(x) =0 (or)(x-z) =0 VzE€R
(ie)foreachx € d(x) =0 (01) X € Z(R)  coviriiirie et e e e e e (24)

Here z(R) is the centre of R. f x € z(R) then xy = yx, then d(xy) = d(yx),
d(x)y + xd(y) = d(y)x + yd(x)
(ie)d(x)y + xd(y) = xd(y) + yd(x) " x € z(R)
d(x)y = yd(x)forally € R

d(x) € z(R)
Thus: x €EZ(R)=d(x) EZ(R) e ieniie i e, (25)
So,by (24) and (25) we get that:
A(x) EZ(R)VX E Rt e, (26)
(ie) d(R)cz(R)

Then by Lemma 1.1 . R is a commutative ring
For (ii) we assume that it holds.
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D(xoyx) = —=x (XM o Y)X VA, Y ERuvvverieeee e, (27)
Replace y by yx in (27)

D(xoyx) = —x*(X™ o yx)x VA, Y E Rueevrriie e (28)
Since (xoyx) = (x-y)x,Vx,y € R, (28) becomes
D((xoy)x) = =xF(x™oy)xIVa, ¥y € Rutiiiiiiiiiii i, (29)

By definition we have:
D((x-y)x) = D(xoy)x + (xoy)d(x)
—xF(x™ o y)xttt = —xk ((xm oy)xl) x + (x-y)d(x) using (27)

—x (Mo y)xtt = =K (Mo )t + (a0 y)d(x)
xR (™o y)axt + (™ o y)xHT = (x 0 y)d (x)
=5 (o P)A(X) =0 Vi, € Revrerrersrrnmmees et et (30)
Replacing y by zy we have:
0= (x-zy)d(x) ={z(x-y) + (x-y)y}d(x)
= z(x-y)d(x) + (x-2)yd(x)
= (x-2)yd(x) using (30) VX, V,Z € R.vrerine et i e e (31)
This implies (X Z)RA(X) =0 VX, Z € Ruevrnrieiiii i e e e, (32)
Since R is prime (32) yields that for each:
x €Rd(x) =0 (or)(x,z) =0 Vz €R
(ieforeachx € RA(x) = 0 (07) XEZ(R) evune e e e et et et e e, (33)
NOW x € Z(R) theN d(X) € Z(R)...uueieiiie et (34)
So,by (33) and (34) we get:
d(x) € z(R)Vx € R, (ie) d(R) Cz(R)
Then by Lemma 1.1. R is a commutative ring.

Remark 2.8 If m = 1, we get Theorem 2[15]

Corollary 2.9

Let R be a prime near-ring. If the prime graph G (R) is a star and there exist k,[, m € N such
that N admits a generalized derivation D associated with a non-zero derivation d satisfying either (i)
(or) (ii) in Theorm 2.8, then the zero divisor graph of R is sub graph of G(R).

Remark 2.10The condition R is prime in Theorem 2.7 is necessary even in the case of arbitrary rings
as seen in the following example.

Example 2.11.
Let S be a non-commutative ring in which the square of each elements is zero.

LetR = {(J(; Jz/) |x,y,z € S}. Defined:R — R as: d ()(; JZ/) = (8 g)

. . . . LA AN 0 y+z
Thend|sader|vat|ononR.DeﬁneD(0 Z)_(O 0 )

Then D is a generalized derivation with association derivation d. As already statedR is not prime. For
any x,y € S,we have
0=(x+y)?=x>+xy+yx+y2=xy+yx
x y u vy_ (0 xv+yw+uy+vz
SO'(O )"(0 w)_(o 0
Consequently D(A-B)=(A-B) forall A, B € R. But R is non - commutative ring.

)forallx,y,z,u,v,w €S
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