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1. Introduction

In this paper we follow the definition of fuzzy bitopological spaces in Lowen’s [1] sense. Various
results in fuzzy topological spaces with respect to fuzzy ideals are found in [7]. Based on the results

given in [7],we are going to investigate the concept of Connectedness in fuzzy bitopological spaces in
our present work.

2. Preliminaries

Definition 2.1. [7] Let A and B are two fuzzy sets of X. Then A intersection B is defined as:
(ANB)(x) = max{0,A(x) + B(x) — 1} forallx € X.

Definition 2.2. [7] Let (X,T) be a fuzzy topological space. The cl(A), the closure of a fuzzy set A is a
fuzzy set defined by cl(A)(x) = V{x/B€1,B(x) >1—x=>AnB = 0} forallx € X.
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Definition 2.3. [7] A non-empty collection J of fuzzy sets of X is said to be a fuzzy ideal on X, if
ABeg=AVBe yandAe gy B<A=>Be 4.

Definition 2.4.[7] If A is a fuzzy set of X, then the support of A is defined as S(A) = {x € X / A(x) >
0}. Let X be a non-empty set. A fuzzy set B is said to be finite fuzzy set of X if and only if S(B) is a
finite set.

Definition 2.5.[7] Let (X,t) be a fuzzy topological space. The interior A° of a fuzzy set A of X is
defined as A° = V{B:B < A,B € 1}.

Lemma2.6.[7] If g:X > Yand A Be€¥theng *(AnB) =g 1(A) ng 1(B).

Lemma 2.7.[7] Let (X,t) and (Y, o) be two fuzzy topological spaces. Let g: X — Y be a fuzzy
continuous function and A: Y — [0,1] be a fuzzy set of Y. Then cl(g™*(A))(x) < g*(cl(A))(x) for
allx e X.

Definition 2.8. [3] Let (X, t4,1,) and (Y, 64, 6,) be two bitopological spaces. Then a function f:
(X,11,72) = (Y, 04,05) is called pairwise continuous if f~1(U) is t; — open set in (X, 14, 1,) for each
o; —open set U of (Y,o,,0,)fori=1,2.

We may also give similar definition of fuzzy pairwise continuous function in fuzzy bitopological
spaces.

Definition 2.9. Let (X, t4,1,) and (Y, o4, 6,) be two fuzzy bitopological spaces. Then a function f:
(X,14,72) — (Y,04,0,) is called fuzzy Pairwise continuous if f = (U)is t; — open set in (X, 14, t5) for
each o; — open set U of (Y,o,,0,)for i =1,2.

3. (i-J) fuzzy connected spaces

Definition 3.1 Let(X, T4, T2) be a fuzzy bitopological space. A fuzzy set C is called (i-j) fuzzy
disconnected if there exists two fuzzy sets B; and B, such that
(i) C=B;VB,
(ii) There exists x; # y; € X such that B;(x,) = C(x1) # 0and B,(y;) = C(y;) # 0.
(iii) cl(By)i N B, = 0 =By N cl(By);, wherei,j € {1,2} and i # j.

Cis said to be (i-j) fuzzy connected iff Cis not (i-j) fuzzy disconnected.

Example 3.2 Consider the two fuzzy topologiest; = {a/0 < a < 1} and t, = {f/f: X - [0,1]}. We
know that (X, t,) is fuzzy connected and (X, t,) is not fuzzy connected. We shall show that (X, T4, T,)
is (i-j) fuzzy connected.

Suppose there exists two fuzzy sets B; and B, such that 1) 1y = B;VB,. (ii) there existsx; # y; € X
with By (x1) = 1x(x1) # 0 and B,(y1) = 1x(y1) # 0. ~

ThenB; N cl(B,) = 0, where cl(B,) is T, —closed. Also cl(B;) n B, # 0, where cl(B;) is T, —closed.
That is cI(B;) N B, # 0 = B; N cl(B,). This implies that (X, t4,T,) is not (i-j) fuzzy disconnected.
Hence (X, t1, T,) is (i-j) fuzzy connected.

Theorem 3.3. Let(X, T4, T,) be a fuzzy bitopological space. Let A be a (i-j) fuzzy connected set of X
and B is t;-fuzzy connected set of X, where i € {1,2} withA < B. Suppose B = B, VB, such that with
B;(x0) = B(X¢) # 0 and B,(y,) = B(y,) # 0 forsomex, # y, € X and cl(B;); N B, =0=B; N
cl(B,); then either A < B, (or) A < B,.

Proof: As cl(B;); n (B,) = 0 = B; ncl(B,); we get cl(B;AA); N (B,AA) =0 = (B;AA) N
cl(B,AA); where i € {1,2}. Since A < B;VB,, select z, € X such that A(z,) # 0. Therefore A(zy) =
(B1AA)(zp)(0or) A(zy) = (B,AA)(zp). Since B is t;- fuzzy connected there is no y € X such that
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(y) = (BoAA)(y) # 0. If A(y) # 0then B,(y) < A(y). Therefore A(y) = (B;AA)(y) forally € X.
Hence A < B;. Similarly we can show that A < B,.

Theorem 3.4. The image of a (i-j) fuzzy connected set under a fuzzy pairwise continuous map is (i-j)
fuzzy connected.
Proof: Let (X,t4,t5)and (Y, 04, 0,)be two fuzzy bitopological spaces and g: X — Y be a fuzzy
pairwise continuous map.

Let u be a (i-jJ) fuzzy connected set on X. We prove that g(u) is a (i-j) fuzzy connected set
on Y. Suppose g(u) is (i-j) fuzzy disconnected. Then there exists two fuzzy sets A and B such that (i).
g(u) = AVB. (ii). There exists z; # z, € Y such that A(z;) = g(u)(z;) # 0 and B(z,) = g(w)(z,) #
0 and (iii). cI(A); N B = 0 = A n cI(B);, where i,j € {1,2} with i # j, by lemma (1.6) and lemma (1.7)
d(g™! W), ng'®) =0 =g (W) n (g™ (B)),
As g(u)(z,) # 0, select x; € X such that g(x;) =z, and u(x;) > 0. Similarly select x, € X such that
g(x,) =zand  u(xy) >0. Therefore g 1(A)(xy) =A(z;) #0. Now (g 1(A)AW)(x;) =
A(g(x1))Au(x1) = u(x;) # 0.
Similarly (g=*(B)Au)(x;) # 0. Therefore u = (g1 (A)Au)V(g~1(B)Au), which is a contradiction to
our assumption that uis (i-j) fuzzy connected. Hence g(u) is also (i-j) fuzzy connected.

Definition 3.5. Let(X, T4, T,) be a fuzzy bitopological space with a fuzzy ideal Jon X. A fuzzy set D is
said to be (i-j) fuzzy J — connected if there do not exist two fuzzy sets A and B which are not in J
such that i)D = AVB (ii) there existsxy #yo € X such that A(xy) =D(xo) #0 and B(yy) =
D(yo) # 0. (iii) cl(A); nB =0 = Ancl(B); wherei,j € {1,2} withi # j.

The next example justifies the relation between the (i-j) fuzzy J — connected and (i-j) fuzzy
connected.3

Example 3.6. Consider the fuzzy bitopological space (R, t;, ;) where R denotes the reals t; = {the
discrete fuzzy topology on R} and t, = {g:[0,1]/S(g) is an open set in the standard topology of R}.
Let J denotes the fuzzy ideal of all fuzzy sets of R with finite support.

1 ifxe[0,3]

Let B(x) = i ifx € {4,5,6}

0 otherewise
Then B is (i-j) fuzzy J — connected, but not (i-j) fuzzy connected where i,j € {1,2} .
LetB=CVDwithCncl(D);=0= cl(C); N D and there existsx, # y, such that C(xo) = B(xo) #
0 and D(y,) = B(yy) # 0. Then S(C) U S(D) < [0,3] U {4,5,6}. As B(x) = C(x) VD(x) = 1 forall
x€[0,3]andasCND=0,weget(1—C)=Don[0,3], D<cl(D); <1-C=Don|0,3], C(x) =
1 — cl(D), (x) for all [0,3]. Similarly C(x) = 1 — cl(D),(x) for all x € [0,3]. Also S(C) n [0,3] =
[0,3]\ S(1 — cl(D);)wherei € {1,2}. Therefore S(C) n [0,3] and S(D) n [0,3] are disjoint relative
open sets of [0,3] in the relative topology. As [0,3] is connected with respect to the standard topology
on R, we have either S(C) n [0,3] = @ (or) S(D) N [0,3] = @. Assume that S(D) N [0,3] = @. Then
S(D) € {4,5,6}. So D € . Therefore B is not (i-j) fuzzy J — disconnected. That is B is (i-j) fuzzy J —
connected.
Next we show that B is not (i-j) fuzzy connected.

1 .
2(0) = {; if x € {456}

0 otherwise
Then there exists x; € [0,3] and y; € {4,5,6} with f(x;) = B(x;) # 0and g(y;) = B(y;) # 0.
Consider the following two fuzzy sets

_(lif x € (—»,0) U (3,)
1‘111.;36) = EO DU 5)0&%?23158(6 )
_ ifx€e(—x0,4)U (4,5 U((56)U (6,0
Ay(x) = {0 otherwise’
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As S(A;) and S(A,)are open sets in the standard topology of R, we get A1, A, € 1,. Clearly
Ay, Ayare inty also.
1if x €[0,3]
0 otheliw_i;e (45.6)
if x €{4,5,
(1 =400 = { 0 otherwise
Since f = (1 — A;), which is a t;-fuzzy closed set, where i € {1,2}, cl(f); = f. Note that

g < (1—-A4,).As (1 —A,) isat;-fuzzy closed set containing g, cl(g); < (1 — A,). Now
d)ing=fng=0 andfncl(g); <fn(1—A;)=0where i,j € {1,2}and i # j. That
isf N cl(g); = 0. Hence B is not (i-j) fuzzy connected. Thus every (i-j) fuzzy connected set is
(i-J) fuzzy J — connected but the converse need not be true.

Now (1—A4.)(x) = {
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