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Abstract: In this paper, a single server batch arrival multi-stage retrial G-queue is considered.
The server renders essential service followed by ‘M’ stages of additional services. Each stage
consists of multi-optional fluctuating modes of services. The system consists of positive and
negative customers. Positive customer arrives in batches according to the Poisson process. If
the server is idle upon the arrival of a batch, then one of the customers in the batch begins his
essential service and the rest join the orbit. Otherwise, all the arriving customers join the orbit.
After completion of essential service the customer may opt any one of first stage services,
feedback to the orbit or leave the system. After first stage service completion, the customer
may move to second stage, join the orbit or leave the system and so on. The arrival of the
negative customer makes the server breakdown with the removal of customer being in service
from the system. Using the supplementary variable technique, performance measures and
reliability indices are derived. Stochastic decomposition law is verified.

1. Introduction

Retrial queueing system with multi stages plays a major role in computer networks, communication,
bank and manufacturing systems. Ebenesar and Udaya Chandrika (2015) analyzed a single server bulk
arrival multi-stage retrial queue with vacation. Radha et al. (2017) studied a group arrival retrial G -
queue with multi optional stages of service, orbital search and server breakdown. Queue with negative
arrivals was first introduced by Gelenbe (1989) and named as G-queue. Gao and Wang (2014),
Sumitha and Udaya Chandrika (2015), Rajadurai et al. (2015) and Varalakshmi et al. (2017)
discussed retrial queue by including the concept of G-queue.

In most of the queueing models it is assumed that the server is providing service to all
customers at the same service rate. But it is not always true in real life situations. Sometimes, there
could be variation in mean service rate due to several reasons. This kind of service is considered as
fluctuating modes of service. Baruah et al. (2014) studied a batch arrival single server queue with
server providing general service in two fluctuating modes. Yamuni et al. (2016) derived bulk arrival
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retrial queue with fluctuating modes of service, immediate feedback, server vacation and orbital
search. Dshalalo and Merie (2018) investigated a fluctuation analysis in queues with several
operational modes and priority customers. Ayyappan and Supraja (2018) studied an M*/G(a,b)/1
queueing system with two fluctuating modes of service under bernoulli vacation schedule for
unreliable server and delaying repair.

Our present investigation deals with a single server batch arrival multi-stage retrial G-queue
with fluctuating modes of services and feedback.

2. Model Description

A single server multi-stage retrial G-queue with fluctuating modes of service is considered.
The system consists of positive and negative customers. Positive customers arrive in batches according
to Poisson process with rate A*. The batch size Y is a random variable with distribution function
P(Y=k) = Cx, k=1,2,3,..... and probability generating function C(z) having the first two moments m;
and my. If an arriving batch finds the server idle, then a random customer from the batch receives the
service and the rest join the orbit. Otherwise, all the arriving customers join the orbit. The inter-retrial

times form an arbitrary distribution A(X) with Laplace-Stieljes transform A"(s) and the hazard rate
d A(x)
1-A(X)

The server renders first essential service to all the arriving positive customers. The essential
service time is generally distributed with distribution function B,(X), Laplace-Stieltjes transform

function 7(x) =

Be(s), n" (n=1,23,..) factorial moments (™ and the conditional completion rate
d B, (x)

1- BO(X) '

The system consists of M stages of services followed by essential service. In each stage there

are multi heterogeneous optional services. Stage i (i=1,2,....,M) consists ki optional services. After
completion of essential service, the customer moves to first stage and opts ji™ ( j1=1,2,....,k1) mode of

service with probability P departs the system with probability ¢, or joins the orbit as a feedback

Lo (X) =

customer with probability J,. In similar way the customer after first stage service completion moves
to second stage, joins the orbit or leaves the system. In general, the customer from (i-1)"" stage
proceeds to i stage and opts ji" (ji=1,2,.....ki) mode of service with probability p; , departs from the
system with probability g, or joins the orbit with probability o, . After the completion of last stage, the
customer either leave the system with probability q,, or join the orbit with probability 6,, such that
Oy +0y =1. The service time of i" (i=1,2,.....,M) stage ji" ( ji =1,2,......,.ki ) mode of service is
generally distributed with distribution function B; ; (x), Laplace-Stieltjes transform Bi’fji (s), n"

; ()
factorial moments N
dB; i (x) i
1-B,;, (0
Negative customers arrive according to the Poisson process with rate A. The arrival of
negative customers removes the positive customer being in service from the system and breakdowns
the server. As soon as the server fails, it stops rendering service and is sent for repair immediately. The
repair time of the server failed during essential service is generally distributed with distribution

function R, (x) , Laplace-Stieltjes transform R; (s), n™ factorial moments £{™, and the conditional
d Ry (x)
1-Ry(x)

and the conditional completion rate

Hij (x) =

completion rate ,(x) = . The repair time of the server failed during i (i=1,2,.....,M) stage
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i (ji =1,2,......ki ) mode of service follows general distribution with distribution function R ; (%),
Laplace-Stieltjes transform R/ i (s), n* factorial moments ,Bi(r?) and the conditional completion rate

B dR”i(x) ~ )
ﬂi,j.(x)—mnl—

3. Stability Condition
Let {tn , Ne N} be the epoch of the completion of service or repair period. The sequence of
random variables Y, ={C(t;), X (t;)} forms an embedded Markov chain which is ergodic iff
m@e-AA)+T, Q>0
where

’ M M
T, (D) = D AT (A)By () + (8 + o) ™+ A'm Y (8, + )M, UBy (1) + A () £01- £,
i=0

i=1

+(AmA)L-By () + ZZ P, Ar (A= By, (A))By(A)]+ A m[(1- By (A))AY

i=L ji=1
M ki Mk
+ ZZ pjiAi—l(/T)(l_ Bi,ji (I)):Bflj), Bo (I)] + ZZ pji M i—l(l) (1_ Bi,ji (/T))Bo (I)
i=1 =1 i=1 =1
M & 1) ~ * M & * *
=22 AL B () D p AL () B () Y
i=1 =1 i=1 =1
i ki
A*Ozl’ A#;:HthB'rjl
I=1 j=1
£ =A'm j xe " b, (x)dx . f0= /I*ml_[ xe b, | (x)dx
0 0
MO =lim A (9(2) . M =lim A} (g(2)

g(2) =4 1-C(2)+4

4. Steady State Distribution
Define the state of the server as
0, serverisidle
1, server is busy at essential service
C(t) = 42, serverisbusy ati" stage, jith mode service
3, server on essential service is under repair

4, serveroni™ stage jith mode is under repair
For the process, {N(t) ; t > 0}, define the following probabilities

lo () = P{C(t)=0, N{®)=0}

I, (X 1) P{C(t)=0, N(t)=n, x<{&(t)<x+dx}, n>1
Py (X, 1)dX P{C(t) =1, N(t)=n, x<{&(t)<x+dx}, n>0
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Poa(xdx = P{C®)=2, N(t)=n, x<&B) <x+dx},n>0,i=12,..,M, j, =12,....k

Ry.(x,t)dx = P{C(t)=3 , N(t)=n, x<&(t)<x+dx} , n=0

Ri,.(xDdx = PCM)=4,N{t)=n, x<&t)<x+dx}, n20,i=12,..,M, ]} =12,..k

The steady state equations governing the model under consideration are

= g I Py (01X + 3 Z [Py (0,5 (00 [ Ry () (¥

i=1 ji=lo

&ZTRi,h,o(xm,,—i (X)dx

i=1l j

dil x) = —(A+7(x)1,(x) , nx>1
SR = (2 2+ (0) Py + 2 =0, Y G0 120
P (0= =2 2 4 1, (00) By 00+ 2 (1-8) 2 C,R () 020,

|_1,2 ...... M, ji=12,...k

9 R (X) = (4 + £y(0) Ron(x) + 4 (1= 80)> CiRos (¥) N2 0

k=1

d
dx
d
dx

R, ()=~ (4" + B, () Ry n(0+ A (A= 80)D CuR, 1 (X) 120,

i=12...M, j=12...k

with boundary conditions

1,0)= %T Py s (X () + iff.kz

P2 (44,5, (X)X 43 j Py () 5 ()¢

O‘—:S

8

+qu T Pin () ; (X)dX+IR0n(X)ﬁ0(X)dX+§:Z

i=1 ji=1 i=1

O'—»S

Ij n(X)ﬂi,ji(X)an
P o(0) = A°Cly + J-|1(X)77(X)dx

Pn(0) = 2Coaly + A3 C 1 (ax + [ 1., 097(x)dx,  n>1
k=1 0 0

Plyh'n(O):phJ.PO’n(x)yo(x)dx, N>0, j,=12,...k
0
Kiig %

Pin@ =0, > [Py (0, (0dx,  n20,i=23...,M, j=12,...k
jia=lo

Ry, (0) = ﬂ‘jPOn(x)dx, n>0

Ry a( j,,n(x)dx, N>0,i=123...M, j=12,...k
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5. Probability Generating Functions

Define the following probability generating functions

1(x,2) = iln(x)zn ; P, (x,2) :iPo’n(x)zn
P, (62 = YR, , (02" : Ry(X,2) = 3 Ry, (02"
and R, (x2) =R, (2"

Multiplying equations (2) to (6) by z" and summing over n, we get

i+ A +77(x)jl (x,2)=0
dx

%ma—c:(z))w+uo(x)]Po(x,z)=o
%+/1+(1—C(Z))+l+yi1ji(x)j|3i’ji(x,z)=0, =12, oM, =12k
%mwl—c:(z»wo(x)j&(x,z)=o
%+/1*(1—C(z))+ﬁi'ji(X)jR”i(x,z)zo, =12, oM, =12,k

Solving the partial differential equations (15) - (19), we obtain

1(x,2) = 1(0, 2)e ™" (1 - A(X))

Py(x,2) = P,(0,2)e”* @ (1- B (x))

P,(x2)=P,(0,2)e " #C*1-B (X)), i=12,...M, j;=12....K

Ry(x,2) = Ry (0, 2)e ™ (1- R,(x))

R, (X,2)=R;;(0,2)e " ““O*A-R (), i=12...M, J;=12,....K

Multiplying equations (7)-(13) by z" and summing over n, we have
© M ki o

1(0,2) = (do + 8 2) [ Py (%,2) 115 (X)X + 2 @+o22 [P, 062) a5, (x)x

0 = ji=lo

ki

+ T Ry (X, 2) By (X)dx + iz

=1 j;=1

Ri; (X2)5,; (x)dx = A1,

Ot—8 o3

R, (0, Z)=%[/1+C(z)l0 +Tl(x, 2)n(x)dx + 2" C(2)| 1(x,2)dx]
Py, 0,2)=p, [ Pyt 2)11o (00K, =120k,
R;0.2)=p; kZ TP;_“”(X, D, (A, i=23,M, =12,k

jia=lo

R,(0,2)= A‘T P, (x, z)dx
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Ri; (O, Z)=ITF’i,ji (x,2)dx, 1=123,...., M, ji=12...., K, (30)
Using the expressions in equations (20) — (24) in the equations (25) — (30) and solving, we obtain
1(0,2) = A'1,[C(2)T,(z) - 2]/D(2) (31)
R(0,2)=2"1,A"(2")(C(2)-1)/D(2) (32)
P, (0,2)=p, A" 1,A"(2")(C(2)-1) Bg(g(z))/D(z) , =12, k, (33)
R,(0,2)= ij/I*IOA*(/I*)(C(z)—1)A’}_1(g(z))B;(g(z))/D(z), i=23,......, M, j=12,..., k. (34)
Ry(0,2)= 2 2"1,A"(2")(C(2) ~1)((L- B5(9(2)))/ 9(2))/D(2) (35)
R, (0,2)=p, 2 Z'1,A"(2)(C(2) DA, (9(2))(L- B, (9(2)))/ 9(2))B; (9(2))/D(2), (36)

i=1,23...uM, i =12,k
where D(z) =z-[A'(2)+C(2)1- A (A)IT.(2)

T,(2) = (dy + & 2) By (9(2)) +i (G +; 2) A3 (9(2))By(9(2)) + 4 ((L- By (9(2)))/ 9(2))R, (h(2)

i=1

¥ 122 P, A (9(2)(L-B; (9(2)/ 9(@)R; (h(2))B; (9(2))
9(z) =/1+(1—C{Zl);/1‘ and  h(z) = 2'(1-C(2))
The probability generating function of the orbit size when the server is idle is given by
1(z) = TI (x,z)dx
= |Z(1_ A (2)[C@)T(2)-2)/D(2) (37)

The probability generating function of the orbit size when the server is busy in providing essential
service is given by

R (z) = TPO(X, z)dx
= A 1,A(A)(C(2)-D(A-B;(9(2)))/ 9(2))/D(2) (38)

The probability generating function of the orbit size when the server is busy in providing
i" (i=1,2,.....,M) stage ji" (ji =1,2,......, ki ) mode of service is given by

P () = [P, (x 2)dx
- Z 1A (E)CE)-DB(9(2) P AL (@A~ B, 6@/ 9(2)/D@) (39

The probability generating function of the orbit size when the server is under repair at essential stage
is given by

R,(2) = TRO(X, z)dx

= — 2 1,A (2)((0-B(9(2)))/ 9(2)L- Ry (h(2)))/D(2) (40)
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The probability generating function of the orbit size when the server is under repair at it" (i=1,2,.....,M)
stage ji" (ji=1,2,......, ki ) mode of service is given by

R, (2) _jR,J(x z)dx

= —Z1,A"(2)p, B3 (9(2) A1 (9(2))((L- B, (9(2)))/ 9(2)L- R, (h(2))) /D(2)
41
Using the normalizing condition “

I +I|ml(z)+I|mP(z)+I|mzz , (D) +limR, (z)JrllmZZRIJ (z) =1, we obtain

i=1 =1 i=1 j=1

1-m (- A (2)-T, @
AR Y SN B ) ~(6+0) £ =3 (6, +0)MOB; (1) + K (1) 1]

i=1

l, =

DS I () £ - MAG-BIBI(E) -3 p (- B ()
1 i=1 j;i=l (42)

The probability generating functions of the orbit size and system size are given by

P.(z) = 1o+ 1(2)+ Po(2)+iiﬂji (2)+ Ro(z)+iiRi,ii (2)

i=1 j=1 i=1 ji=1

= LA (A)z- Z(@Z +0,)A(9(2))B, (9(2)) + 4"(C(2) ~1)((L- By (9(2))/ 9(2))

+4(C(2)-D) BS(Q(Z))ZZ P, A1 (9(2)(A- B, (9(2))/9(2)

i=1l ji=1

—A (-85 (9(2)/ 9(2))- 4 B, (9(2) )izp,l\.l (9(2)(1-B;; (9(2))/9(2))/ D(2)

i=l ji=1

(43)

M K

P(2) = L +1()+ P+ 2D P, (Z>+Ro<2)+ii% (2)

i1 =1 i=1 j=1

= LA ()2 —Z(O"iz +0;)A7(9(2))Bo (9(2)) + 24" (C(2) ~1)((L- By (9(2))/ 9(2))

+22'(C(2) DB, (9(2))22 p; A (9(2)A-B;; (9(2)/ 9(2)]

i=1 ji=l

-4 ((1-By(9(@)/9(2) -4 BS(Q(Z))iZ p; AL (9(2)A-B7; (9(2))/9(2))/ D(2)

i=1 ji=1
(44)
6. Performance Measures

e  The probability that the server is idle is
I = Iin;n 1(2)
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La-A @) (m AT 1) s

1-m@1-A(1))-T, @)
e  Mean number of customers in the orbit when the server is idle is
. d
L, = Izlma 1(2)

-1, (- A*(/l*)){Tz[mz romT, (O +T, (1)} " T{ml T, ) —1}} / oT? (46)

e  The probability that the server is busy in providing essential service is
P = Iinl’l P (2)

_ (M /A)AT(A)A- B (A1)

' (47)
1-m@-A(2)~-T, @
e  Mean number of customers in the orbit when the server is busy in providing essential
service is
L, = IimiP (2)
© gz °
= I, A (A){TIA M, [ A)A-B (X)) —2(Am [ A7) & o

+ (A1) (U= By (A D]+ T[(Am, / 2) @~ By ()] 2T

e  The probability that the server is busy in providing additional services is
M-1 K;

P =1im>>PR,(2)
-1 il -1 A
* M ki * *
Lo (A'm 1 27)AT (2B (A7) > P AL (A= B/, (4))
i=L ji=1
_ S (49)
1-m,(1- A (1) -T, @)
e  Mean number of customers in the orbit when the server is providing additional services is

. d
L, = |ZILT1]E P(2)

= 1A (O RTIm, 7)Y 3 Py B (A AL ()A-B], (1)

20 DY PN B ()10 4 XY b ME- B, (£ )BI(F)

—ZZ p, AL (B () 9T+ 2(m 1 )Y p, Ao, () LBy, (4)B; (4)]

i=l = i=1 ji=1
+T[(A'm, /I)ii P, AL (A7) B, (2))By (A1) 2T,

i=1 j=1

(50)
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e  The probability that the server is under repair during essential service is
R, = limR,(2)

_ L AMAT () A By (1)) 5
1-m@-A (1) -T, @

(51)

e Mean number of customers in the orbit when the server is under repair during
essential service is

Le, = IimdiRo(z)

= oA (AL ™)? 57 + A, 57 ) (L= By (4)) — 22", £, 57
+2((A'm)* /A7) - By (4 )):801)] + T M/ A)A- By (A ) 511 2T,
(52)

e The probability that the server is under repair during additional services is

= Zm? ZZRI i (2)
i1 ji=L
I, 2 m, A’ (/1*)22 P, Bo(A)A-B, (A )AL ()8, "
_ i=1 j=1 (53)
1-m@1-A (/V))—Tl @

e  Mean number of customers in the orbit when the server is under repair during additional
services is

L, = IlmiR(z)

z—>l Z

INT, [zz P, By ()AL (A)A-B;, (A))((A M)’ BY +4'm,BY)

N

+2]’+ [Zzp] |1(ﬂ“ (1 B +Zzp]M|1 1 BIJ(/I ))IBI] ( )

i=1 ji=1 i=1 ji=1

Zp,A ()-8, (1B (1A}

:J,

ZZPJA (B (DT BG4 2 M) 12))

i=l j

H
iR

+T3M*m122 p, A (A)A-B;, (1))B;(4)pY1/ 21}

=L =L

(54)

e  Expected orbit size is given by

L, = IlmiP (2)

zal
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M M
= LA (2T, [-26, 15" = (& + o) fg? =2 S IMPB(4) + AL (A) 571 - 2 (6, +a)IMPBy (1)

i=1 i=1
Mk
+2MO P + A EP1+ 12 =D > p, 0-B[, (A)OMEB (1) - 222 p,MA@-B, (A)fP
i=l ji=1 i=l ji=l
M ki M ki
+ZZZ p, FOMYB, (/1)+ZZP N (D) P A-8B], (A) - ZZ p, A, () fP S
i=l ji=1 i=l ji=1 i=l ji=1
Mk
+ ZZ p, f AL (A)By ()] + T, T} 2T
i=l ji=1l
(55)
where
" M M
1 (1)=2[25i/\ z 2] +(6,+,) (2)+Z(§i +qi)[Mi(2)Bg(ﬂ:)+Mi(l):u(gl)+A*i(/17) fo(Z)]
i=0
M kK
— £ =2(Am ) f P ZZpJ D1 )B, (1) +zzple*i_l(I)fiﬁl)B;(/l’)
i=1 ji=1 i=1 ji=1
Mk . Mk
ZZP,A.l (-8, (ANt 1-2Am[ {05 ZZPJM.lil B, (A)AY
i=1 ji=1 i=1 ji=1
* M k M k *
+Bo(l’)ZZpJA.1 £ ZZDJA.l B!, (A)BY 01+ (A'm, 1 2)[1-By(4))

+By (4 iip, A () A=By (AO)]+2(2 My ) [~ By (2)) + By (2) iip,/\.l (LB}, (A

i=1 ji=1

ji=l

=1 ji=l

N

+2((A'm,)* L )[A- By (2 ))Ay” + By (I)ZZ P A ()= By; (B 1+ (A'm, [ 0)[A-By (1)) A

i=1 ji=
+B$(I>Z§phA11w)(1 B, (4 .J]+ZZpJ ¢ 5(1'>—Bs(z‘)ZZpJM.1.,
+2ik2'pjiMi‘fi<1—B kap,A._l ZikZpJA._l '
(MY A-B(EMBD B ()Y p, AL (4)(A-B;, (1)A?]
i=1 ji=1

T, =1-m@-A @) -T, @
T, =T, @+@-A" »(mz +o2m,T, (1)]

T, =1- 3 A ()BY() - 6+ 80 1 - (6 + Q)M OB (1) + A, (1) 1]

i=1

1B 2By 1401 ~MEA- B (- 330, K ()17 8, ()

12 = (rm)? [ x%e by (x)dx -+ A°'m, [ xe ™ b, (x)dx
0 0

£ = (rmy)* [xe b, (ax+ 4'm, [ xe ", (x)dx
0 0
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e  Expected system size is given by
L, = L, +R +P (56)

7. Stochastic Decomposition
Average system size can be expressed as the sum of the mean number of customers in the
classical batch arrival G-queue with multi-stage fluctuating modes of services and feedback (L) and

the mean number of customers in the orbit when the server is idle (L, ).

The probability generating function of the system size of the classical batch arrival G-queue
with multi-stage fluctuating modes of services and feedback is given by

#(z)= lim P.(2)

A" (1)1

-7, O]z~ i(@z +0)A7(9(2))B, (9(2)) + 24" (C(2) - (- By (9(2))/ 9(2)

+24'(C(2)-1) BS(Q(Z))iZ P AL (9(2)A- B, (9(2)/ 9(2)]

i<l ji=1
~ 24 ((1-By(9(2))/ 9(z))- 2 B, (9(2))22 p; i (9(2)A-B7; (9(2))/ 9(2)]
) T, -1,
(57)
The probability generating function of the number of customers in the orbit when
the server is idle is given by
_ 1y +1(2)
v =1 T
_ [Z2-T.(DI- m%(l— A(A)-T. D] (58)

[1-T, D] D(2)

By the equations (44) , (57) and (58), we obtain
R(2) = ¢(2) w(2)

Mean number of customers in the classical batch arrival G-queue with multi-stage fluctuating
modes of services and feedback is given by

. d
L, = Ilmagﬁ(z)

-1
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’ Mk M ki
L-T, QAMD D p; FiOMEB () +2. D Py AL () FP fY

i=1 ji=1 i=1 ji=1
SR 1 * )N g
_Zz pjiMi(—]).(l_ B.; (1)) fo( ) _Z(é‘. +qi)Mi( ) fo( g
i=1 ji=1 i=1
. Mk . . .
+(Am ) [A-Bg(A)+ 2D py AL (A)A-B;; (1))By(4)]
i=l ji=1
M . M . M .
=2 EMEUBH() + X SN () £ =D (8 +a)IMP By (1)
i=1 i=0 i=1
ki M K "
+2.2.P, =B, (ANOMEBH(A) -2 > p, FPAL(A)B(A)IHT,T, O
_ i=l ji= i=1 j=1
- 21,1,
(59)
Mean number of customers in the orbit when the server is idle is given by
. d
L, = IZILTEW(Z)
2T,
From the results in equations (56) , (59) and (60), we get
Lo =L + L,

8. Reliability Indexes

The system availability A(t) at time t is the probability that the server is either working for a
customer or in an idle period

The steady state availability of the server A is
A =1-Ro-R

fm{a— BNAY+Y

i=1l j;=1

b, By ()-8, (I))A’:_lw)ﬁz,,-f”}
—1—

1-m,1-A (1) -T, (1)

The steady state failure frequency of the server F is
F= 2 (R+P)

fm{a— B0 )+ B; ()3 Y. AL ()-8, w))}

1-m, (- A"(4))-T, @)
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