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1. Introduction

Fuzzy set was defined by Zadeh [5] in 1965 which is a mathematical frame to vagueness or
uncertainity in daily life. Kramosil and Michalek [4] introduced fuzzy metric spaces and this concept
was modified by George and Veeramani in 1994[1]. In 2006, S. Sedghi and N. Shobe proved common
fixed point theorem in M — fuzzy metric spaces.On the other hand, Bakhtin [11] introduced the
notion b — metric spaces. Sedghi and Shobe [10] combined the concepts of fuzzy set and b — metric
space to introduce a b — fuzzy metric space. Hussain, Salimi and Parvaneh [6] derived any new fixed
point results of mappings defined on triangular partially ordered fuzzy b — metric spaces. In 2016, S.
Nadban [9] studied the concepts of fuzzy quasi b — metric and fuzzy quasi pseudo b — metric spaces. In
2007, Dosenovic, Javaheri and Shobe [12] proved coupled coincidence fixed point theorems in
complete b — fuzzy metric spaces.

43


mailto:jeya.math@gmail.com

2. Preliminaries
Definition 2.1

A binary operation = : [0, 1] X [0, 1] — [0, 1]is said to be continuous t-norm if for any
a,b,c,d € [0,1], the following conditions hold:
i.  *isassociative and commutative,
il. * |S continuous,
iil. ax1l=a,
iv. ~a*xb<cx*dwhenevera<candb <d.

Three examples of a continuous t-norm are a*b = ab, a*b = min{a, b} anda * b =
max{a +b —1,0}.

Definition 2.2

A quadruple (X, 2M,* , b) is called a generalized b — fuzzy metric spaces with b > 1 if X is
an arbitrary non-empty set, * is a continuous t-norm and ‘M is a fuzzy set on X3 x (0, ), satisfying
the following conditions for each x,y,z,a € X and t,s > 0,

i. M(x,y,z,t) >0,
il. M(x,y,z,t) =1ifandonlyif x =y = z,
iii.  M(x,y,z,t) =M(p{x,y, z},t), where p is a permutation function,
iv.  M(x,y,zt+s) ZM(x, v, a, %) *M(a, Z,Z, %)
V. M(x,y,z, -): (0,00) = [0,1] is continuous.

Note that generalized b — fuzzy metric spaces are a generalized fuzzy metric spaces if b = 1,
but the converse does not hold in general.

Definition 2.3

Let (X, 2M,* , b) be a generalized b — fuzzy metric space. For t > 0, the open ball B(x,r,t)
with center x € X and radius 0 < r < 1 is defined by B(x,7,t) = {y € X :M(x,y,y,t) >1—r}.

Definition 2.4

Let (X, 2M,* , b) be a generalized b — fuzzy metric space, then

i. A sequence {x,} in X is said to be convergent to x if for each t > 0, M(x, x,x,,t) - 1 as
n — oo,

ii. A sequence {x,} in X is said to be a Cauchy sequence if for each 0 < € < 1 and t>0, there
exist ny € N such that M(x,,, x,,, X, t) > 1 — € for eachn, m = n,,.

iii. A generalized b — fuzzy metric spaces are said to be complete if every Cauchy sequence is
convergent.

Definition 2.5

Let A and B be two nonempty subsets of a generalized b — fuzzy metric space(X, M,* , b).
Defined(t) ={x € A: M(x,y,y,t) =M(A, B, B, t) for some y € B} and
By(t) ={y € B:M(x,y,y,t) =M(A, B, B, t)for some x € A},
where, M(A, B, B, t) = sup{ M(a,b,b,t) : a € A,b € B}.A distance of a point x € X from a non-
empty set A is defined by M(x, 4, A, t) = sup’M(x,a,a,t), where t > 0.
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Definition 2.6

A point x in A is said to be the optimal coincidence point of a pair (g, T) of mappings
T:A—-Bandg:A—- Aif M(gx,Tx,Tx,t) =M(A, B, B, t) holds.

Definition 2.7

Let A, B be nonempty subsets of a generalized b - fuzzy metric space (X, 2M,* , b). A set B is
said to be fuzzy approximately compact with respect to A if for every sequence {y,} in B, if
M@, Vi, Yo t) = M(x, B, B, t) for some x € A, then x € Ay (t).

Let Q be the set of all mappings n : (0,1] — [0, %) which satisfy the following properties:
i. niscontinuous and decreasing,
ii. nt)=0ifft =1,
iii. For any r,s € (0,1] with r=*s >0, wehave n(r*s) <n(r)+n(s), where = is any
continuous t-norm.

Definition 2.8

A mapping T : A - B is said to be generalized b — fuzzy proximal contraction of type —I
with respect ton € Q, if there exist k € (0,1) such that for any x,y,u,v€ A and t >0, we

haveM(u, Tx, Tx,t) =M(A,B,B,t)and  M(v, Ty, Ty, t) =M(A, B, B, t)which  implies  that
n[M(u, v, v, )]< kn[M(x,y,y, O)].

3. Main Result

Theorem 3.1

Let (X, M,* , b) be a complete generalized b — fuzzy metric space and T : A - B be a
generalized b — fuzzy proximal contraction of type — | with T(Ao(t)) C By(t) foreacht > 0. If B is
fuzzy approximately compact with respect to a non-empty closed subset A in X. Then there exists an
element x* € A such that M(x*, Tx*, Tx*,t) =M(A, B, B, t).

Proof:

Let x, be an arbitrary element in A, (t). As T(Ao(t)) C B, (t), we may choose an element
xq € Ay(t) such that M(xq, Txg, Txy, t) =M(A, B, B, t).
Also, since Tx; € T(Ao(t)) C By (t), it follows that there exists an element x, € Ay(t) such that the
following equation holds: ‘M(x,, Tx1, Txq,t) =M(A, B, B, t).
Continuing this way, we can obtain a sequence {x,} in A,(t) such that it satisfies:
M(xy, Txp—1, Txp_q,t) =M(A, B, B, t) and M(x,41, Txpn, Txp, t) =M(A, B, B, t)
for each positive integer n and for k € (0,1).
As T is generalized b — fuzzy proximal contraction of type —I with respect to n € Q, we have
DM (X, Xns1, Xne1, OIS kN[ M(xp_1, Xp, Xn, t)], foralln > 0.
As 1 is a decreasing mapping on [0, ), we obtain that

n[m(anxn+1an+ll t) S k77 [M(xn—ll xTLl xTLl t)]
< k2n[M(xp—g, Xn—1, Xp—1,t)]

< k™'n[M(xy, x1,x4,t)], foreacht > 0.

On taking limit as n — oo on both sides of the above inequality,
we have lim n[M(x,, Xpi1, Xns1, t)] = 0.
n—o0
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Now, we show that {x,} is a Cauchy sequence.
Suppose that there exists some ny € N with m > n > ng such that,

MMl X Xy 0] S DM, X, X = = SP ) M1, X o, B 5]
= 11 =M, X, xm,ZZ"nl o))

< 1(1) + N[M(x, X X T )]

= U[M(Xn,xm, Xy S a; )]

Where {a;} is a decreasing sequence of positive numbers satisfying Y71 a; = 1.
Moreover, we obtain that
ai
NEM (i, Xy X, £)] < UM X, Xy ZRE 550 )]
ant Ansqt
< n [M(xn: Xn+1 Xn+1 b2 ) >"~7\/l(xn+1: Xn+2) Xn+2» b;zl) *

a _1t
kM (X, X Xy 5]

bZ
a t
< n[M(xn'xn+1'xn+1r b2 ) + n[ﬂ\/l(xn+1,xn+2,xn+2,’;—*;) +
Ap—-1t
-+ H[M(xm 1:xm:me n;zl )]
n n+1 An+1t
< k™M xo,xl,xl, + kKM M xg, x4, X1, —=—)]

bZ
4 km‘ln[!M(xO,xl, xl,am—lt)].

b2
Hence,
1t
T][M(Xn, xm; xm; t)] < knn[m(xo, xl, xl’ b2 ) kn+1n[m(x0’ xl,xl, b—; )]
- _qt
+E™ 1n[3\4(xo,x1,x1,b—;)]. (3.1.1)

Assume that,
T’[M(xo, X1,X1, qt)] =
nt nt1l m-1t

max{n[.’]\/l(xo,xl,xl,i)—z)] ,n[j\/l(xo,xljxljab? )] ,...,n[j\/l(xo,xl.xba 2 )]}
For some q € {%:n <i<m-1landb = 1}, then the inequality (3.1.1) becomes
NIMCn, Xom, X, O] < K"N[M(xo, %1, %1, G0)] + K™ 10[MCxo, %1, %1, q1)]

-+ k™I [ M(xo, X1, X1, q1)]
< (K™ + k™ A 4 kM OR[M (X, %4, X4, qE)]
— kn(l +k+--+ km_n_l)n[M(X(), X1,%X1, qt)]
le

< [ Mo, x1, %1, 1)),

That is, for all n € N[ M(xp, X, X, )] < %n[j\/l(xo,xl,xl, qt)].
On taking limit as n — o on both sides of the above inequality, we have
0< lim n[ M(xp, Xm, Xm, t)]< 0.

n,m-—aoo
By the continuity of n, we have lim nM(x,, Xp, Xm, t) = 1.
n,m—-oo
Thus, {x,,} is a Cauchy sequence in a closed subset A of a complete generalized b — fuzzy metric space
(X, M* | b).
Hence there exists some x* € A such that lim n/M(x,, x*,x*,t) = 1, forall t > 0.
n—-oo

As the sequence {x,,} converges to x*, we obtain that M(x*, Tx,,, Tx,,t) >M(x*, B,B,t).
If, we consider Tx* = y (say) in B. Since {Tx,} € B and B is a fuzzy approximately compact with
respect to Af{Tx,} has a subsequence which converges to some y in B, therefore

M(x*,y,y,t) =M(A, B, B, t) and hencex™ € Ay(t).
Thus, M(x*, Tx*,Tx",t) =M(A, B, B, t).

For Uniqueness:If there is another point y* # x* in A.
Then we have M(x*, Tx*,Tx*,t) =M(A, B, B,t) and M(y*, Ty*, Ty",t) =M(A, B, B, t)
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Since, T is generalized b — fuzzy proximal contraction of type — I, so

M, y*y* 01 < kn[M*,y", y*, O1< nMx*, y*, y*, )]
Gives a contradiction. Hence the result.

Theorem 3.2

Let (X, 2M,* , b) be complete generalized b — fuzzy metric space, let T : X — Xbe a mapping satisfying
(3.2.1) nIM(Tx, Ty, Ty,6)] < kn[M(x,y,y,t)].
(3.2.2) Tis continuous.

Then T has a fixed point x* € X and {T™x,}Converges to x*.

Proof:
Let A = B = X, first we will prove that T is b — fuzzy proximal contraction of type —I.
Let x,y,u, v € X, satisfy the following conditions:
MQu, Tx, Tx, t) =M(A,B,B,t)and M(v, Ty, Ty, t) =M(A, B, B, t).
Since ‘M(A,B,B,t) =1, so we have u=Tx and v =Ty. Since T satisfies condition (3.2.1)

hence n[M(w, v, v,t)] = n[M(Tx,T,y, Ty, t)] < kn[M(x,y,y,t)]

which implies that T is a generalized b — fuzzy proximal contraction of type — | with respect to € Q.
If we choose y = Tx, then

M(A,B,B,t) =M(y, Tx, Tx,t) =M(Tx,Tx,Tx,t).
Set B is approximative compact with respect to A, the conditions of Theorem 3.1 are satisfied, so there
exists x* € X such that M(x*, Tx*, Tx*, t) =M(A, B, B, t), which impliesthat  Tx* = x".

References

[1] A. George, P. Veeramani, On some results of analysis for fuzzy metric spaces, Fuzzy Sets and
Systems, 90(3) (1997), 365-368.
[2]  B. Schweizer, A. Sklar, Statistical metric spaces, Pacific J. Math., 10(1) (1960), 313-334.

[3] I. A. Bakhtin, The contraction mapping principle in quasi-metric spaces, Funct. Anal.
Ulianowsk, Gos. Ped. Inst., 30 (1989), 26-37.
[4] 1. Kramosil, J. Michalek, Fuzzy metric and statistical metric spaces, Kybernetika, 11(5)

(1975), 336-344.
[5] L. A. Zadeh, Fuzzy Sets, Infromations and control, 8(3) (1995), 338-353.
[6]  N. Hussain, P. Salimi, V. Parvaneh, Fixed point results for various contractios in parametric
and fuzzy b — metric spaces, J. Nonlinear Sci. Appl., 8 (2015), 719-739.
[7] N. Saleem, M. Abbas, Z. Raza, Optimal coincidence best approximation solution in non-
Archimedean fuzzy metric spaces, Iranian Journal of fuzzy systems, 13(3) (2016), 113-124.
[8] S. Czerwik, Contraction mappings in b — metric space, Acta Math. Inf. Univ. Os-traviensis, 1
(1993), 5-11.
[91 S. Nadaban, Fuzzy b — metric spaces, International Journal of Computers Communications
&Control, 11(2) (2016), 273-281.
[10] S. Sedghi, N. Shobe, Common fixed point theorems in b — fuzzy metric spaces, Nonlinear
Function Analysis and Application, 17(3) (2012), 349-359.
[11] S. Sedghi, N. Shobe, Fixed point theorem in M — Fuzzy metric Spaces with property (E) ,
Advances in Fuzzy mathematics, 1(1) (2006), 55-65
[12] T. Dosenovic, A. Javaheri, S. Sedghi, N. Shobe, Coupled fixed point theorem in b — fuzzy
metric spaces, NOVISAD J. MATH., 47(1) (2017), 77-88.
[13] Z. Raza, N. Saleem, M. Abbas, Optimal coincidence points of proximal quasi-contraction
mappings in non-Archimedean fuzzy metric spaces, J. Nonlinear Sci. Appl., 9 (2016), 3787-
3801.

47



