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1. Introduction

After the introduction of fuzzy sets by L.A. Zadeh [24], several researchers explored on the
generalization of the concept of fuzzy sets. The concept of intuitionistic fuzzy subset was introduced
by K.T. Atanassov [4], as a generalization of the notion of fuzzy set. Azriel Rosenfeld [6] defined a
fuzzy groups. The notion of fuzzy subgroups, anti-fuzzy subgroups, fuzzy fields and fuzzy linear
spaces was introduced by Biswas. R [8]. In this paper, we introduce the some theorems in (T,S)-
intuitionistic fuzzy subfield of a field.

2. Preliminaries

Definition 2.1.

A (T,S)-norm is a binary operations T: [0,1] x [0,1] — [0,1] andS : [0,1] x [0,1] — [0,1] satisfying the
following requirements;

(i)  T(0,x) =0,T(1,x) =x (boundary condition)

(i)  T(xy) = T(y,x) (commutativity)

(i) T(x,T(y,2)) = T(T(x,y),2) (associativity)

(iv) ifx<yandw <z, then T(x,w) <T(y,z) (monotonicity).
(v)  S(0,x) =x,S(1,x) = 1 (boundary condition)

(vi) S(x,y) = S(y,x) (commutativity)

(vii) S(x,S(y,2)) = S(S(x,y),z) (associativity)

(viii) if x <y and w <z, then S(x,w) < S(y,z) ( monotonicity).
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Definition 2.2. [24]
Let X be a non-empty set. A fuzzy subset A of X is a function A :X — [0,1].

Definition 2.3.

A multi fuzzy subset A of a set X is defined as an object of the form A
{hx,A1(X),A2(x),A3(X), -, An(X)i/x € X}, where Ai : X — [0,1] for all i. It is denoted as A
hA1,A2,As,- -+, Ani.

Definition 2.4. [2]

An intuitionistic fuzzy subset (IFS) A of a set X is defined as an object of the form A =
{hx,Ha(X),va(X)i/lxeX}, where pa: X — [0,1] and va: X — [0,1] define the degree of membership and
the degree of non-membership of the element x in X respectively and for every x in X satisfying 0 <
Ha(X) +va(x) < 1.

Definition 2.5.

A multi intuitionistic fuzzy subset (MIFS) A of a set X is defined as an object of the formA
= {hx,pa(x),va(x)i/x €X}, where pa(x) = (Maw(X),Maz2(X),-,Han(X)),Hai = X — [0,1] for all i and va(x)
=(var(X),vaz(X),- - -, van(X)),vai: X — [0,1] for all i, define the degrees of membership and the degrees of
non-membership of the element x in X respectively and for every x in X satisfying 0 < pai(X) + vai(x) <
1 forall i.

Definition 2.6.

Let (F,+,-) be a field. An intuitionistic multi fuzzy subset A of F is said to be a multi (T,S)-
intuitionistic fuzzy subfield of F if the following conditions are satisfied:

(1) Hailx +y) = T(Hai(x),Hai(y)), for all x,yin F,
(i)  pai(—x) > Hai(X), forall x in F,

(i) pai(xy) = T(Hai(X),Hai(y)), for all x,yin F,
(iv)  Hai(X) > Hai(x), forall x 6=0in F,

(V) vai(X +Yy) < S(vai(X),vai(y)), for all x,yin F,
(vi)  vai(=X) <wvai(X), forall x in F,

(vil) vai(xy) < S(vai(X),vai(y)), for all x,yin F,

(viii) vai(x™!) < wai(x), for all x =06 in F and for all i.

Example 2.7. Consider the field Zs= {0,1,2,3,4} with addition modulo 5 and multiplication modulo 5
operations. Then A = {h0,(0.7,0.6,0.5),(0.1,0.2,0.3)i, h1,(0.6,0.5,0.4),(0.2,0.4,0.4)i, h2,(0.6,0.5,0.4),
(0.2,0.4,0.4)i, h3,(0.6,0.5,0.4),(0.2,0.4,0.4)i, h4,(0.6,0.5,0.4),(0.2,0.4,0.4)i} is a (T,S)-intuitionistic
multi fuzzy subfield of Zs.

3. Properties
Theorem 3.1.

If A and B are any two (T,S)-intuitionistic fuzzy subfields of a field (F,+,-), then their
intersection A N B is an (T,S)-intuitionistic fuzzy subfield of F.

Proof: Let x and y belong to F and let C = A N B.
Now: He(x —y) = min{uai(x —y),Hsi(x —y)}
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> min {T(uai(X), Mai(y)), T(Msi(X).Msi(y))
> T(min{pai(X), Mei(})}, min{Hai(y),Hei(y)})
= T(Hc(X),Hc(y))-
Therefore, pc(x —y) > T(Uc(X),uc(y)) for all x,yin F and
He(xy ") = min{pai(xy "), usi(xy )}
> min {T(Uai(X), Mai(y)), T(si(X),Msi(y)) }
> T(min{pai(X), Hei(X)}, min{Hai(y),Hei(y)})

= T(He(X),Hc(y))-
Therefore, pc(xy ') > T(uc(X),uc(y)) for all xand y 6=0 in F.
Also ve(X —Y) = max{vai(x —y),vei(X —Y)}

< max {S(vai(X),vai(y)),S(vei(x), vai(¥)) }
< S(max{vai(x), vei(x)},max{vai(y),vei(y)})
= S(ve(x), ve(y))-
Therefore, ve(x —y) < S(ve(x),vc(y)) for all x and y in F and
ve(xy™') = max{vai(xy ), vei(xy )}
< max {S(vai(X),vai(y)),S(vsi(x), vai(y)) }
< S(max{vai(X), vei(x)},max{vai(y),vei(y)})
= S(ve(x), ve(y))-
Therefore ve(xy ') < S(ve(X),vc(y)) for all xand y 6= 0 in F.
Hence A N B is an (T,S)-intuitionistic fuzzy subfield of a field F.

Theorem 3.2.

The intersection of a family of (T,S)-intuitionistic fuzzy subfields of a field (F,+,-) is an
(T,S)-intuitionistic fuzzy subfield of F.

Proof: Let {A;}icibe a family of (7,S)-intuitionistic fuzzy subfields of a field Fand A = T A ietwhere
uai(x) = infua(x) and va(x) = supva: Then for x and y belongs to F, then
pailx -y) = inlf Hai(x -y)
i€
> inf T(,uAI-[X),yAi[y))
i€l
2 T(inf(uai(x)),inf(uai(y)))
i€l i€l

= T(pai(x),pai(y))
Therefore, pai(x -y) = T(uai(x),pa:(y)) for all xand y in F and

uai(xy-1) = inf pai(xy-1)

i€l
> inf T(,uAI-[X),yAi[y))
i€l

> T(jer;f(/lAi(x),i_IElf(llAiO’)))

= T(pai(x),pai(y))-
Therefore, pai(xy-1) = T(uai(x),pai(y)) forallxand y 6=0in F.
Also, Vai(x —y) = supvai(x -y)
i€l
< supS(vai(x),vai(y))
i€l

< S('Self;p(VAi()O)/_sel}lpVAiO/))
= S(VA,'(X),VAi(y)).
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Therefore, vai(x —y) < S(vai(x),vai(y)) for all x and y in F and
vai(xy-1) = supvai(xy-1)
i€l
< supS(vai(x),vai(y))
i€l

< S[sgg(vAi[X)),S_IEJIP(VAI'(V)))

= S(vai(x),vai(y))-
Therefore va(xy1) < S(vai(x),vai(y)) for allxand y 6= 0 in F.
Hence the intersection of a family of (T,S)-intuitionistic fuzzy subfields of a field F is a (T,S)
intuitionistic fuzzy subfield of F.

Theorem 3.3.
If Ais a multi (T,S)-intuitionistic fuzzy subfield of a field (F,+,-), then 2Ais a multi (T,S)-
intuitionistic fuzzy subfield of F.

Proof: Let A be a multi (T,S)-intuitionistic fuzzy subfield of a field F.
Consider A = {hx,Hai(x),vai(x)i}, for all x in F and then2A = B = {hx,usi(x), vei(X)i}, where psi(X) =
Ai(X),vei(X) = 1 —pai(x). Clearly psi(x —y) > T(Usi(X),Usi(y)), for all x and y in F and psi(xy ') >
T(usi(X),usi(y)) for all xand y 6= 0 in F. Since A is a multi (T,S)-intuitionistic fuzzy subfield of F,
then pai(x —y) > T(Hai(X),1ai(y)) for all x and y in F, which implies that:

1 =vei(x —y) = T((1 —vai(x)),(1 —vei(y)))
which implies that: vei(X =Y) < 1 =T((1 —vei(X)),(1 —vei(Y))) = S(vai(X),vai(y)).
Therefore, vei(x —y) < S(vei(x),vei(y)) for all xand y in F and pai(xy ') > T(Hai(X),Hai(y)) for all x and y
6=0in F, which implies that:

1 —vei(xy™) > T((1 —vai(x)),(1 —vei(y)))
which implies that vei(xy ) < 1 =T((1 —vei(X)),(1 —vai(y))) = S(vei(X), vei(y)).
Therefore, vei(xy ') < S(vei(x),vei(y)) for all xand y 6= 0 in F.
Hence B = 2A is a multi (T,S)-intuitionistic fuzzy subfield of a field F.

Theorem 3.4.
If A is a multi (T,S)-intuitionistic fuzzy subfield of a field (F,+,-), then ¢ A.

Proof: Let A be a multi (T,S)-intuitionistic fuzzy subfield of a field F.That is A = {hx,dai(X),vai(X)i},
forall xin F. Le toA = B = {(z, up, (2), v, (x)) }, where pai(X) = 1 —vai(X), vei(X) = vai(X).

Clearly vei(x —y) < S(vei(x),vei(y)), for all xand y in F and vei(xy ") < S(vei(X),vei(y)) for all xand y 6= 0
in F. Since A is a multi (T,S)-intuitionistic fuzzy subfield of F, then vai(x —y) < S(vai(X),vai(y)) for all x
and y in F which implies that pei(x —y) > 1 —=S((1 —H&i(X)),(1 —Hai(y))) = T(Msi(x),usi(y)). Therefore,
Uei(X —Y) > T(Mei(X),Mei(y)) for all x and y in F and vai(xy™!) < S(vai(x),vai(y)) for all xand y 6= 0 in F,
which implies that 1 —pei(xy D) < S((1 —Hei(X)),(1 —Hsi(y)))

which implies that Mei(Xy ) > 1 =S((1 —pai(X)),(1 —psi(y))) = T(Usi(X),Usi(y)).

Therefore pai(xy™") > T(usi(x),Hei(y)) for all xand y 6=0in F.

Hence B = oA is a multi (T,S)-intuitionistic fuzzy subfield of a field F.

Theorem 3.5.
If A and B are multi (T,S)-intuitionistic fuzzy subfields of the fields G and H
respectively, then A x B is an multi (T,S)-intuitionistic fuzzy subfield of G x H.

Proof: Let A and B be multi (T,S)-intuitionistic fuzzy subfields of the fields G and H respectively.
Let x; and x2be in G,y:and y.be in H. Then (x1,y1) and (x2,y2) are in G x H. Now,
MaxBi[(X1,y1) —(X2,¥2)] = HAxBi(X1 —X2,y1—Y2)

= min{pai(X1 —X2),Mei(y1 —Y2)}
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2> min {T(Hai(Xe), Mai(X2)), T(ai(y1) Msi(y2)) }
> T(min(a () Ha (y2)),min(uus(c). Ha(y2))
= T(HaixBi(X1,Y1),HaixBi(X2,Y2)).

Therefore,
Haixg[(X1,Y1)—(X2,¥2)] = T(Maixei(X1,Y1),Maixei(X2,y2)), for all x;and x2in G and y; and y2in H.
Now, MaxBi[(X1,y1)(X2,y2)-1] = HAixBi(X1X-21,y1y2-1)

= min{pai(x1x-21),uBi(y1y2-1)}

> min {T(ai(X1), ai(X2)), T(Hei(y1), Mai(y2)) }
> T(min(pai(X1),Msi(y1)),min(pai(x2),Usi(y2)))

= T(HaixBi(X1,Y1), HaixBi(X2,2))-
Therefore, paixa[(X1,y1)(X2,Y2) '] = T(Haixsi(X1,Y1),Haixsi(X2,y2)), for all x;and x,= 06 in G and y:and y»
6=0%in H and, vaixi[(X1,y1) —(X2,y2)] = vAxBi(X1 —X2,y1 —Y2)
= max{vai(X1 —X2), vei(y1 —y2)}

< max {S(vai(Xo), vai(x2)),S(vei(y1), vei(y2)) }
< S(max(vai(x), vei(y1)),max(vai(x2), vei(y2)))
= S(vaixBi(X1,y1), vaixBi(X2,y2)).
Therefore, vAixBi[(Xl,yl) —(Xz,yz)] < S(VAixBi(Xl,yl),vAixBi(Xz,yz)), for all X1 and X2 in G and Y1 and Y2 inH
and vAxBi[(X1,y1) (X2,y2)-1] = vAixBi(X1X-21,y1y2-1)
= max{vai(xix-21),vBi(y1y2-1)}

< max{S(vai(xs), vai(x2)),S(vei(ys), vei(y2)) }

< S(max(vai(x1), vei(y1)),max(vai(xz), vei(y2)))

= S(vaixBi(X1,y1), vaixBi(X2,y2)).
Therefore, vaxa[(X1,y1)(X2,y2) '] < S(vaixe(X1,Y1), vaixei(X2,y2)), for all x;and x,= 06 in G and y1and y, 6=
0%n H.
Hence A x B is an multi (T,S)-intuitionistic fuzzy subfield of G x H.
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