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Abstract: In this paper, we define the notion of anti-vertex cover and domination in intuitionistic
anti-fuzzy graph with their cardinality. Also, the definition of dominating set, domination
number, isolated vertex, bipartite intuitionistic anti-fuzzy graph, anti-independent vertices, anti-
independent set and the cardinality on intuitionistic anti-fuzzy graphs are given. Based on these
ideas some results of intuitionistic anti fuzzy graphs are derived.
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1. Introduction

The concept of fuzzy graph was introduced by Kaufmann [2] from the fuzzy relation introduced by L.
A. Zadeh [16]. The study of fuzzy graph theory started in the year 1975 after the phenomenal work
published by Rosenfeld [11]. Rosenfeld introduced several fuzzy analogues of fuzzy graph theoretic
concepts such as paths, cycles and connectedness. J. N. Mordeson and P. S. Nair [3] introduced the
concept of operations on fuzzy graphs, but this concept was extended by M. S. Sunitha and A.
Vijayakumar [13]. Muhammad Akram [4] introduced the concept of connected anti fuzzy graphs, self
centroid anti fuzzy graphs, regularity and irregularity, constant and totally constant anti fuzzy graphs
with some of their properties.
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Intuitionistic fuzzy sets are generalization of fuzzy sets [16]. Atanassov [1] introduced the concept of
intuitionistic fuzzy relation, which has both membership grades and non-membership grades. The
concept of domination in fuzzy graphs was investigated by A. Somasundaram and S. Somasundaram
[12] in 1998. R. Parvathi and G. Thamizhendhi [10] introduced the concept of domination on
intuitionistic fuzzy graph in 2010. In their paper, they introduced dominating set, domination number,
independent set, total dominating set, total domination number in intuitionistic fuzzy graphs. R.
Muthuraj, Sujith S. and Vijesh V. V.[7] introduced the notion of intuitionistic anti fuzzy graphs and their
operations such as anti-union,anti-join together with anti-complement of intuitionistic anti fuzzy graphs.
Usually, the concept of domination is used to find the minimization of a model. But in some cases, we
need to get the maximization and maximum value with minimal objects. This situation leads to the
concept of domination in intuitionistic anti fuzzy graphs. In this paper, we introduce the concept of
dominating set and domination number on intuitionistic anti-fuzzy graphs and derived some theorems
and results on them.

2. Preliminaries
Definition 2.1: An intuitionistic anti-fuzzy graph is of the form G = (V, E), where:

Q) V ={vy, vy, .....vaJsuch that w,:V —[0,1] and vy,:V — [0,1] denote the degree of
membership and non-membership of the element v; € VI respectively and

0<p,(vi)+7y,(vp) <1foreveryv;eV,(i=1,2,..n)............ (1)
(i) EC VxVwherep,:VXxV—[01]andy,:V XV - [0,1] are such that:
uz(vi,vj) > max{ (vy), H1(Vj)} ........... (2),
Y2(vi, vj) = minfy;(v;),v1 (Vj)} ............ (3)
and 0 < pp(vi, vj) + v2(vi, vi) < 1forevery (vi,v)) €E (,j=1,2,..n) ..o (4)

Note: If one of the inequalities (1) or (2) or (3) or (4) is not satisfied, then the graph G is not an
intuitionistic anti-fuzzy graph.

Note: An intuitionistic anti-fuzzy graph (V, E) is denoted by G5(V, E).

Note: If p,j; = v,5; = 0, for some i and j, then there is no edge between the vertices v; and v;. Otherwise,
there exists an edge between v; and v;.

Definition 2.2: An intuitionistic anti-fuzzy graph Hu (V', E")is an intuitionistic anti-fuzzy subgraph of
GA<V,E> if V' €V, E’' C E such that uli, < Wi Yli, = Y1i and |~’l2ij, < Haij Yzij, = Y2ij-

Definition 2.3: Let G, = (V, E) be an intuitionistic anti-fuzzy graph. Then the vertex cardinality of G,is

defined by |[V| = ¥y.ev (M)

Definition 2.4: Let G, = (V, E) be an intuitionistic anti-fuzzy graph. Then the edge cardinality of G,is

i 1+12 (Vivy) —v2 (Vivy) 1 D-v2 (e
defined by |E| = Z(vi,v,-)eg( ha (v VJZ) 2V, ) = Toyep (LH1CD71:D)

Definition 2.5: Let G, = (V, E) be an intuitionistic anti-fuzzy graph. Then the cardinality of G,is defined

L (Vi) —y1 (Vi 1+, (viv) = V2 (Viv))
byIGA|=||V|+|E||=Zviev(M)_}_z(Vi'VﬂEE( o( ,2) 2 ,)‘
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Definition 2.6: The number of vertices in an intuitionistic anti-fuzzy graph G, is called the order of G4
and is denoted by 0(G,) Or pa.

Definition 2.7: The number of edges in an intuitionistic anti-fuzzy graph G, is called the size of G, and
is denoted by s(Gp)orqga.

Example 2.8: Consider an intuitionistic anti-fuzzy graph G, = (V, E) such that V = {v1, v», vs, v4} and
E = {(v1, v2), (v2, v3), (v1, Va), (v1, Va)}

(0.6,0.2)

v,(0.5,0.4) o v,(03,0.1)

(0.6,0.3)

(0.5,0.4) (0.7,0.1)

v,(0.2,01) © v3(0.6,0.2)

Figure 2.1: Intuitionistic anti-fuzzy graph G,
The Vertex Cardinality of G, in Figure 2.1 is 2.4
The Edge Cardinality of G, in Figure 2.1 is 2.7
The Cardinality of G, in Figure 2.1 is 5.1

Definition 2.9: The number of vertices in an intuitionistic anti-fuzzy graph G, is called the order of G4
and is denoted by o(Gp) or pa.

Definition 2.10: The number of edges in an intuitionistic anti-fuzzy graph G is called the size of G4
and is denoted by s(Gp)or q,.

Definition 2.11: An edge e = (u,v) of intuitionistic anti-fuzzy graph G, = (V,E) is said to be an
effective edge if u, (u,v) = max{y; (w), iy (v)} and vy,(u,v) = min{y;(v),y;(v)}

Definition 2.12: An intuitionistic anti-fuzzy graph G, = (V, E) is said to be complete if
Hpy = max {uli,ulj} and Vi = min {yli,ylj}, Vv;,vj €V,

Note: The underlying graph of a complete intuitionistic anti-fuzzy graph is complete.

Definition 2.13 An intuitionistic anti-fuzzy graph G, = (V, E) is said to be bipartite intuitionistic anti-
fuzzy graph if the vertex set V can be partitioned into two non empty sets V; and V, such that

(1) M2ij = 0 and y,;; = 0, if vj,vj €V orvy,v; €V,
(i) pzi5 > 0 and vy, > 0, if vi € V; orvj €V, for someiandj
(0r) pzi5 =0 andy,; >0, if vi €V, orvj €V, for someiandj

(0r) pzi5 >0 andyy; =0, if v; € V; orvj € V, for some i and j.
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3. Domination on intuitionistic anti fuzzy graphs

In this section, we introduce the notion of domination number and dominating set on intuitionistic anti-
fuzzy graphs.

Definition 3.1: Let Gy = (V,E) be an intuitionistic anti-fuzzy graph. Letu,v € V, we say that u
dominates v in G, if p,(u,v) = max{u1 (CYATH (v)}and v,(w,v) = min{y, (0),y,(v)}. Thatis if (u,v)
is an effective edge of G,.

Definition 3.2: A subset D of V is called a dominating set in an intuitionistic anti-fuzzy graphG, if, for
every vertex v & D, there exists u € D such that u dominates v.

Remark: If p,(u,v) > max{y, (u),u;(v)} or vy,(u,v) > min{y,(u),y,(v)} for all u,v € V, then
obviously the only dominating setin G, is V.

Definition 3.3: A dominating set D of an intuitionistic anti-fuzzy graph G, = (V,E) is said to be a
minimal dominating set if no proper subset of D is a dominating set of G,.

Definition 3.4: The maximum fuzzy cardinality taken over all minimal dominating set in an intuitionistic
anti-fuzzy graphG, is called the domination number of Gaand it is denoted by y(Ga)or v,,.

Example 3.5: Consider the following intuitionistic anti-fuzzy graph G,:

(0.4,0.5)
u(0.2,05) ¢ o v(0.3,0.6)
(0.7,0.3) (0.4,0.6)
x(0.7,03) o o w(0.4,0.6)
(0.7,0.3)

Figure 3.1: Intuitionistic anti-fuzzy graph G,

In Figure 3.1, x is an effective neighbour to w and u, w is an effective neighbour to v and x, u is an
effective neighbour to x, v is an effective neighbour to w.

Here,p, (u,v) > max{p1 (W), 1y (V)} and v,(u,v) > min{y, (u),y,(v)}. Hence the edge (u,v) is a
weak edge. So u and v are not effective neighbors to each other. Thus u and v cannot dominate each
other. The possible minimal dominating sets are D; = {x,w},D, = {x,v} and D; = {w,u}. The
corresponding domination number is |[D,| = 1.1, |D,| = 1.05, |D3| = 0.75. Therefore, the domination
number y(Gp) = 1.1

Definition 3.6: The set of v in V such that the edge (u, v) is an effective edge of intuitionistic anti-fuzzy
graph G, = (V, E) is called the neighbourhood of u.

That is, neighbourhood of a vertex vin an intuitionistic anti-fuzzy graph G, = (V,E) isN(v) =
{v e V:e = (u,v) is an effective edge}.
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The closed neighbourhood of v in an intuitionistic anti-fuzzy graph G, = (V,E) is defined as
N[v] = N(v) U {v}.

Remark: For any vertex v € V, N(v) is the set of all vertices which are dominated by v.

Definition 3.7: A vertex u of an intuitionistic anti-fuzzy graph G, = (V, E) is said to be an isolated vertex
if w,(u,v) # max{pl(u),pl(v)} and v, (u,v) # minf{y, (u),y,(v)}, for all v €V — {u}. In particular
case if u,(u,v) =0 and v,(u,v) =0, forall veV—{u}.

Definition 3.8: Two vertices u, v € V in an intuitionistic anti-fuzzy graph G, = (V, E) are said to be anti-
independent if p, (u,v) # max{u1 (W), py (v)}and v, (u,v) # min{y, (u),y, ()}

Definition 3.9: A subset S of V in an intuitionistic anti-fuzzy graph G, = (V,E) is said to be anti-
independent set of G, if u,(u,v) # max{u1 (W), py (v)}and Y,(u,v) # min{y, (u),y,(v)}, forallu,v €
S

Definition 3.10: An anti-independent set S of an intuitionistic anti-fuzzy graph G, = (V, E) is said to be
maximal anti-independent set, if for every vertex v € V \ D, the set S U {v} is not anti-independent.

Definition 3.10: The maximum fuzzy cardinality among all maximal anti-independent set in G, is called
the upper anti-independence number of G, and is denoted by I(G,).

Definition 3.11: The minimum fuzzy cardinality among all maximal anti-independent set in G, is called
the lower anti-independence number of G, and is denoted by i(Gg).

Example 3.12:
v41(0.2,0.5)

(0.5,0.3) (0.3,0.5)

v(0.4,0.2) v,(0.3,0.6)
(0.6,0.2) (0.4,0.5)
v,4(0.6,0.3) v3(0.4,0.5)

(0.6,0.3)

Figure 3.3: Intuitionistic anti-fuzzy graph G,(V, E)
In figure 3.3, G,is an intuitionistic anti-fuzzy graph with vertex set V = {vi, Vo, v3, V4, vs} and E =
{(v1, v2), (V2, V3), (V3, Va), (Va, V5), (V1, V5), (V2, V5)}. S1 = {V1, V3, Vs}, S2 = {Vv1, va} and Sz = {V2, V4} are
minimal anti-independent sets with 1(G,) = max{|S,],]S;1,1S3]} = max{1.4,1,1} = 1.4 and i(G,) =
min{|S,],[S,],1S31} = 1
4. Main results on domination

Theorem 4.1:

Domination on intuitionistic anti-fuzzy graph G4 = (V, E) is a symmetric relation on V.

Proof: Let G4 = (V, E) be an intuitionistic anti-fuzzy graph.
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Let u,v €V such that u dominates v in Ga. Then,u,(u,v) = max{y, (u), u;(v)}and y,(u,v) =
min{y; (w), y1 (v)}. So,u, (v, ) = max{p, (v), uy (w)} and v, (v,u) = min{y; (v), y1 (w)}.

That is, v dominates u in G,.

Hence domination on intuitionistic anti-fuzzy graph G, = (V, E) is a symmetric relationon V. m
Theorem 4.2:

An intuitionistic anti-fuzzy graph G, = (V, E) is complete intuitionistic anti-fuzzy graph if and only if
D = {v} is a dominating set forall v e V.

Proof: Let G4 = (V, E) be a complete intuitionistic anti-fuzzy graph.

S0, Hzij = max{py;, iyj} and o5 = min {y;,v4;}, Vv, vj € V.

Consider an arbitrary vertex v € V. By the definition of complete intuitionistic anti-fuzzy graph, the
arbitrary vertex v is incident with every vertex of u € V — {v} and satisfy

iz (u,v) = max{y, (u), iy (W)} and v, (u,v) = minfy; (u),v:(V)}.
Thus u is dominated by an element v € V. Hence D = {v} is a dominating set, for all v € V.
Conversely, suppose D = {v} is a dominating set, for all v e V.

Therefore, v dominates u, for all u € V\ D. So, there exists an effective edge from u to v, for all u €
V '\ D. Therefore,

M2 (w,v) = max{p, (w), py ()} and v, (u, v) = min{y; (w), y1(v)}, forallu € V\ D.
Thus, p, (u,v) = max{y, (v), y; (v)}and y, (u,v) = min{y, (u),y,;(v)}, forallu,v € V.
Hence G, = (V, E) is a complete intuitionistic anti-fuzzy graph. [

Result: The domination number of a complete intuitionistic anti-fuzzy graph is

(1+H1(u) ~Y1 (u)).

= max
Y 2

uev

Example 4.3: Consider the complete intuitionistic anti-fuzzy graph G, = (V, E)

(0.8,0.1)
v1(0.5,0.2) v,(0.8,0.1)
(0.5,0.2)
(0.5,0.2) (0.8,0.1)
(0.8,0.1)
v4(0.4,0.6) v3(0.3,0.6)

(0.4,0.6)

Figure 4.1: Complete intuitionistic anti-fuzzy graph G,(V, E)

Here each vertex of G, constitute the dominating set and which are minimal dominating sets.

- L (Vi) =1 (Vi)
Y(Ga) = max ( . )

1+ (V) =y1(vq) 1+p(vo)=y1 (V) 1+py(v3)—y1(v3) 1+H1(V4)—Y1(V4)}

= max
{ 2 ! 2 ’ 2 ! 2
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=0.85
Theorem 4.4:

If a connected intuitionistic anti-fuzzy graph G, = (V, E) has a minimal dominating set D such that V \
D is non empty, then N(u) N D = {v}, whereu e V\ Dand v € D.

Proof: Let G, = (V, E) be a connected intuitionistic anti-fuzzy graph. Let D be the minimal dominating
set such that V' \ D is non empty.Let u € V' \ D. Then u is incident with some element v € D and u is
dominated by v. So (u,v) is an effective edge.Since D is the minimal dominating set, u cannot be
dominated by an element of D other than v.Thus the neighbourhood of u contains only one element v of
D. Thatis,N(u) N D = {v}. [ |

Theorem 4.5;

A dominating set D of an intuitionistic anti-fuzzy graph G, is a minimal dominating set if and only if,
for each d € D, any of the following conditions hold:

() N(d) nD = .

(ii) There exists a vertex u € V '\ D such that N(u) n D = {d}.

Proof: Let G, = (V, E) be an intuitionistic anti-fuzzy graph and D be a minimal dominating set of Gg.

Letd € D and D' = D — {d}.Since D is the minimal dominating set of G,, D" is not a dominating set.
Hence there exists an element u € V \ D' such that u is not dominated by any element of D',

If u = d, then u is not a neighbor of any vertex in D. So N(d) and D has no vertex in common.
ThusN(d) N D = ¢.

If u # d, then u is not dominated by D'. But u is dominated by D. Thus the vertex u is a neighbor to d
only in D. Hence,N(u) n D = {d}.

Conversely, assume that D is a dominating set and for each d € D, any of the following conditions hold:
() N() ND = .
(ii) There exists a vertex u € V '\ D such that N(u) n D = {d}.

Suppose D is not a minimal dominating set. So there exists a vertex d € D such that D" is a dominating
set. Hence d is a neighbor to at least one vertex in D". Therefore, N(d) n D # ¢, which contradict to (i).

If D" is a dominating set then every vertex in V \ D is a neighbor to at least one vertex in D'. The second
condition does not hold, which contradict our assumption that at least one of these conditions holds. So
D is a minimal dominating set. ]

Theorem 4.6:
An isolated vertex of an intuitionistic anti-fuzzy graph G, does not dominate any other vertex in Gg.

Proof: Let u be an isolated vertex of an intuitionistic anti-fuzzy graphG, = (V, E).
Thus for any vertex v € V — {u},

Uz (u,v) # max{p, (u), u;(v)}and v, (u,v) # min{y; (u),y;(v)}
So there does not exists an effective edge from u to any other vertex v € V — {u}.

Thus, N(u) = ¢. Hence the isolated vertex u does not dominate any other vertex in intuitionistic anti-
fuzzy graphG,. [ ]
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Theorem 4.7:

If D is a minimal dominating set of an intuitionistic anti-fuzzy graph G, = (V, E) without isolated
vertices, then V \ D is a dominating set of G,.

Proof: Let G4 = (V, E) be an intuitionistic anti-fuzzy graph without isolated vertices. Let D be a minimal
dominating set of Gg.

Consider an arbitrary vertex u € D. Since G, has no isolated vertex, there exists a vertex v € N(u) such
that p,(u,v) = max{ul(u), by (V)} and v,(u,v) = min{y, (u),y, (V)}.

So v € V\ D and which is dominated by u. Thus every element of D is dominated by some element of
V '\ D. Since G, has no isolated vertex, an arbitrary element v of V \ D is incident with some element of
D such that ., (u,v) = max{p, (w), p, (v)} and v, (u,v) = minfy, (u),v, (v)}.That is, every element of
V '\ D is dominated by some element of D. Hence V' \ D is a dominating set of G,. |

Theorem 4.8:

An anti-independent set is a maximal anti-independent set of intuitionistic anti-fuzzy graph G, = (V, E)
if and only if it is anti-independent and dominating set.

Proof: Let D be a maximal anti-independent set in an intuitionistic anti-fuzzy graph G, = (V,E) and
hence for every vertex v € V '\ D, the set D U {v} is not anti-independent. For every v € V \ D, there is
a vertex u € D such that u,(u,v) = max{u1 (W), py (V)}and v,(u,v) = min{y, (u),y,(v)}. That is, u is
an effective neighbour to v. Thus D is a dominating set. Hence D is both dominating and anti-
independent set.

Conversely, assume that the set D is both anti-independent and dominating. Suppose D is not maximal

anti-independent. Hence there exists a vertex v € V' \ D such that D U {v} is anti-independent. So there

is no vertex in D which is an effective neighbour to v. Thus D cannot be a dominating set. This is a

contradiction to the assumption that D is dominating. Hence D is a maximal anti-independent set.
]

Theorem 4.9:

Every maximal anti-independent set D in an intuitionistic anti-fuzzy graph G, = (V,E)is a minimal
dominating set.

Proof: Let D be a maximal anti-independent set in an intuitionistic anti-fuzzy graph G, = (V,E). By
Theorem 4.7, D is a dominating set. Suppose D is not a minimal dominating set, then there exists at least
one vertex v € D for which D \ {v} is a dominating set. But if D \ {v} dominates V — {D \ {v}}, then at
least one vertex in D \ {v} must be effective neighbor to v. This contradicts the fact that D is an anti-
independent set of G,. Therefore, D must be a minimal dominating set. [

Conclusion

The notion of domination in graph theory is wealthy in theoretical and which has many applications in
real world such as radar stations, nuclear power plants and communication networks. In this paper, we
have introduced the concept of dominating sets, domination number, anti-independent set and isolated
vertex on intuitionistic anti-fuzzy graphs. Some absorbing and significant properties and results on these
new concepts are proved. Further, the authors proposed to extend these results on anti-vertex cover of
intuitionistic anti-fuzzy graphs.
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