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Abstract.In this paper, new classes of some open sets are (i,j)*-S-open set, (i, j)*-Sr-set, (i, j)*-H closed
set (i, j)*-a*-sets and (i, j)*-B,*-sets. We introduced and investigated on the line of research.

1. Introduction
In 1963, J.C.Kelly [2] expressed the geometrical existence of bitopological space that is a non empty

set X together with two arbitrary topologies defined on X and it plays an important role to study the
shapes of objects. General topologist have introduced and investigated of open sets in bitopological
spaces. In 1967, C. W. Patty [6] introduced some properties of bitopological spaces. In 1991, M. L.
Thivagar et al., [3] established the properties of a new type of biological open sets which are entirely
different from Kellys pairwise open sets called z1,2-open set and z1z2-open set. In 2006, M. L. Thivagar
et al., [5] also discussed the weak forms of some an open sets with their continuity and defined
various types of bitopological generalized closed sets and so on. Many researcher [7, 8] [resp. (1,2)"-
regular and (1,2)"-semi-preopen set] studied new sets in bitopological spaces. Sheik John et al., [10]
was various notions of topology by allowing for bitopological spaces instead of topological spaces.

In this paper, new classes of some open sets are (i, j)*-S-open set, (i, j)*-S; -set, (i, j)*-H closed set (i,
J)=-a-sets and (i, J)*-B,*-sets. We introduced and investigated on the line of research.

2. Preliminaries
All over this paper, (X,71,72) (momentarily, X) represent bitopological spaces.

Definition 2.1.
Let I be a subset of X. Then I is called t1,2-0pen [9] if Y = O UQ where O €tiand Q €.
The complement of 7;2-open set is said to be z1.-closed.

S0 as to 71,2-0pen sets but not direction of form a topology.
Proposition 2.2. [1] In a bitopological space (X,t1,t2), each (1, 2)*-semi-open set is (1, 2)*-B-open.
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In the rest of the paper, we denote a bitopological space by (X,71,72), where (X,71,72) = (X,7,75). The
operators int and cl of a subset H of X are represent by z;, j-int(H) and z;j-cl(H).
In future a bitopological space (X,z,7;) will be simply called as a space.

3. (i,j)*-8-open sets and (i, j)*-T-sets

Definition 3.1.
A subset H of a space (X,7i,t;) is said to be(i, j)*-S-open if ij-int(ti;jcl(H)) S ij-cl(tij-int(H)).

H°=X —H is (i, j)*-S-closed.

Definition 3.2.
A subset H of a space (X,7,t;) is called a (i, j)*- T—set if tij-int(H) = 1ijint(ti;-Cl(H)).

Theorem 3.3. For a subset of a space (X,1,7;), the following results are receive.
(i) any (i, j)*-a-open set is(i, j)*-S-open.
(ii) any (i, j)*-T-set is (i, j)*-S-open.
Proof. (i) Let H is be a (i, j)*-a-open set, H < z;j-int(zij-cl(zij-int(H))) Sz j-cl(zijint(H)). Then z-cl(H)
Crij-Cl(zij-int(H)) and zj-int(zij-cl(H)) Szij-cl(H) Sxijcl(zij-int(H)). Thus H is (i, j)*-S-open.
(i) Let H is a (i, j)*-T -set, we have zij-int(zij-cl(H)) = zij-int(H) <H. Then zij-int(zijcl(H)) < i -int(H)

Crjj-Cl(zi-int(H)). Thus H is (i, j)*-S-open.
O

Proposition 3.4. A subset H of a space (X,ti,1j) iS(i, j)*-semi-open <1ij-cl(H) = 1ij-cl(tij-int(H)).
Proof. = Assuming thatH is (i, j)*-semi-open set, then H Sz;;-cl(zi;-int(H)) and zijcl(H) Szij-cl(zij-
int(H)). But zj-cl(zij-int(H)) Szi;-cl(H). Hence zij-cl(H) = zij-cl(zi-int(H)).

Conversely, let the condition hold. We have H czj-cl(H) and zij-cl(H) = 7ij-cl(zij-int(H)).
Therefore H is (i, j)*-semi-open. ]

Theorem 3.5. For a subset of space (X,ti,1;), the following relations are receive:
(i) each tij-open set is (i, j)*-semi-open.
(ii) each (i, j)*-a-open set is(i, j)*-semi-open.
Proof. (i) H is a zjj-open set = H = 7;j-int(H) Sz;j-cl(zi-int(H)). So H is (i, j)*-semi-open.
(it) H is an (i, j)*-a-open set = H Crj-int(zij-Cl(zij-int(H))) Szij-cl(zij-int(H)). Thus H is (i, j)*-semi-

open.
]

Proposition 3.6. Let H be a subset of a space (X,1,tj). Then H is(i, j)*-p-closed < tijint(tij-cl(ti;-

int(H))) = tij-int(H).

Proof. = Since H is (i, j)*-f-closed set, zi; -int(zij-cl(zi-int(H))) SH and then z;-int(zi;-cl(zi-int(H)))

Crij-int(H). But 7-int(H) Szij-int(zij-cl(zij-int(H))). Thus we have zj-int(H) = ij-int(zij-cl(zij-int(H))).
«let the condition hold. We have z;j-int(zi j-Cl(zi j-int(H))) = zij-int(H) SH. Therefore H is (i, j)*-4-

closed. O]

Theorem 3.7. For a subset H of a space (X,ti,1;), the following relations are equivalent:

(i) His (i, j)*-semi-closed.

(ii) His (i, j)*-p-closed and (i, j)*-S-closed.

Proof. (1)= (2): Let H be (i, j)*-S-semi-closed. By Proposition 2.2, H is (i, j)*-S-p-closed. Since H is
(i, J)=-S-semi-closed, i;-int(zij-cl(H)) €H and z;;-int(zij-cl(H)) Szij-int(H). It gives that i -cl(zi;-int(zi -
cl(H))) Szij-cl(zij-int(H)). Thus zij-int(zij-cl(H)) Sij-cl(zij-int(zijcl(H))) Szij-cl(zij-int(H)) and so H is
(i, )*-S-closed.
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(2)=(1): SinceH is (i, j)*-s-closed, 7ij-int(zij-cl(H)) Szij-cl(zij-int(H)) and zj-int(zij-cl(H)) Sxij-
int(zij-cl(zij-int(H))). Since H is (i, j)*-p-closed, zij-int(zij-cl(zij-int(H))) €H. Then zj-int(zij-cl(H)) € H
and so H is (i, j)*-semi-closed. u

Remark: In a space (X,1,7j), then the notions of(i, j)*-B-closed sets and the notions of (i, j)*-S-closed
sets are independent.

Example 3.8. Let X = {jl,jz,js,j4} with 1j = {¢,X,{jz},{js,j4}} and Tj = {¢,X,{jz,j3,j4}} then the Tij =
{0, X, {02} {Js.Ja}:{i2.J3.)4} } - In the space (X,Ti,7T5), then

(i) the subset {j2,js,ja} is (i, j)*-p-closed but not (i, j)*-S-closed.

(ii) the subset {j1,js} is (i, j)*-S-closed but not (i, j)*-p-closed.

Theorem 3.9.
In a space (X,ti,1j). Then a subset of X is(i, j)*-a-open it is both(i, j)*-S-open and (i, j)*-

pre-open.
Proof. = Let H be an (i, j)*-a-open set. Then H Cxj-int(zij-cl(zij-int(H))). It implies that z;-cl(H) S
7ij-Cl(zij-int(H)) and zij-int(zij-cl(H)) Szij-int(zij-cl(zi-int(H))) Szijcl(zi-int(H)). Hence, H is a(i, j)*-S-
open set. On the other hand, since H is an (i, j)*-a-open set, H is a (i, j)*-pre-open set.

<= Let H be both (i, j)*-S-open and (i, j)*-pre-open. Since H is (i, j)*-S-open, we have z-int(zi;-
cl(H)) Srij-cl(zij-int(H)) and hence zij-int(zij-cl(H)) € tij-int(zij-cl(zij-int(H))). Since H is (i, j)*-pre-
open, we have H Crz;j-int(zij-cl(H)). Therefore we obtain that H S ;int(zij-cl(zij-int(H))) which proves
that H is an (i, j)*-a-open set. O

Remark. In a space (X,ti,tj), then the notions of (i, j)*-S-open sets and the notions of(i, j)*-pre-open
sets are independent.

Example 3.10. Let X= {jl,jz,js,j4} with ti= {¢,X,{jl},{jz,j4}} and Tj={¢,X,{jl,j2,j4}} then the Tij=
{0, X.{i1} . {i2,j}:{ir.j2.j4}}- In the space, then

(i) the subset {j1,js} is (i, j)*-S-open but not (i, j)*-pre-open.

(ii) the subset {j1,j2,ja} is (i, j)*-pre-open but not (i, j)*-S-open.

Proposition 3.11. Two subsets H and K of a space (X,ti,t). If H €K < 1;5-cl(H) and H is(i, j)*-S-open
=K is(i, j)*-S-open.

Proof. Assuming that H €K Cr;;-cl(H) and H is (i, j)*-S-open in X. Then, we have z;j-int(zij-cl(H)) <
tij-Cl(zij-int(H)). Since H €K, zj-cl(zij-int(H)) Szij-cl(zij-int(K)) and zij-int(zij-cl(H)) Sij-cl(zij-
int(K)). Since K < 7j-cl(H), we have zj-cl(K) Szij-cl(zij-cl(H)) = zj-cl(H) and zij-int(zij-cl(K)) Sij-
int(zij-cl(H)). Therefore zij-int(z, j-cl(K)) Sxij-cl(zi-int(K)). This shows that K is a (i, j)*-S-open set.

O
Corollary 3.12. For a space (X,t,t). If H =X is (i, j)*-S-open and (i, j)*-dense in (X,ti,t;), then each
subset of X containing H is (i, j)*-S-open.
Proof. It is obvious by Proposition 3.11. O
Proposition 3.13. In a space (X,1i,7j), each T;j-closed set is a (i, j)*-T-set.
Proof. Let H be a 7ij-closed set. Then H = 7;-cl(H) and we have zj-int(zi;-cl(H)) = =ij-int(H) which
proves that H is a (i, j)*-7 -set. O
Remark. The reverse part of Proposition 3.13 is need not true from the following Example.
Example 3.14. In Example 3.8, then the subset {j.} is (i, j)*-T -set but not 11,2-closed.

Theorem 3.15.
A subset H of a space (X,ti,t) is (i, J)*-semi-closed < H is a(i, j)*-T-set.
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Proof. Let H be a (i, j)*-semi-closed set in X. Then X—H is(i, j)*-semi-open. By Proposition 3.4, we
have z;j-cl(X—H) = zj-cl(zij-int(X—H)). It follows that X —z;;-int(H) = =i, j-cl(X —zij-cl(H)) = X —7ij-
int(zij-cl(H)). Thus, zij-int(zij-cl(H)) = zi;-int(H) and hence H is a (i, j)*-T-set in X.

On the other hand side, let H be a(i, j)*-T-set. Then z;j-int(zij-cl(H)) = zi;-int(H) €H. Therefore H is
(i, )*-semi-closed. O

4. (i,j)*-S5-set

Definition 4.1.
A subset H of a space(X, ti, 7;) issaid to be a(i, j)*-Sr-setif H is(i, j)*-semi-open and a (i, j)*-
T -set.

Theorem 4.2. Let H be a subset of a space(X,t,tj). Then H is (i, j)*-Sr-set<H is both (i, j)*-p-open
and (i, j)*-semi-closed.

Proof. H is (i,j)*-Sr-set=H is both (i, j)*-semi-open and a (i, j)*-T-set. Since every(i, j)*-semi-
open set is (i, j)*-B-open, H is both (i, j)*--open and a (i, j)*- T'-set. By Theorem 3.15, we obtain the
result.

Conversely, let H be (i, j)*-semi-closed and(i, j)*-f-open. Since H is a (i, j)*-semi-closed, by
Theorem 3.18 H is a (i, j)*-T"-set. Since H is (i, j)*-p-open, H Sxj-cl(zij-int(zi, j-cl(H))) = ij-cl(zi-
int(H)). Therefore H is (i, j)*-semi-open. Since H is both (i, j)*-semi-open and a (i, j)*- T-set, H is
(i, j)*-Sr-set. O

Remark. In a space (X,ti,tj), then the notions of(i, j)*-B-open and the notions of (i, j)*-semi-closed are
independent.

Example 4.3. In Example 3.10, then
(i) the subset {j2} is (i, j)*-p-open but not (i, j)*-semi-closed.
(ii) the subset {js} is (i, j)*-semi-closed but not (i, j)*-p-open.

5. (i, j)*-H-closed sets

Definition 5.1.
A subset H of a space (X,ti,t) is called (i, j)*-H-closedif H = 1ij-cl(zij-int(H)). H°= X—H is
(i, j)*-H-open.

Theorem 5.2. Let H a subset of a space (X,t,t;). Then the following relations are equivalent.

(i) H=dis (i, j)*-H-closed.

(ii) There exists a non-empty T;j-open set F : F €H = t;;-cl(F).

(iii) There exists a non-empty tij-open set F : H = F U (t;j-cl(F) —F).

Proof. (1) = (2). Suppose H = gis a (i, j)*-H-closed set. Then H = 7jj-cl(zij-int(H)). Let F = 7;j-
int(H). F is the required z;j-open set. F €H = z;;-cl(F).

(2)=(3). SinceH = 7jj-cl(F) = F U (zij-cl(F) —F) where F is a nonempty z: ,-open set,(3) follows.
(3)=(1).H = F U (zij-cl(F) —F) implies that H = 7;j-cl(F) = zij-cl(zij-int(F)) < =, j-cl(zi;-int(H)), since F
is zij-open and F €H. Again zij-int(H) €H implies that zij-cl(zi, j-int(H)) Szij-cl(H) = zij-cl(F) = H.

Therefore H = zj-cl(zij-int(H)). H is (i, j)*-H-closed.
O
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Theorem 5.3.

Let H be a subset of a space (X,ti,t;). If H is(i, j)*-B-open, then ij-cl(H) is (i, j)*-H-closed.
Proof. Assuming that H is (i, j)*-f-open. Then H Cz;j-cl(zij-int(zij-cl(H))) and soz;, j-cl(H) € zij-cl(zij-
int(zij-cl(H))) Szij-cl(H) which implies that zij-cl(H) = zij-cl(z; j-int(zij-cl(H))). Therefore zij-cl(H) is
(i, j)*-H-closed. O

Theorem 5.4. For a subset H of a space (X,ti,t;). Then the following properties are equivalent.
(i) His(, j)*-H-closed.
(ii) His (i, j)*-semi-open and tij-closed.
(iii) His (i, j)*-B-open and 7;j-closed.
Proof. (1) = (2). His (i, j)*-H-closed =H = 7j-cl(zij-int(H)) and zi;-cl(H) = zij-cl (i, j-int(H)).
Since H Srij-cl(zij-int(H)), H is (i, j)*-semi-open. Also, H = 7ij-cl(H) and so H is zj-closed.

(2)=(3). It follows from the fact that every (i, j)*-semi-open setis a (i, j)*-5-open.

(3)=(1).H is (i, j)*-p-open and (i, j)*-closed =H <rij-Cl(zij-int(zij-cl(H))) and H = = j-cl(H).
Now zij-Cl(zij-int(H)) € zij-cl(H) = H. Also, H Sxij-cl(zij-int(H)). Therefore H = z;j-cl(zij-int(H)) which
implies that H is (i, j)*-H-closed. O

Remark. In a space (X,t,tj), then
(i) the notions of (i, j)*-semi-open sets and the notions of 7;j-closed sets are independent.
(ii) the notions of (i, j)*-B-open sets and the notions of tij-closed sets are independent.

Example 5.5. In Example 3.10, then (i) the subset {j:} is (i, j)*-semi-open but not t;;-closed.
(i) the subset {js} is tij-closed but not (i, j)*-semi-open.

6. (i, j)*-a*-sets and (i, j)*-B,+ -sets

Definition 6.1. A subset H of a space (X,ti,;) is called
(i) (,j)*-a*-set if 1ij-cl(zij-int(tij-cl(H))) = Tij-int(H).
(i) (i,j)*-B,-setif H=L N M, where L is tij-open and M is (i, j)*-o*-set.

Proposition 6.2. For a subset H of a space (X,7i,tj), the following are equivalent.

(i) HEeGq,j) o (X,1).

(ii) His (i,j)*-semi-pre closed.

(iii) wij-int(H) is (i, j)*-regular open.

Proof. Obvious. O

Proposition 6.3. In a space (X,ti,tj), then

(i) Hisa(,j)*-T-set=H €(i,j)*-a* (X, 1, 15)-

(ii) His(i,j)*-semi-open and(i, j)*-T-set & H €(i,j)*-a* (X, T, 1j).

(iii) His (i,j)*-a-open and H €(i,j)*-a* (X, 1, 1j)<H is (i,j)*-regular-open.

Proof. (i) Let H be a(i, j)*-T-set, then zij-int(H) = tij-int(zij-cl(H)) and zij-int(zij-cl(zij-int (H))) = =ij-
int (zij-cl(H)) = wj-int(H). Therefore, H is an (i, j)*-a*-set.

(ii) Let H be (i,j)*-semi-open and H €(i,j)*-a* (X, =, 5)). Since H is (i, j)*-semi-open, ij-Cl(zi;-
int(H)) = zij-cl(H) and hence zi;-int(zij-cl(H)) = zij-int(zij-cl(zij-int(H))) = =i j-int(H). Therefore, H
isa (i,j)*-T-set.

(iii) Let H be an (i, j)*-a-open set and H €(i,j)*-a* (X, 7, 7;). By Proposition 6.2 and the Definition
of (i,j)*-a-open set, we have zij-int(zij-cl(zij-int(H))) = H and hence z j-int(zij-cl(H)) = zij-int(zi -
cl(zij-int(H))) = H. The converse is obvious.

O
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Remark. In a space (X,t,1), the union of two (i,j)*-a*-sets but not(i,j)*-a*-set. As shown in the
following Example.

Example 6.4. Let X = {jij2j3} with @ = {6, X,{Ji}} and 17 = {0, X,{js}} then the 7;j =
{6,X,{J:}.{J=}.{i1.js}}. In the space (X,ti,1), then the subsets A = {j:} and B = {js} are (i,j)*-a*-set.
But A UB = {ju1,js} is not(i, j)*-a*-set.

Proposition 6.5. In a space (X,t,1;), then (i,j)*-a*-(X,ti,1j) S(,j)*-B, (X,7i,15) and tij-open =(i,j)*-
By (X,1i,1)).

Proof. Since X €xij-open N(i, j)*-a*-(X, 7, 7), the inclusions are obvious. [

Lemma 6.6. In a space (X,t,t). If either H,K is (i, j)*-semi-open, then t;-int(t; j-cl(H N K)) = 1ij-
int(tij-cl(H)) N tij-int(tij-cl(K)).

Proof. For any subset H,K =X, we generally have z;j-int(z, j-cl(H N K)) Sxzij-int(z, j-cl(H))Nzij-int(zi -
cl(K)). Assume that H is (i, j)*-semi-open. Then we have zj-cl(H) = 7 j-cl(zij-int(H)). Therefore zi;-
int(zij-cl(H)) N 7ij-int(zi-cl(K)) = zij-int(zij-cl(zij-int(z, j-cl(H)) N zij-int(zi-cl(K)))) Szij-int(zij-cl(zij-
cl(H) N zij-int(zi-cl(K)))) = zij-int(zi, j-cl(zij-cl(zij-int(H)) N zij-int(zij-cl(K)))) Szij-int(zij-cl(zij-int(H)
N 7ij-cl(K))) S, j-int(zij-cl(zij-int(H) N K)) Szij-int(zi-cl(H N K)..

Proposition 6.7.
A subset H is tij-open in a space (X,ti,7j)) < itis a (i, j)*-a-open set and a(i, j)*-B,~ -Set.

Proof. It is obvious that every zij-open set is a (i,j)*-a-open set and a (i,j)*-B,~-Set. let H be a
(i,j)*-a-open set and a (i,j)*-B,~-Set. Since H is a (i,j)*-B,~ -Set, there exist G €z;j-open and Q
€(i,j)*-a*(X 7,1) such that H = G N Q. Since H is a (i, j)*-a-open set, by using Lemma 6.7, we have
H Cij-int(zij-cl(zij-int(H))) = zij-int(zij-cl(zi, j-int(GNQ))) = zij-int(zij-cl(G))Nzij-int(zij-cl(zij-int(Q))) =
7ij-int(zij-cl(G))Nzi-int(Q) and hence H=G N H €G N (zij-int(zij-cl(G)) N 7ij-int(Q)) = G N 7;-int(Q)
C H. Consequently, we obtain H = G N z;;-int(H) and H is zi;-open. O

Remark. The following example shows that the family of (i,j)*-a-open set and the family of (i,j)*-
B, -set are independent.

Example 6.8. Let X= {j1,j2,3,ja} with 1i= {$,X,{j1}} and 1;= {¢,X,{js}} then the Ti;=
{0, X.{j:.}.{is}.{jn.js}}- In the space (X,ti,7), then

(i) {iuj2js} is (i,j)*-a-open set but not (i, j)*-B» -set.

(ii) {i2}is (i,j)*-B,~ -set but not (i, j)*-a-open set.
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