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1. Introduction

Numbers is the essence of mathematical calculations. Varieties of numbers have variety of
range and richness. Many numbers exhibit fascinating properties, they form sequences, they form
pattern and so on [1, 2, 3]. Generally sequence stimulates students intellectual curiosity and sharpen
their mathematical skills [4,5]. Here, we make an attempt to study interesting characteristics of
Jacobsthal and Jacobsthal — Lucas sequences.

In this paper, we derive some sums formula for certain products of terms of the Jacobsthal and
Jacobsthal - Lucas numbers. Also, we present generalized identities on the product of Jacobsthal and
Jacobsthal - Lucas numbers to establish connection formulas between them with the help of Binet’s
formula.

2. Preliminaries
The Jacobsthal sequence {J,}, can be defined as
Jo=Jn-1+2]p2;n=1
with initial conditions], = 0, J; = 1. The Jacobsthal — Lucas sequences {j,} , can be defined as
jn =jn-1+ 2jp-zs;n =1
with initial conditionsj, = 2, j; = 1. The Binet’s formula for Jacobsthal and Jacobsthal — Lucas
numbers are:
o — Bn
Jn =O(——B'jn =a” + p"
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where o=2, B:—ll A|50’0(+B=1, O(—B:B, (XB:—Z.

Method of Analysis
The following are the sum formulas for these sequences:

n-1 .
. _ Jon +3n—2

§ J2k = 3

k=0

n-—1

Z. _Jant1 +3n-—1
Jokt1 = =3
k=0

Proposition 2.1
If J,,, jn are the nth Jacobsthal and Jacobsthal- Lucas numbers, then
1 /. . . .
Yit1Jilisk = %7 (]2n+2p+1 —Jjops1 — 30+ 38):|f k is odd
1 /. . . .
Yiz1Jili+k = 5(]2n+2p+2 ~Jep+2 T30+ 38),if kis even
Where & = ¥, (—=2)"j .

i —(—o\nh+1;
Proof: Using the equation J, J, ) = 2otk=(2" ik

5 , we can write the following equations.

1 5
Jilk+1 = §(Jk+z + 2%jy)

1 .
Jo k42 = §(Jk+4 + 23j)

1 "
J3Jkss = §(Jk+6 + 2%jy)

1 ; n+1;
JoJn+k = 6(]2n+k + (=2)" k)
Then, we obtain that;

n
1f, . . (41«
Jiker +12Jke2 + 0 F Jndnak = §<]k+2 +Jk+a + o Flonek T 2(_2)1+1]k>
o =
= §(lk+2 + jk4a + " Fonsk +6)
Where § = ¥, (=2)1*1j..
If k is an odd integer such thatk = 2p — 1, p € Z, then
o 1. | |
z Jilisk = 5 (]2p+1 t)2p+3 T " tlont2p-1 T 5)
i=1

n+p-1

. P-1
=3 Z J2it1 — Z joiser + 6
i=1 i=1
_ l<j2n+2p+1 —3(n+p)—4 _Jept1t3p—4 + 8)

9 3 3

1 /. .
= 5(]2n+2p+1 —Jjop+1 — 30+ 35) .
Consider k as an even integer such thatk = 2p, p € Z, then:

n
1 . .
Z Jilivk = 6(]2p+2 t2p+at - tiontzp T )
= n+p P

1 . .
=3 § ]zi—é joi + 8
i=1 i=1

_l<j2n+2p+2_3(n+p+1)_8_j2p+2+3(p+1)_8+8>

9 3 3
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1, _
= ﬁ(]2n+2p+2 — J2p+2 +3n+ 35) .

3. Product of Jacobsthal and Jacobsthal — Lucas Numbers

Theorem 3. 1
Jonizn = Jan, Where n > 1.
Proof:
o(Zn _ an a4n_a2nBZn + O(ZHBZH _ B4n o(4n _ B4n
Jonjzn = | ———— | (@® + p*") = = =]
2nJ2n o — B o — B o — B 4n
Theorem 3.2
Jonjan+2 = Jan+2 — (2)*", wheren > 1.
Proof:
o2 — BZn 4n+2_  2n+2 BZn + a2n82n+2 _ B4n+2
: — 2n+2 2n+2y —
Janizn+2 <—0( .y (a +B79) «—p
_ odnt2 _ B4n+2 ~ aZnBZn <a2 _ Bz> e 2y
a—B a—B
Theorem 3.3
Jonjan+1 = Jan+1 — (2)*", wheren > 1.
Proof:
o2 — BZn 4n+1_a2n+182n + a2n82n+1 _ B4n+1
Joni = [——— ) (o + 82n+1) —
2n 42n+11 ' Oi_ B a— B
o n+1 __ B n+ o — B
= B () = e — @
Theorem 3.4
Jonjzn+s = Jan+s — (2)?"(3), where n > 1.
Proof:
o2 — BZn 4n+3_a2n+382n + a2n82n+3 _ B4n+3
Joni = [——— ) (a3 + 82n+3) —
2nJ2n+3 o — B a— B
_ O(41-n+3 _ B4n+3 B aznﬁzn <(X3 _ B3> _ ]4 . (_2)2n <((X _ B)(az + BZ + 0‘3))
a—p a—p n a—B
= Jan+3 — (2)*" (2 — 2) = Jans3 — (2)*"(3)
Theorem 3.5
Jon—1j2n+1 = Jan + (2)?™71, wheren > 1.
Proof:
o2h-1 — BZn—l a4n_a2n+182n—1 + O(2n—1an+1 _ B4n
Jon—1j2n+1 = < >(0‘2n+1 +p2t) =
a— a—f
ath — gAn B/a—a/B (B* — a?)
— 2nn2n — —2)2n — 22n-1
a_B +a B < a_B > ]4n+( ) <(a_B)(aB)> ]4-Il+
Theorem 3.6
Jan+1in = Jans1 + (2)?", wheren > 1.
Proof:
20+l _ 82n+1 a4n+1_a2n82n+1 + 0(2n+1[32n _ B4n+1
J2n+1jn = (—) (™ + p2") =
a—p a—f
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4an+1 _ B4n+1

a—f

== - @ (=) = e +

Generalized ldentities on the products of Jacobsthal and Jacobsthal — Lucas Numbers:

Theorem 3.7
Jmin = Jm+n — (=2)"Jp-m, wheren>1, m > 0.
Proof:
am — Bm Q(m+n_0(an + o(mBn _ Bm+n
Jmin = <—> (o« + ") =
a—pB a—p
qh—m _ Bn—m
= Jm+n — (O(B)m <TB> = Jm+n — (_Z)m]n—m
Theorem 3.8
f Jnjzn+m = Janem — (_Z)n]n+m’ wheren =1, m = 0.
Proof:
o(n _ Bn a3n+m_a2n+mBn + o(nBZn+m _ B3n+m
Jnjznem = ( a—B (a2n+m + an+m) = «—B
n+m __ Bn+m
= Jsn+m — (O(B)n <TB> = Jsn+m — (_Z)n]n+m
Theorem 3. 9
f ]2n+mjn = ]3n+m + (_Z)n]n+m’ where n 2 1' m = 0.
Proof:
o(2n+m _ BZn+m a3n+m_an62n+m + o(2n+mBn _ B3n+m
]2n+mjn=< «—B >(an+ﬁn)= a—B
n+m __ Bn+m
= Jsp+m + (O(B)n< —B > = Jsp+m + (_Z)n(]n+m)

Theorem 3. 10
Janizn+m = Jan+m — (Z)ZHIm’ wheren>1, m > 0.
Proof:

Jonizn+m = <

(in _ BZn
a—p
= Jan+m — (O(B)zn (

4n+m_a2n+m82n + O(2n82n+m _ B4n+m

a—p

) (a2n+m + BZn+m) —
am — pm

a—B ) = J4n4+m — (Z)ZD(]m)

Theorem 3.11
]2n+mj2n = ]4n+m + (Z)ZHIm’ wheren > 1, m > 0.

Proof:
<a2n+m _ 82n+m

J2n+mjzn = a—p >(a2n + an) =

o(m_Bm

= Jan+m T (O(B)zn ( a—B

4n+m_a2n82n+m + O(2n+m82n _ B4n+m

a—p

) = J4n+m + (Z)ZD(]m)
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4. Conclusion
One may search for complex number sequences for Jacobsthal and Jacobsthal — Lucas
Numbers.
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